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There is a plethora of phenomena in chemical physics and in atomic, molec-
ular, nuclear, and solid state physics whose dynamics is determined by the
presence of unstable states in the continuous spectra (USCSs). In fact, the pos-
sibilities of formation and the significance of such states have increased in
the last few decades because of the large variety of novel situations involv-
ing the interaction of matter with well-characterized beams of particles and,
especially, with lasers.

Experimental and theoretical interest in USCSs has existed since the early
days of quantum mechanics. For example, a textbook picture of such an
unstable state is that of the one-dimensional potential with a local minimum
and a finite barrier that is used to explain, in terms of quantum mechani-
cal tunneling, the instability of a nucleus, the concomitant emission of an
alpha particle, and its energy. Another textbook example of basic impor-
tance is the formal construction of a wave packet from a superposition of
a complete set of stationary states and the determination, at least for sim-
ple one-dimensional motion, of its time evolution. Finally, another example
often presented in books is the appearance of structures (“peaks”) in the
energy-dependent transition rates (cross sections) over the smoothly varying
continuum characterizing a physico-chemical process, which are normally
called resonances and which are associated with the transient formation of
USCSs.

The experimental and theoretical study and description of USCSs (of res-
onance states) can be carried out either on the energy axis (which has been
the most extensively used approach) or along the time axis. The Hamiltoni-
ans in terms of which they are described may be field-free or may include
the interaction with external static or dynamic electromagnetic fields. In the
latter case, novel situations and phenomena emerge as a function of the
interplay between field parameters and the field-free spectra. In fact, with
the continuing development of new probes and of sophisticated experimen-
tal techniques, the prospects of measuring properties of yet unknown such
states in real systems have increased considerably.

In contradistinction to the well-established quantum mechanics of the low-
lying discrete states and to the corresponding computational methods, which
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are normally based on Hermitian formalisms valid in the Hilbert space of
square-integrable functions, the rigorous treatment of resonance states and
of the related observables gives rise to complex and intriguing physical,
mathematical, and computational challenges. With regard to formalism and
phenomenology, the fundamental reason for this fact is the physical and
mathematical presence of the open channels of the multichannel (in general)
scattering continuum. Furthermore, for polyelectronic systems that must
be tackled realistically and quantitatively, the requirements are increased
sharply by the omnipresence of the many-body problem.

The volume in hand contains articles that review as well as analyze and
expand on the topics with which they deal. According to the invitation letter
by the Editors (in the Summer of 2009), they were written in a style chosen by
each author and without any constraint on the number of pages. Although
proper referencing was considered as a critical element in the presentation
and discussions, these articles were not expected to provide a catalogue of
methods and of results. Instead, the Editors asked from the authors to dis-
cuss one or more themes of their choice, placing the emphasis on their own
contributions, on the background that is related to them, and on possible
comparisons with related work. All articles were subjected to "friendly yet
critical" reviews, provided by international experts in each field who were
recommended by the contributors.

Cleanthes A. Nicolaides
Athens, Greece

and

Erkki J. Brandas
Uppsala, Sweden
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observables and brings insight into the dissipative nonequilibrium thermody-
namics. The time-energy/frequency Fourier—Laplace transformation and the
use of projectors focus on the variables of interest. The line profiles and
dynamics in quantum mechanics are treated on the same footing. The long
macroscopic times in statistical physics are derived from short microscopic
times by means of hierarchies of effective Liouvillians and perturbation theory
in the complex plane. The theory is illustrated on solvable models of quasi—
continua and continua related to fluctuations and dissipation and on a model
of kinetics of a chemical reaction implying a short-lived (resonance) transition
state.

1. INTRODUCTION

Unstable states and resonances are ubiquitous in nature. Their timescales
vary in a huge range from a few femtoseconds for molecular excited states,
over seconds in our world, to millions of years for the solar system stability.
The present study is devoted to resonances in molecules. Within this domain
the characteristic times vary typically from femtoseconds to seconds. We
focus on the dynamical and spectroscopic properties of typical quantum
irreversible processes. Another aspect of this study is understanding the
pathway from the microscopic to the macroscopic world, the traditional
subject of statistical physics. From a mathematical viewpoint the irrelevant
degrees of freedom are described in terms of discrete and continuous spectra.
With the aim to provide generic results, we use a unique theoretical scheme
based on the Fourier-Laplace transformation and projectors. We advocate
the advantages to work with the variable energy extended in the complex
plane instead of solving directly the Schrodinger equation with the vari-
able time. The theory benefits in this way from the “rigidity” properties of
analytic functions, in particular, from analytical continuation. In addition,
the Fourier-Laplace transform in quantum mechanics establishes a direct
link between the dynamics and the spectroscopies. The systematic use of
projectors focuses on the observables of interest and on the derivation of
their effective interactions. There is some freedom in the choice of these
observables which may be, however, crucial and depends on the relevant
timescales. For example, the chemical kinetics can be investigated by either
considering or excluding the transition states: the choice depends on the
characteristic times of the experiment.

Since the field investigated in this review is broad, it is difficult to attribute
a precise definition to the resonances, quasi-bound states, unstable states,
etc. We have in mind that the terms unstable states and resonances belong
to the general scientific and technical vocabulary. Narrow and broad reso-
nances are found in electricity, mechanics, as well as in the spectroscopies
where they are associated with the narrow and broad profiles (bumps). On
the other side, the terms bound states and quasi-bound states will be used in
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their usual meaning in quantum mechanics. We will not discuss the mathe-
matical properties of the wavefunctions of the quasi-bound states and of the
continua. Regarding the differences between resonances, quasi-bound states
and the mathematical aspects of the theory, the reader is advised to read
the proceedings of the Uppsala Resonance Workshop in 1987 [1, 2]. These
two references, which represent the state of the art in the 1980s, focus on the
spectral theories of resonances, whereas our review is mainly centered on
Green functions.

To follow the scale of complexity, the review is divided into three
parts. The first two parts deal with the key concept of effective Hamil-
tonians which describe the dynamical and spectroscopic properties of
interfering resonances (Section 2) and resonant scattering (Section 3). The
third part, Section 4, is devoted to the resolution of the Liouville equa-
tion and to the introduction of the concept of effective Liouvillian which
generalizes the concept of effective Hamiltonian. The link between the the-
ory of quantum resonances and statistical physics and thermodynamics
is thus established. Throughout this work we have tried to keep a bal-
ance between the theory and the examples based on simple solvable
models.

2. QUANTUM RESONANCES

21. Theory

The dynamics of a system described by the Hamiltonian H is characterized
by the evolution operator

U(t) = e 1HY", 1)

Instead of considering U(f) it is useful to investigate its Fourier-Laplace
transform, the resolvent or Green operator

Glz] = Z_LH @)

z is the energy extended in the complex plane. The operator U(t) is recovered
by the inverse Laplace transformation (see Appendix A). If we are inter-
ested in the dynamics of a small number of n quasi-bound states (resonances)
there is too much information in G[z] and we project the Green function into
the inner space of these states. The partition technique (see appendix B and
Chap. 4 of Ref. [3]) provides

1 . p _ o Q ) .
;—IP_Q(Z)Z—TGH(Z)’ Q(Z)—P+—Z_HHP, Q—l p. (3)
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P projects into the inner space of n unstable quasi-bound states which are
either true observable resonances or wave packets in the continuum (decay
channels) taking a significant part in the dynamics. These latter may be
either strongly or weakly coupled to the resonances. We shall treat in the
same way the resonances and the quasi-bound states of interest and hence
we call equally “resonance” or “quasi-bound state” any state belonging to
the inner space. Q = 1 — P projects onto the complementary outer space.
The energy-dependent wave operator 2(z) establishes a one-to-one corre-
spondence between the 7 states belonging to the inner space and the states
belonging to the outer space. Q(z) extends the concept of wave operator pre-
viously defined for bound states [4, 5]. Let us transform the expression on
the left of Eq. (3) into the basic equation

(z — H)Q(z) = P[z — H*"(2)]. (4)

This equation generalizes an inhomogeneous Schrodinger equation which
was given, almost one half a century ago, by Lowdin in the framework of
the partitioning technique (see Eq. (46) in Ref. [6] and Appendix B). Denoting
by £(z), ¢(z) an eigensolution of H*(z) continued into the second Riemann
sheet, and multiplying both sides of Eq. (4) (on the right) by ¢(z) leads to

(z - H)Q2)$(2) = [z = £(2)] 9(2). ©)

At the poles of the resolvent, when z = £(z), Eq. (5) reduces to the Gamow—
Siegert equation

Hy(2) =z¢(2); ¥(2) = Qz) 6(2)- (6)
¥ (z) describes a decreasing in time quasi-stationary state. Contrary to the
Lippmann-Schwinger equation, which requires scattering boundary condi-
tions, ¥ (z) does require outgoing boundary conditions commensurate with
the Gammow-Siegert method. It is inherent in the complex technique and
defined in a nonambiguous manner as a continued wavefunction in the
second Riemann sheet.

To investigate the resonances, the useful part of the resolvent is projected
into the inner space. Multiplying Eq. (3) on the left by P and using the
intermediate normalization P = P(z) results in

1 P
p pP= . 7
z—H z — H(z) @

Equation (7) shows the significance of the effective Hamiltonian which is
directly related to the spectroscopic and dynamical observables, as line-
shapes (see the end of this section) and transition probabilities. The effec-
tive Hamiltonian can be written as the sum of the projection of the exact
Hamiltonian into the inner space and of the energy-shift operator [3, 7]:
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He“(z) = PHP + R(z), (8)

where

R(z) = PH&HP. )
z—H
Q projects into the complementary outer space, P + Q = 1. From Egs. (8, 9
and 3) we get the compact expression

H*(z) = PHQ(z) (10)

which shows that the wave operator Q(z) allows to determine the effective
Hamiltonian by a simple multiplication. The theory aims to produce effective
Hamiltonians that depend as less as possible on the energy, similar to the
almost frequency-independent resistances in the macroscopic world. This
important statement is discussed in the last paragraph of this section. It will
be shown that a one-dimensional effective Hamiltonian can describe the pro-
file and the irreversible decay of an isolated resonance weakly coupled to a
continuum (Section 2.2.1), whereas a two-dimensional effective Hamiltonian
is required to understand damped Rabi oscillations [5, 7] (Section 2.2.2).
We have investigated several models leading to z-independent effective
Hamiltonians in Refs. [8-10]. More realistic models can be found in
Refs. [11-18]. In all cases the inner space contains the states relevant to
the dynamics at the various timescales of interest [7]. In the next two
paragraphs, we describe two exactly solvable model Hamiltonians that are
realistic enough to foresee the main dynamical and spectroscopic properties
(lineshapes) of interacting resonances.

EFFECTIVE HAMILTONIANS FROM QUASI-CONTINUA TO CONTINUA

We recall a model considered in Ref. [9] that implies several resonances
or quasi-bound states decaying into several channels. The model gener-
alizes the original Fano model [19] and other models that discretize the
continuum [7, 20, 21]. It is closely related to continuous models initially
introduced in nuclear physics [22, 23]. The continuous models are efficient
for the investigation of line profiles and irreversible evolutions; neverthe-
less, it is advantageous to begin from quasi-continua instead of continua.
First, the mathematics is simpler, because one remains inside the Hilbert
space of square-integrable functions; second, it is possible to determine exact
expressions of the effective Hamiltonian; and finally, the properties of the
continua are recovered when the energy spacings of the quasi-continua tend
to zero [7].

The model describes n quasi-bound states interacting with m quasi-
continua. The quasi-bound states |i); (i = 1, 2, ..., n) span the inner space
whose projector is P. The orthonormalized states |ka); (@ = 1,2, ..., m) span
the complementary outer space whose projector is
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Resonances Decay channel a Decay channel b
0 a a a b b b
Ey  Hyy -+ Hy, | of Uy vy Uy U1 it
0
Hy Ey -+ Hop | v§ v w8 - b b b
0 a a a b b b
Hyy Hppo oo En Un, Un, Un, e U U Up,
7a 7a e 4@
vy Vs vl 0
uf vy e v -,
) +0a
> > >
b b b
vy Vg s U, 0
b o . b _
vy vy v, )
L T +4p

Figure 11 Matrix representation of the model Hamiltonian in the basis of n quasi-bound
states (inner space) and of the states belonging to the decay channels a,b, . . . (outer space).

Q=" lka)(kal; (kalk'b) = 88s;
ka

kk=0+1,4+2,... and a,b=1,2,...,m.

The matrix representation of H in the basis of |i); (i = 1,2, ..., n) (inner space)
and of |ka) (outer space) is given in Figure 1.1. Inside the inner space, the off-
diagonal matrix elements are denoted H; = (i|H|j) and the diagonal terms
E} = (i|H|i). The indexes a,b, - - - characterize the quasi-continua (decay chan-
nels). The matrix representation of the Hamiltonian is diagonal in the outer
space. The energy of the state |ka) is k§,. The energies of the quasi-continua
extend from —oo to +00 (k =0,£1,£2,...); 4, is the energy spacing between
the neighboring levels in channel a. The couplings between the inner space
and the quasi-continua v} = (ka|H|i);(i = 1,2, ..., ;;a = 1,2, ..., m) do
not depend on the index k. Because the matrix representation of the model
Hamiltonian is diagonal in the outer space, the effective Hamiltonian (10)
can be easily calculated. The use of

Y-l ——; Z={0,+1%2..)
pope tanmz

leads to the exact effective Hamiltonian



Unstable States 7

H(z) = H — - ['(2). (11)

i
2
H = PHP is the projection of H into the inner space. ['(z) is expressed as a
sum over the channels:

Fe) =Y F@); [ =27 |V) Vil <i cot (Z—Z> . (12)

a

I',(2) characterizes the dissipation in channel 2 and |V,) couples the inner to
the outer space:

- a) s a 1 a
Vi) = ;V,.m; Vi= 5 (13)
If all energy spacings 8, are equal to §, Eq. (12) becomes

m

f(z):f‘xicot<%z); P =S"1,; I =2rV.)(V.l. (14)

i cot (?) =1+2 iexp (i 27;kz> , (15)

r, (16)
where

H=PHP, ['=2x Z VAWAR
a=1
The effective Hamiltonian (16) is energy-independent. It provides the exact
dynamics for times shorter than v =2x7/§ [5]. Since t can be arbitrarily
increased by decreasing §, the effective Hamiltonian (16) is considered as
exact for true continua.

EFFECTIVE HAMILTONIAN FROM THE METHOD OF MOMENTS

The method of moments, which is currently used in quantum mechanics for
calculating densities of states (see, e.g., Refs. [3, 24]), is applied to the dynam-
ics. We aim to investigate the exact solution y(t) = exp ( — i Ht/h)|¢) that can
be expanded as

B t £
[y (®) = l¢) — 1ﬁH|¢> - z—th p) - - (17)



8 . Paidarové and P. Durand

For short times the dynamics is supported by the states H*|¢); (k =0, 1, ...)
which generate the basis of the method of moments [3]. The Gram-Schmidt
procedure applied to |¢), H|¢), H*|$), ... generates the orthonormal basis
li);(i=1,2, --- ). One should note that there is a problem of defining opera-
tor ranges and domains for actual moments and that this procedure may be
highly singular [25]. It is possible to remedy this problem by eliminating, at
each step, the singular functions that appear in the method of moments. The
first three matrix representations are

H(z) = E; + Ri(2) (18)
eff _ I El AE
H'@=1 Ak E+R0@) ] (19)
E, AE 0
H(z) = | AE E, Hoys , (20)
| 0 Hy E; + Rs(2)
where E; = (i|H|i), Ri(z) = (iR(z)li), and H; = (i|lH|j). An advan-

tage of using an orthonormal basis is that the matrix elements have a
well-defined meaning: The diagonal elements correspond to energies and the
off-diagonal elements to energy dispersions. For example, AE = [ (1|H?*|1) —

(1|H|1)? ]% represents the fluctuation of the energy in the initial state. The
matrix of the level-shift operator is diagonal. Although the determination
of the Ri(z) or similar quantities for actual systems is not trivial [26], the
applications presented in Sections 2.2 and 2.3 show that simple matrix
representations, such as Eqs. (19 and 20), can provide general results in
many domains ranging from the line profiles (Fano profiles) to the funda-
mentals of fluctuation and dissipation. The various approximations of R(z)
lead to approximate resolvents which have the structure of Padé approx-
imants and benefit of their analytical properties [3] as it is shown in
Section 2.2.4.

LINESHAPES FROM EFFECTIVE HAMILTONIANS

The link between the effective Hamiltonians and the spectroscopies lies
along the real axis in the complex plane. Using the notation z = E + ie and
separating the real and imaginary part of the resolvent give

1 1 .
<¢>Iml¢> = @IP o) —im(Pl8(E — H)l¢), (21)
where P is the Cauchy principal part and §(E — H) is the Dirac function.
The lineshape I(E) is defined as the density of the quasi-bound state ¢ at the
energy E
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+o00

I(E) = ($I5(E — H)I); / I(E)AE = 1. 22)

o0

The lineshapes are not directly observable but they resemble the measur-
able line profiles (see Section 3 and Ref. [27] p. 184). In order to relate
the lineshapes to the effective Hamiltonian we separate the Hermitian and
non-Hermitian part of H*(z)

H¥(E +i€) = H+A@%—JQ (23)

A(E) and I'(E) are Hilbert transform from one another [7]. Since the lifetime
of the quasi-bound state ¢ is much longer than the lifetime of the rele-
vant part of the continuum QH|¢), the Hermitian operators A(E) and T'(E)
are smooth functions within the energy range of interest. It results that the
energy dependence of the level-shift operator can be neglected and that the
effective Hamiltonian becomes energy independent

Hf =H—i (24)

N

This energy independence appears as well in the previous model Hamilto-
nian when the quasi-continuum tends to a continuum (16). The Hermitian
part of the level-shift operator is often negligible and was neglected in
Eq. (24). Using Eq. (7) the lineshape can be expressed in terms of the poles of
the Green function (see Section 2.2.2)

) = I ©5)

E_gn?)

I(E) can be easily obtained from Eq. (25) by diagonalization of a small-
dimensional non-Hermitian effective Hamiltonian. This is not true if the
effective Hamiltonian has the form of a Jordan block (see p. 475 in Ref. [2]).
A simple example of Jordan structure is the matrix representation (30) in
Section 2.2.2 when I'. = 4A. In this nonphysical case the two eigenvalues
coalesce at the value —2iA.

In the following sections we will apply the theory to a resonance decay-
ing into a continuum (Section 2.2) and to several resonances decaying into
one or several continua (Section 2.3). The physics is described and under-
stood by means of energy-independent effective Hamiltonians (16) and from
the method of moments. In Section 2.2 the use of a unique two-dimensional
matrix representation (n = 2) of the effective Hamiltonian will allow us to
produce the most basic Breit-Wigner and Fano profiles as well as an ele-
mentary formulation of the fluctuation-dissipation theorem. In Section 2.3
more elaborate matrix representations (n = 3) will be used to investigate
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several interfering resonances thus providing an elementary interpretation
of the dips and peaks of experimental spectra. Finally, we investigate the
dynamics of two vibrational resonances in I,Ne. It will be shown on this
actual system how it is possible to pass from a calculation along the
real-energy axis (close-coupling method) to a two-dimensional non-
Hermitian effective Hamiltonian which contains the relevant information
concerning the dynamics.

2.2. One isolated resonance

2.21. Breit—Wigner profile
The infinite matrix representation of the Fano model [7, 19, 28] can be written
in the form

0 v o v
v 0 0 0
0 0 —-§ 0 . (26)
v 0 0 +6

The energy of the discrete state ¢ coupled to the quasi-continuum is taken
as the origin of the energies. § is the constant energy difference between the
levels of the quasi-continuum and v measures the interaction between the
discrete state and the quasi-continuum states |k), k = 0, £ 1, £2,.... The
above notation as well as the exact solution of this model can be found in the
complement C; of Ref. [7].

Figure 1.2 illustrates the resonance |¢) decaying into a quasi-continuum
(left side) and into a true continuum (right side). The black rectangle is the
useful part of the continuum implied in the dynamics. It corresponds to
the wavefunction H|¢) (a doorway state in spectroscopy), which is the sec-
ond term in the method of moments (see Eq. (17)). The physical results are
obtained at the limit § — 0 while v?/§ remains constant. The transition rate
I" to the continuum is equal to

2 2
r= ”8”. 27)

Eqlo>

Ly

Figure 1.2 From a quasi-continuum to a continuum.
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Im[Z] -1

Figure 1.3 Representation of the real part of f(z) = icot(7z/§) as a function of zfor § =1.
This quantity tends to 1 when z tends to ioo; it tends to oo for the real values
Z=k8;(k=0,:|:1,:|:2,...).

The time evaluation depends on the strength of the coupling §/v as discussed
in Ref. [5]. We recall here the irreversible dynamics corresponding to a weak
coupling (§/v <« 1). The dynamics is projected into the one-dimensional
inner space spanned by the initial state ¢. For times ¢t « 2w h/§ the initial
state decays into the quasi-continuum, whereas for larger times, recurrences
may appear. H*(z) is represented by the unique term

I'h . TZ
E(2) = —i .1C0t<8 ) (28)
The real part of i cot (rz/8§) is shown in Figure 1.3.

It is quite remarkable that all information needed to compute the survival
amplitude (¢ |y (t)) (autocorrelation function) is contained in E(z) as given by
Eq. (28). This information is highly singular near the real-energy axis, where
distributions appear for the values k8, (k = 0,£1,£2,...). In order to obtain
the first terms of the temporal evolution of the autocorrelation function from
the initial time f = 0, E(z) is expanded in Fourier series. Assuming i =1,

E(z) = —ig —ir iexp (Z”ka) . (29)

The inverse Fourier-Laplace transformation of 1/(z — E(z)) provides the
autocorrelation function (survival probability) represented in Figure 1.4. The
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Figure 1.4 Irreversible survival probability p(t) = [(¢|¥(t))|* as a function of time.
Recurrences occur at times t, = 2wkh/8; k =1,2,. ... (8§ =1, arbitrary units).

initial exponential decay of the resonance arising from the term —il'/i/2
in Eq. (29) is followed by recurrences at the times t,=2mkh/§ for
k=1, 2, 3,.... As expected the recurrence times tend to infinity when
the spacing § tends to zero and the quasi-continuum becomes a
true continuum. The above analysis is illustrative for at least three
reasons:

e It provides a simple example of nonexponential decay of a resonance a still
active subject of research [29, 30].

e It opens the way to a deeper understanding of the physics of quasi-
continua and continua.

e It could clarify the theoretical status of the absorbing potentials used in
actual calculations to avoid spurious recurrences caused by the basis set
incompleteness [11, 12, 31].

2.2.2. Fluctuation—dissipation—oscillations
In this example the method of moments is applied to a simple model of a
resonance weakly or strongly coupled to the continuum [32]. We use the
two-dimensional matrix representation (19). Under the assumption that
there are no other resonances embedded in the continuum, it is justified to
neglect the dependence of R,(z) on z because the width of the resonance, T,
is much smaller than the width of the relevant continuum, I'., within the
useful range of energy (see complement Cy;.5 in Ref. [7]). In more physical
terms the lifetime of the resonance is much longer that the microscopic relax-
ation time. The examples given in the two following sections: (i) Fano profiles
and (ii) hydrogen atom in an electric field, illustrate how the macroscopic
times can be derived from usually nonobservable much shorter microscopic
times.

Separating the real and imaginary parts of R, ~ A, — i’t allows to
transform Eq. (19) into
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eff __ E, AE E, E.,T (30)
H_[AE Ec—i%} " ] -°°

E. and T, are the energy and the width of the useful part of the contin-
uum (doorway state) [22, 33]. The two-dimensional non-Hermitian effective
Hamiltonian (30) is the simplest matrix representation linking the micro-
scopic level characterized by the complex energy E. — iI'./2 to the macro-
scopic level of interest (the resonance). In Eq. (30), the energy of the resonance
E, is real. We will see below that if the resonance is weakly coupled to the
microscopic level (AE « T'), the complex part of energy can be uncovered by
perturbation in the complex plane (see Eq. (38)). In addition, the information
contained in Eq. (30) is sufficient to derive the basic Breit-Wigner and Fano
profiles. It means that the effective Hamiltonian (30) is representative of the
power of non-Hermitian representations for computing and understanding
the physics of quantum unstable states.
The spectral decomposition of the effective Hamiltonian reads

He = |¢) (1] €1 + |h2) (o] & (31)

The eigenenergies &, and &, are complex; (¢| and (¢,| are the duals of |¢)
and |¢,) [8]. The inverse Fourier-Laplace transformation (Appendix A) and
the Cauchy theorem lead to the time-dependent wavefunction

- & - &
P(t) =& exp(— iglt)wm +Gexp(— igzt)wm, (32)
where
&= (o) G = (dlg). (33)
From Eq. (32) the survival probability
P(t) = | (plo(D)) I* (34)
and the lineshape
I(E>———Im( h_ | _h ) = @lon@Iosi=12) (35
E-& E-&) 7 e '
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Figure 1.5 Dissipation and oscillations: From weak to strong coupling. The effective
Hamiltonian is given by Eq. (30). The dynamics (34) (on the left) and the lineshapes (35)
(on the right) of a system prepared in the initial state [1). (a) weak coupling (I'. = 12), (b)
intermediate coupling (I'. = 0.3), (c) strong coupling (I". = 0.001) (arbitrary units).

can be obtained. The capability of the model was illustrated in Ref. [32]. The
survival probabilities with the associated lineshapes presented in Figure 1.5
(Fig. 1. in Ref. [32]) show why the dynamics changes gradually from an irre-
versible exponential decay (a) to Rabi oscillations (c) with decreasing I'.. The
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results in Figure 1.5 were obtained from the exact diagonalization of the
effective Hamiltonian; however, if we proceed by perturbation in the com-
plex plane, the relationship between fluctuation and dissipation is revealed.
Assuming that the diagonal terms are dominant in Eq. (30), perturbation
theory provides the complex eigenenergies

(AE)?
S=E +—7""—— ;
=Rt E TR 4 il
T (AE)
E=E —1—+ ——"——+ 36
2 2 TECE T (36)
In addition, if we assume that |E, — E;| < T, Eq. (36) reduces to
r
51=E1—15+"',
Tr. .r
€2=EC—IE+IE+"', (37)
where
AE)?
= 4( T ) . (38)

Equation (38) provides a simple form of the fluctuation—dissipation theorem
that relates the fluctuations to dissipation. Here the fluctuation in energy
AE is related to the dissipation coefficient I" appearing in the exponential
decay of P(t) ~ exp ( — %t). The same expression (38) was derived by Cohen-
Tannoudji et al. from a “coarse-grained” expression of the rate of variation
of the density matrix (operator) describing a statistical mixture of states (see
§D in Chapter IV of Ref. [7]). Because the expression (38) was derived by per-
turbation, the conditions of validity of perturbation theory must be satisfied.
The eigenfunctions associated with & and &, are

AE
|<z>1>:|1>+2iF 2y +---,

AE
|<z>z>=|2)—21F 1) +---. (39)

The validity of this expansion requires
AE < T.. (40)

Let us define two correlation and dissipation times by

TL=—; T=—. (41)
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Then condition (40) can be transformed into
. KT, (42)

which means that the microscopic correlation time must be much shorter
than the macroscopic correlation time. Condition (42) can also be trans-
formed into

h
AE-T> 5 (43)

which is compatible with the energy-time uncertainty relation. To conclude
this section we summarize:

e A simple expression of the fluctuation—dissipation theorem was estab-
lished and its range of validity was determined within the standard
perturbation theory.

e We anticipate that the results derived from wavefunctions and effec-
tive Hamiltonians will be generalized in Section 4 to density matrices
and effective Liouvillians if the time evolution starts out of a mixed
equilibrium state.

e We stress again the advantage to use perturbation theory in the com-
plex plane (energy or frequency) instead of the usual time-dependent
perturbation theory.

2.2.3. Fano profiles
The derivation of the fluctuation—dissipation theorem (38) was based on the
simple model Hamiltonian (30). This effective Hamiltonian is employed
again to investigate asymmetric profiles in spectroscopy implying quantum
interferences with the continuum.

Instead of using perturbation theory we shall determine the exact Green
function associated with the initial state

|¢) = cos6 |1) + sin6 |2). (44)

The probabilities of exciting simultaneously the resonance and the contin-
uum at the initial time are cos? and sin® 6, respectively.

Assuming E; = E. = 0, the direct calculation of the Green function (22)
gives

E + AEsin20 + it cos*6

G(E) = 45
® E(E+i%)— (AE)? (45)
and the intensity (line profile)
Esinf + AEcos6 | T.
I(E) = sin® + AE cos (46)

E(E+i%) — (AER| 27
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It allows the direct determination of the Fano g parameter (see Eq. (20) in
Ref. [34]):

AE
q=2?- coto. (47)

The expression (47) is exact for the z-independent effective Hamiltonian (30).
It is the product of two factors: the ratio of the fluctuation in energy of the
resonance, AE, to its width, T', and the ratio of the probability amplitudes
to excite the resonance (cos) or the continuum (siné) at the initial time.
The parameter g characterizes the asymmetry of the profile (see Eq. (21) in
Ref. [28]). A detailed description of our approach to Fano profiles is given in
Refs. [8, 34]. The formula (47) has a large range of validity whatever might
be the type of spectroscopy (dipolar electric, magnetic, etc.). Figure 1.6 rep-
resents the survival probabilities and the lineshapes as a function of the
degree of excitation of the continuum at the initial state. In case (a) only the
resonance state |1) is excited which produces an almost exponential decay
and a Breit-Wigner profile. Cases (b) and (c) display nonexponential decays
and typical Fano profiles resulting from interferences between [1) and the
relevant part |2) of the continuum (doorway state).

2.2.4. Hydrogen atom in an electric field

We have shown in the previous sections that an exactly solvable model can
provide generic results concerning line profiles and dynamics. The physics
was discussed in terms of resonances and effective Hamiltonians. These con-
cepts are also of fundamental importance for real systems. Here we recall the
simplest one: a hydrogen atom in its ground state exposed to a static electric
field described in Refs. [10, 35].

As soon as the atom is subjected to the field, the bound state 1s becomes
a resonance. There is an extended literature devoted to the determination
of the energies and the widths of resonances in the hydrogen atom. Among
the methods which require complex parameters and complex solutions it is
worth mentioning the Weyl’s theory, originating from 1910, which interprets
the resonance in terms of poles in the complex plane. References to the Weyl’s
theory and accurate results can be found in Ref. [36]; see also the discussion
in Ref. [1], page 779.

For weak fields of amplitude £ « 0.1 a.u., ionization is mainly due to the
tunneling of the electron through the Coulomb barrier and the survival prob-
ability P(t) of the ground state follows approximately an exponential law. The
order of magnitude of the width T" of the resonance is given approximately
by the quasi-classic theory [37]:

roces(-), retes(-2). w
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Figure 1.6 Fano profiles proceeding from the effective Hamiltonian (30). The survival
probabilities P(t) (34) (on the left) and the lineshapes I(E) (35) (on the right) are represented for
the initial state |¢) = cos@ |1) + sinf [2).(a)0 =0,g=o00,(b)0 = 3,9 = %, (©6=73,

g = 0 (arbitrary units).

For strong field, £ > 0.1 a.u., the decay of the ground state does not follow
an exponential law [38—41]. We provided in Ref. [35] an accurate descrip-
tion of the nonexponential decay of the H atom, initially in the 1s state,
at any time t and especially at # > 10 a.u. (long-time dynamics). At short
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time, t < 10 a.u., the states mainly implied in the dynamics are the ground
state |1) = 1s and the doorway state |2) = zx1s = rcosfxls of symmetry
p (I = 1), which provides the main contribution to the dipolar polarization
of the atom (¢ = 4 a.u.; the exact value is @ = 4.5 a.u.). In the basis of the
two states |1) and |2), the projector onto the model space is P = [1)(1] +
[2)(2] and the energy-dependent effective Hamiltonian can be written in
the form

Heff(z)=[ _(15/2 R‘(gz) }; R(z)=<2|HZ_&HH|2>. (49)

£ is the amplitude of the electric field (in a.u.). R(z) is the energy-shift (9) and
Q = 1 — P is the projector onto the complementary space. The inversion of
H*(z) provides the exact expression of the Green function corresponding to
the initial state 1s:

1 1 &
Gz)=———, E@=—-—Z+—5—.
@ =_— £ @=—5+_ = RG) (50)
The level-shift is approximated by the least-square fit
¢
Rz) =) — (51)

1 Z — €
where ¢, and ¢, are real and complex constants [10]. Finally, the Green
function is written in the form of Padé approximant

_ P@

where Q(z) and P(z) are fifth- and fourth-order polynomials, respectively.
The Green function along the real-energy axis can be written as

5 5
Je
G(E) = ; Z fi=1. (53)
o E-& k=1
The complex energies & (k = 1,2,...,5) are the roots of the polynomial Q(z)
and the f;’s are generalized oscillator strengths. The inverse Fourier-Laplace
transformation provides the survival probability P(t) of the initial state 1s

2

P(t) = (54)

kaexp(—i%t)

k=1
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Figure 1.7 Decay of the resonance Ts of the hydrogen atom. The atom is subjected at t = 0
to a static electric field of amplitude £ = 0.08 a.u..

and the probability of ionization 1 — P(t). Equations (53 and 54) generalize
Egs. (35 and 34), which are valid for an energy-independent effective Hamil-
tonian, since in Egs. (53 and 54) the summation is up to five instead of n = 2
the dimension of the inner space. Here the dependence on the energy is in
R(z). Figure 1.7 shows the survival probability of the ground state of H as a
function of time. The agreement between Figure 1.7 and the full-line curve
in Fig. 1 of Ref. [40] is almost perfect. This is significant since the calculations
were performed by different approaches: a complex scaled Hamiltonian [2]
in Ref. [35] and a two-dimensional energy-dependent effective Hamiltonian
Ref. [10]. The excellent agreement was also confirmed by recently devel-
oped Coulomb wavefunction discrete variable representation of Peng and
Starace [39].

2.3. Several interfering resonances

It was shown in the previous section that modeling one resonance decay-
ing into a unique continuum and a two-dimensional effective Hamiltonian,
n = 2, led to the Breit-Wigner and Fano profiles. The model is justi-
fied for isolated resonances. When there are two or several states close in
energy, the couplings between their amplitudes produce new interference
patterns which are the fingerprints of the quantum world. Two model exam-
ples illustrate how higher dimensional matrix representation of effective
Hamiltonian, typically n = 3, can interpret a large variety of spectroscopic
profiles. The study of the dynamics of two vibrational resonances of the
molecule I,Ne [11] demonstrates how to extract from real ab initio calcula-
tions a small two-dimensional Hamiltonian containing the main informa-
tion that explains the exponential and nonexponential decay of the two
resonances.
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2.31. g-Reversal effect

An illustrative application of the effective Hamiltonian approach is the inter-
pretation of the g-reversal effect [42] as the interference of three quasi-bound
states (n = 3) decaying into a unique continuum [9]. The two functions are
true narrow resonances of widths I'y and TI',. The third quasi-bound state
with much shorter lifetime (I'; > I'; and I'; > I';) describes the relevant
part of continuum and produces the large bumps (background) under the
narrow resonances.

The three-dimensional inner space is spanned by the resonances |1) and
|2) and by the quasi-bound state |3) describing the relevant part of the con-
tinuum. The matrix representation (lower part) of the effective Hamiltonian
is written in the form

Eg . . . Fll . .
1
Heff == H21 E(Z] . - z A/ Fzzrll Fzz . . (55)
H31 H32 Eg vV 1—‘331—‘11 vV FSSFZZ F33

E) (i = 1,2,3) are the zero-order energies of the quasi-bound states |i) of
partial widths I'; = 27 V?, V/s are the components of the coupling vector
|V,) (13). The index a was suppressed because there is only one decay chan-
nel. The V,’s are assumed to be real and positive. To excite selectively the
resonances the initial states are chosen successively as

G =c( 1+ ¢) + s

b =c( ¢1— ) + s (56)
¢ =c(—d+¢) +¢5

¢p__=c(—¢1— ) + s

¢1, ¢», and ¢, are the eigenstates of H*f and ¢ is a constant. Figure 1.8
indicates clearly that the g-reversal effect described in Ref. [42] can be
understood in terms of constructive and destructive interferences between
the resonances and the continuum. The straightforward interpretation of
the g-reversal effect in terms of resonances interfering with a short-lived
state generalizes the description of Fano profiles resulting from inter-
ferences between a resonance and a quasi-bound state of much larger
width [8].

2.3.2. Interference dips and peaks in spectra

Another interesting application of the effective Hamiltonian explains the ori-
gin of the dips and peaks in photabsorption spectra. The model of spectrum
incorporates into the inner space the relevant states of the continuum weakly
interacting with the resonances [43]. This can be done by considering more
than one decay channel. Such extension was discussed in detail in Ref. [8]
and we sketch here only the principal idea.
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Figure 1.8 g-Reversal effect in lineshapes corresponding to the effective Hamiltonian (55)
with the two resonances |1) and |2) coupled weakly to the continuum, and the short-lived
quasi-bound state |3) coupled strongly to the continuum. The lineshapes I(E) (22) represented
in (a), (b), (c), and (d) correspond, respectively, to the initial states ¢, ,, ¢, , ¢_.,and ¢__ (56).

The model represents two resonances interfering dynamically through
two continua. The inner space is spanned by the resonances |1) and |2) and
the quasi-bound (short-lived) state |3) modeling the background. The three-
dimensional matrix representation of the effective Hamiltonian (lower part)
is written in the form

E .. (T . r,o.
Heff = 0 Eg . -_ = F21 rz . + :I:F21 FZ .
0 0 Eg F31 F32 F3 ZEF31 :l:F32 F3

The second and third matrices correspond to the two continua. Assuming
again that the width of the state describing the background is much larger
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Figure 1.9 Characteristic shapes of absorption spectra corresponding to four combinations
of the signs of couplings in H*". For details see Fig. 5 in Ref. [8] and discussion therein.

than the widths of the resonances (I'; > I'y and I'; > T';), and that the three
states are equally excited at the initial state, ¢ o (|1) + |2)) + [3), various
forms of the absorption spectra may be reproduced. The dips and peaks in
Figure 1.9 are controlled by the signs of the couplings [8].

2.3.3. Vibrational resonances in I,Ne

A quite generic example of two interacting resonances is found in Ref. [11]
dealing with high vibrational levels of the I,Ne system excited to the B elec-
tronic state of I,. The resonance states are labeled |v,11), n being the quantum
number associated with the Ne-I, stretching motion, v labels the vibrations
related to the I-I coordinate. The two quasi-bound states |¢;) = [35,0) and
|¢o) = [34,4) are nearly degenerate and coupled to various quasi-bound
states and continua (see Figure 1.10). Such a picture is frequently found in
molecular physics (diexcited Rydberg states, collision with highly charged
ions, nonadiabatic transitions, etc.). The two resonances |¢;) and |¢,) span
a two-dimensional inner space. The matrix representation of the effective
Hamiltonian in the basis of the discrete states |¢;) = |35,0) and |¢,) = |34,4)
is (see Table 1, case (a) in Ref. [11])
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Figure 110 Quasi-bound states and continua in I,-Ne (T shape). v labels the vibrational
levels related to the I-I coordinate and n those of the Ne-I, coordinate. Figure taken from
Ref. [11] with permission of EP).

—68.20—-1.82 —-1.21-1.07
Heff — . (57)
—-121-1.07 —-67.63—1.02

The z-dependence of the effective Hamiltonian H*(z) was eliminated by
choosing z equal to the mean energy of the two resonances (z = 67 cm™).
The complex symmetric matrices are the fingerprints of the dynamics of
the decaying resonances. The matrix representation (57) shows that the
static interaction between the two states ~1cm™' is much larger that the
imaginary part —0.07cm™' of the coupling. Thus, the dynamics of these
van der Waals states can be described in terms of two weakly-interacting
resonances, the parameters of which were directly extracted from the full
Hamiltonian without any empirical or semi-empirical parametrization. The
density of states and the corresponding dynamics proceeding from four
initial states are represented and compared with the close-coupling results
in Figure 1.11 (Fig. 3 in Ref. [11]) and Figure 1.12 (Fig. 2. in Ref. [11]),
respectively.
From the discussion in Ref. [11] we point out:

e The non-Lorentzian shapes are related to the nonexponential decays (a)
and (b).

e The almost Breit-Wigner profiles correspond to the almost exponential
decays of the two weakly interacting resonances in (c) and (d). The inter-
ference between the two resonances in (b) is similar to the interferences
appearing in Fano profiles (Section 2.2.3, Figure 1.6).

e The excellent agreement between the results obtained by the method
of close coupling and those derived from the effective Hamiltonian
illustrates the numerical accuracy of the effective resolvent in realistic
applications.
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Figure 111 Density of states in I,Ne for four initial states (a) ¢ = ¢, (b) ¢ = ¢, (c)
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Figure 112 Modulus of the autocorrelation function (survival probability), |c(t)|, for the
initial states given in the caption of Figure 111. Full line: effective resolvent method; dotted
line: close-coupling.
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3. COLLISIONS

Resonances are currently observed in collision processes. We will show in
this section, how they can be studied in the framework of the partitioning
technique by means of the effective Hamiltonians discussed in Section 2.
The theory is described below and illustrated by model applications in
Section 3.2.

31. Theory

We do not intend to give here a profound description of scattering theory that
can be found in the textbooks, e.g., Refs. [44-46] and review articles Refs. [47-
50]. We shall recall the definition of the transition operator and, in a second
step, extend the model Hamiltonian of Section 2 to derive exact expressions
of the on-shell transition matrix [51].

The transitions between the scattering states are governed by the transition
operator T(z) [52] defined by

1 Q Q Q
z—HQ_ + T(z)Z_HO.

Q " z—H, z-H,

(58)

As discussed in Section 2.1, Q corresponds to the states of the continuum
which contribute directly to the background of the cross section (term T(z)
in Eq. (61)). As above, the projector P is associated with unstable states
implied in the collisional process. Expression (58) assumes a partition of the
Hamiltonian into an unperturbed Hamiltonian H, and a perturbation V:

H=H,+V. (59)

Using the partition technique (see Appendix B) the transition operator can
be expressed as

T(z) = Tu(2) + Ta(2), (60)

where

Q Q p Q

T2) = QV—"%—; Ty(z) = .
@ =QVi—cy TO=16" Y me Toay

(61)

T1(z) describes the direct transitions (the background of the cross sections);
it depends smoothly on the energy. The resonant term T,(z) of the second
order with respect to V depends strongly on the energy. T,(z) may be the
dominant term of T(z) near the poles of P/(z — H*(z)). For actual systems
which require approximations, T'(z) is expanded in power of V

Ti(z)=Q[V+VGV+---1Q. (62)
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The convergence of this series is better than the convergence of the stan-
dard Born series because the singularities caused by the resonances have
been transferred into the resonant term T,(z). To produce results of a gen-
eral validity (spectroscopy and dynamics) we derive an exact expression of
the transition operators that extend the model investigated in Section 2. The
unperturbed part of the Hamiltonian is chosen in the form

Hy=PHP+ Y / |Ea)E(Ea| dE. (63)
a=1

H, is assumed to be diagonal in the basis of the collision states. |Ea) is the
collision (or scattering) state of energy E belonging to the channel a. In the
following the indexes a, b, c--- will label the channels. The collision states
are normalized in energy

(Ea|E'b) = 8, 8(E — E'); Z/ |Ea)(Ea| dE = Q. (64)
a=1

Sa 1s the Kronecker symbol and §(E — E’) is the Dirac function. The perturba-
tive part of the Hamiltonian is written as [51]

V=YVl + 1) (Vi) + Y Vig la) (bl. (65)

a=1 a,b=1

V., belongs to the inner space of the resonances; |a) is a wave packet of the
continuum 4 participating in the decay of the resonances into the channel a
(doorway state). V,;, models the interactions inside and between the decay
channels. The drastic limitation of the number of states characterizing V
makes it possible to derive an exact expression of the effective Hamiltonian.
Using Eq. (10) one finds the exact expressions of T;(z) and T»(z)

m 1
@) =) (Tulall; T = Vi—ems.

a,b=1

(66)

(T1)s means the component ab of the matrix T;. Similarly, one finds for the
resonant part of the transition operator (60)

m 1 1
T = ), bl; T, = eff . 67
2(2) ;b:1( 2)as|a) (b 2T I1VG() 1-Go@)V (67)
The components of T* are
eff Py
(T )ab = (V.| Vi), ab=1,2,...,m. (68)

7 — Heff(z)
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The two m x m matrices Gy(z) and V are defined by

G”(Z) 0 e Vo Vap -+
Gr=| 0 G&® | and Vv=| Va Vu - | = (69

where

Gi(2) = el ——p1a).

The expression

m

He(z) = PHP + (

a,b=1

Go(Z)> Vo) (Vi (70)

1
1-Gy(2)V b
extends the results of Section 2. Gy(z) contains information concerning the
energy shifts and the energy densities. When there is no interaction inside
and between the continua, H*#(z) reduces to

H(z) = PHP + ) G,@)IV.)(V.l. (71)

a=1

Expressions (70) and (71) are especially useful when the density of states
varies strongly within the energy range of interest, e.g., near the energy
thresholds (see the analysis of giant resonances in Section 3.2.2). If the densi-
ties are constant the expression (71) is even simpler. In this case, G,(z) = —im,
we recover the expression (16) [23, 53-56]:

Heff = PHP—inZ|Va)(Va|. (72)

a=1

Expression (70) has no direct computational interest. Its usefulness is to pro-
vide a general framework to investigate cross sections. The physical quantity
of interest is not the transition operator (60), but its matrix elements between
the continua, the scattering states, whose projector is Q, that are peaked
within a narrow range of energy. These matrix elements define the on-shell
T matrix

1
T= ])1/2 (T1 + Tz) ])1/2 ’ where D= ——Im Go(z) (73)
T

and the unitary matrix S

S=1-27iT. (74)
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The eigenvalues 1, = exp (2i8;) (k = 1,2, ..., m) of the matrix S provide the
phase shifts §;. The lifetime Q matrix [57, 58] is related to S by

v d
Q=S ( 1th) S. (75)
It is easy to determine Q from the scattering matrix S and of its derivative
dS/dE. Simple expressions in closed form can be obtained when D does not
depend on the energy (Markovian approximation). This situation is usually
encountered far from the energy thresholds. In this case, the choice D =1
leads to Gy(z) = —im 1 and from Egs. (65) and (67) one gets the exact formula

ds 1 dTe* 1 76)
— = -2n .
dE 1+izV dE 1+inV
The components of dT*/dE are determined from Eq. (68) as
dr” = —(V,| Po V); ab=1,2 m (77)
dE ab_ a (E_Heff)z blr W= Ly a e M

Equation (77) underlines again the importance of the concept of effective
Hamiltonian which contains also the information concerning the time delays.

3.2. Resonant scattering

The central role played by the effective Hamiltonian in the resonant part of
the transition operator (60) is illustrated in two model applications.

3.21. Assingle resonance
We consider a single resonance of width I" decaying into a unique channel. In
the basis of the resonance |1) the effective Hamiltonian reduces to the scalar

i T
Hef= o — 78
21+inV (78)

The T and S matrices reduce to the scalar quantities

1 nVE+T)2

' _ (1—in V)E—il'/2
7 (14+ir V)E +ir/2’

T(E) = ~ (I +ir V)E+ir/2’

S(E)

(79)

It is clear that |S(E)|* = 1. The pole of S(E) provides the complex energy
&, = E, —iI',/2 of the resonance

|4 r

r
E—-me— P
P T+22V2

(80)
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Figure 113 Resonant scattering (cross sections and phase shifts). Plot of |T(E)|* and

of the phase shift §(E) determined from S(E) as a function of the energy (79). (a) V = 0,
(b) V= 0.2,and (c) V = 0.8. In the three cases the width of the zero-order resonance is
I' = 0.8 (arbitrary units).

For a fixed value of I', T, decreases from I" to zero when V varies from zero
to +o0. The quantity |T(E)|* closely related to the cross section is plotted in
Figure 1.13 as a function of the energy for three values of V.

In case (a) (V=0) there is no contribution of the nonresonant part of T and
it results in a pure Lorentzian profile. In cases (b) and (c) (V=0.2 and 0.8,
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respectively) asymmetric profiles appear which are similar to the Fano pro-
files [28]. The shape of these profiles is directly related to the pole of S(E).
It may be checked from Eq. (79) that the window (the zero of the cross
section) is reached for the energy E = —T'/2nV,i.e,, E = —0.64in (b) and E =
—0.16 in (c). We have already shown that Fano profiles may be interpreted
in terms of interferences between a long-lived resonance and a short-lived
quasi-bound state participating to the dynamics and describing the relevant
part of the continuum [8, 34]. This model could have been used here
as well. Nevertheless, in order to illustrate the capabilities of the model
Hamiltonians we have chosen to derive asymmetric profiles proceeding
from a coupling within the collision space. A lot of physics is introduced
through the definition of the inner space which may contain not only true
resonances, directly observable, but also various “intermediate structures,”
“resonances,” or “doorway states” which create bumps of intermediate
character in the cross sections (see Ref. [22], Chapter 9).

3.2.2. Giant resonances
The model is based on a set of zero-order resonances decaying into a sin-
gle channel near an energy threshold (see Ref. [51]). In atomic physics these
resonances may be, e.g., a Rydberg series of autoionizing states. The model
provides a simple explanation of the collective character of the wavefunc-
tion of a giant resonance and of its energy shift directly related to a rapid
variation of the density of states near the energy threshold.

Here we consider a simple model of six noninteracting resonances of zero-
order energies E) =i—1, (i = 1,2, ..., 6) and of identical partial width TI'.
The effective Hamiltonian is written as

He(z) = )~ (i — DIi)(il + G@)|V)(V. (81)

The matrix representation of the Hermitian part of (81) is diagonal in the
basis of the discrete states |i), (i = 1,2, ..., 6). The couplings between the
resonances and the continuum are assumed to be identical and character-
ized by

T, 12 n .
'V>:<E) ;m. (82)

The Green function G(z) is chosen in the form

G =1In G%i) - Aio(z —E)+in, (83)

where
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Ey =

_ Bt + Eena

_ Eend - Ethr

2 7 T

(84)

Ey, is the energy of the threshold. The density of states is constant from Ej,,
to Ecna. We neglect the background (V=0) and, since there is only one decay
channel, T reduces to the scalar quantity
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Figure 114  Giant resonances (cross sections and phase shifts). The parameters of the Green
function (83) are (a) Ey,, = O; (b) Eg =

—10; (c) Ey,, = —100 (arbitrary units).
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Py

T(E) = <V|m|v)~

(85)

The notation H*(E) in Eq. (85) underlines the dependence of the effec-
tive Hamiltonian on the energy. Note that the transition term T(E) and the
lineshape
Py

E — Heff (E)
investigated in Section 2 are expressed in terms of the matrix elements of
P/(E — H*(E)). Consequently, the cross sections, proportional to |T(E)|?, and
I(E) have similar shapes. Figure 1.14 represents |T(E)|?, assimilated to the
cross section as a function of the energy (on the left) and the corresponding
phase shifts (on the right) for three values of the threshold energy. In case (a)
the zero-order energies of the resonances (from 0 to 5) are near the energy
threshold Ey,, = 0 and the extended structure (on the left) at the energy E=-3
corresponds to the giant resonance. The case (c) corresponding to a constant
density of states was recently investigated to illustrate the formation of short-
lived states from broad interfering resonances in a model study of collision
of an electron with an hydrogen molecule [59].

1
I(E) = ——Im (4| |p) (86)

4. STATISTICAL PHYSICS

The two previous sections were devoted to modeling quantum resonances
by means of effective Hamiltonians. From the mathematical point of view
we have used two principal tools: projection operators that permit to focus
on a few states of interest and analytic continuation that allows to uncover
the complex energies. Because the time-dependent Schrédinger equation is
formally equivalent to the Liouville equation, it is attractive to try to solve the
Liouville equation using the same tools and thus establishing a link between
the dynamics and the nonequilibrium thermodynamics. For that purpose we
will briefly recall the definition of the correlation functions which are simi-
lar to the survival and transition amplitudes of quantum mechanics. Then
two models of regression of a fluctuation and of a chemical kinetic equation
including a transition state will be presented.

41. Theory

We outline briefly in this section how to link the theory of quantum reso-
nances to statistical physics and thermodynamics by extending the concept
of effective Hamiltonian as recently discussed in Ref. [60]. The quantum
Liouville-von Neumann equation is written in the form

dp

“F_ Ly, 87
T iLp (87)
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p is the density operator and L is the Liouville operator (Liouvillian). The
formal solution of Eq. (87) is

p(t)= e p(0); t=0. (88)
p(0) is the density at the initial time and e "' is the unitary evolution
operator. The theoretical developments presented below are based on the
formal analogy between Eq. (87) and the expression (1) in Section 2. The
time-dependent mean value of an observable A can be written in the form

(A) () =T [Ap(t)] = Tr[A e p(0)]. (89)

We shall use the Schrodinger representation which among other advantages
reveals the temporal evolution of the density and provides a direct connec-
tion with standard quantum mechanics. Let us begin by considering only
one observable A of interest. The maximum entropy criterion (Ref. [61] and
IX-21 of Ref. [21]) provides the initial nonequilibrium density (¢t = 0)

1 1
p(0) = 7 e fHeh; g = T (90)

Z is the partition function, a is the scalar quantity conjugate to A and k; is
the Boltzmann constant; a could be, e.g., an electric field and A the electric
dipolar moment operator of the system. We assume that at the initial time
the system is not far from equilibrium and expand the density to first order
in a (see Ref. [62]). The expected value of an observable B is expressed as the
Mori scalar product that refers to the equilibrium density [62, 63]

(B)(t) = Ba (Bl e|A). 1)

It is assumed in Eq. (91) that B is centered. Expression (91) shows that up to a
multiplicative constant, the dynamics of B is contained in the time correlation
function [64]

Cap(t) = (Bl e7'|A). (92)

Hereafter we shall focus on the determination of C45(t). Although the expres-
sion (92) is rather formal, it is an efficient starting point to derive general
results concerning the dynamics [60] and the temporal evolution of the
entropy [65]. Note that C45(f) looks like a transition amplitude in quantum
mechanics. The relevance of this analogy was advocated many years ago
by Cohen-Tannoudji in his lectures at College de France [21]. In complete
analogy with quantum mechanics and using our approach of the theory
of resonances [9, 51], we shall transpose the concept of effective Hamilto-
nian into the new concept of effective Liouvillian which is the key to derive
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macroscopic results from the underlying microscopic dynamics. With the
aim to determine macroscopic characteristic times from much shorter micro-
scopic times, it is convenient to consider the Fourier-Laplace transform of
the correlation function:

1
Caslz] = (B| Z—_L |A). (93)

The complex variable z (Im z < 0) is homogenetic to a frequency. The resol-
vent 1/(z — L) is the Fourier-Laplace transform of the evolution operator
(see Appendix A). Expression (93) shows that the dynamics is reduced to the
determination of the matrix element of the resolvent between two observ-
ables. Therefore only a reduced dynamics has to be investigated. For that
purpose we shall define more precisely the observables and the operators of
interest. The theory is formulated in the framework of the Liouville space
of the operators and based on hierarchies of effective Liouvillians which are
especially convenient to study reduced dynamics at various macroscopic and
microscopic timescales (see Appendix B).

The most obvious variables of interest are the slow macroscopic variables
represented by the operators A,B,C,... Because the statistical mechanics
provides the macroscopic properties from the microscopic world, we also
need to deal with fast microscopic variables most often the flux variables.
Expressions (91) and (92) show that, at short time, the dynamics is dominated
by the first few terms of the expansion

. 1
e""A=A —iLAt + E(iL)zAt2 + - (94)

The notation A = iLA, A = (iL)?A,... recalls that classical and quan-
tum Liouvillians are time derivatives. The dissipative fluxes refer to the
dynamically accessible microstates. They also provide the basis of the so-
called extended thermodynamics [66]. For example, in the linear response
theory [67], the dynamical susceptibilities are proportional to the time
derivatives of the correlation functions [63]

xa(t) = B(Bl e7'|A). (95)

In addition to the dissipative fluxes, other short-lived observables directly
implied in the dynamics may be required. An important example is the
transition state on a reaction path of a chemical reaction (see Section 4.3).
Since we are interested in a few observables and their fluxes, we shall
project the Liouvillian dynamics onto the space of the relevant observables.
The equations of Section 2 still hold if one replaces the H by L and H* by L*"
(see Appendix B). P projects the dynamics onto the space of the observables.
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Figure 115 Matrix representation of the Liouvillian. (a) 2n x 2n matrix representation of the
Liouvillian in the basis of n observables and of their fluxes. (b) n x n matrix representation of
the z-dependent effective Liouvillian derived from (a) in the basis of the n observables.

The use of projectors and of small-dimensional matrix representations of the
Liouvillian makes possible to pass from the microscopic to the macroscopic
world. The basic idea is that the macroscopic variables are weakly Coupled
to the microscopic degrees of freedom. The matrix representation of L*¥ in
the basis of n variables of interest A; and of their fluxes A; i = 1,2, ..., n)is
sketched in the panel (a) of Figure 1.15. The possible pathway from az- 1ndep
endent effective Liouvillian (supposed to be exact) to a smaller z-dependent
effective Liouvillian (see panel (b)) of Figure 1.15) will be discussed in the
following sections. It is at this stage that the long-lived macroscopic charac-
teristic times are revealed by perturbation in the complex plane. The main
advantage of working in the complex plane lies here. The same formal-
ism is able to describe decays and oscillations characterizing the return to
equilibrium.

4.2. Regression of a fluctuation

The first application of the effective Liouvillians [9, 65] models the regression
of a fluctuation. We consider one observable A and its flux A. It is convenient
to introduce an orthonormal base in the Liouville space of the operators A
and A:

—A);  12) = —|A), (96)

where

A= (AAY%;  AA = (AJA) (97)
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AA and AA are fluctuations because the observable A is centered. The matrix
representation of the effective Liouvillian (see (B.7) in Appendix B) in the
basis |1), |2) is

off _ 0 iA
L(z) = [ LiA —iMy(2) } (98)
A = i—ﬁ and My (z) is the matrix element (2|M(z)|2). All the other matrix

elements of the memory operator are zero [63]. The appearance of the
factor i corresponds to the Hermitian definition of the Liouvillian which
is not universal. Equation (98) is an exact z-dependent expression. This
z-dependence can be eliminated by approximating My (z) by a positive con-
stant I' (Markovian approximation). This approximation is justified since
the microscopic correlation time is much shorter than the regression time
of the fluctuation. Then Eq. (98) transforms into the z-independent effective

Liouvillian
0 iA
eff __
The non-hermiticity of L arises from the dissipative term —il’. If we are

interested in the temporal evolution of the fluctuation, the dynamics can be
projected into the one-dimensional (scalar) frequency-dependent Liouvillian

2

Le(z) = (100)

z+il’
The inverse Fourier-Laplace transformation of the Green function in the case
of a weak coupling (A « TI') leads to

AA)?
Ayt = LAY ey e (101)
2,/2 — A
— F:i: FZ AZ
=g Eyg - o%

An oscillation decay is found in the case of a strong coupling (A > I')

L
<mm=mmm{mw»+awwveﬂ' (102)
w
FZ
—Jar—
@ 4

The two dynamical regimes are presented in Figure 1.16. In the case (a) the
system is weakly coupled to the heat bath (reservoir) and (A)(t) decays as
e "". The friction y >~ A?/T links the fluctuation A to the dissipative term y.
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Figure 116 Regression of a fluctuation. Temporal evolution of (A)(t). (a) weak coupling:
A =1(b) intermediate coupling: A = 4 (c) strong coupling: A = 16 (arbitrary units).

In the case (c) (strong coupling) the oscillations are damped because the
system tends irreversibly to equilibrium.

We conclude this paragraph by recalling that the analysis of the decay of a
fluctuation is old and well documented since the appearance of the book of
de Groot and Mazur [68] who discussed the subject in relationship with the
statistical foundations of nonequilibrium thermodynamics. However, con-
trary to their lengthy and heuristic itinerary, the approach presented here
is straightforward: the initial state refers to a density of probability and all
results are derived from classical or quantum mechanics. In addition, we are
able to describe oscillating regimes directly related to the intensity of the cou-
pling between the system and the reservoir. Because we consider only one
observable regressing to zero at equilibrium, the entropy production [63],
expressed as

1dS 1d [A®B7T
) el 4 1
kg dt 2dt [ AA :| (103)
leads to the expression of the entropy as a function of time:
Loy LA — (A)%0) _
k—BS(t) =3 (aAy S(0)=0. (104)

To get quantitative results the fluctuation AA in Egs. (103 and 104) has to be
evaluated. For example, for a Brownian particle of mass m, embedded in a
thermal bath at temperature T, the variation of the entropy is given by
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Im*?(0) Q
S(t=00)=S(t=0)=kp 24— = =, 105
(=00 =50 =0 =k 2rr = 3 (105)
where v(0) is the initial velocity of the particle and the fluctuation of its
velocity (%) is directly related to the temperature. One recovers the Clau-
sius’s formula established in the framework of a purely irreversible processes
(uncompensated heat).

4.3. Chemical kinetics

The aim of this section is to derive from first principles a kinetic equation for
a simple model of a chemical reaction proceeding toward equilibrium. The
simplest case is when the forward and reverse reactions are of the first-order
(see, e.g., Chapter 25 of Ref. [69])

A=B. (106)

One can find in the textbooks that the concentrations of the two species, e.g.,
conformers, obey the phenomenological first-order differential equations

dlA]

3 = KA1+ ks [B (107)
d[B]
5 =k [Al ks [B],

where k, and kg are empirical rate constants. We will determine them by
including in the dynamics a short-lived transition state C [69]. The reduced
dynamics is projected on the basis of the operators |A), |B), and |C) represent-
ing the concentrations [A], [B], and [C] of the chemical entities A, B, and C. |C)
is analogous to the short-lived flux variable taken into account in the decay
of a fluctuation. The matrix representation of the effective Liouvillian in the
basis |A), |B), and |C), assumed to be orthogonal, can be written as

0 0 A4
L =| 0 0 iAg|. (108)
—iA, —iAp —il

The roots of irreversibility come from the couplings A4 and Ay between the
chemical species and the transition state characterized by its lifetime © ~ 1.
The dynamics can be obtained exactly by diagonalizing the matrix (108).
However, to obtain concentration, which are the observable quantities, it is
useful to project the dynamics on the space of the operators representing
the chemical concentrations [A] and [B]. One finds the exact z-dependent

two-dimensional effective Liouvillian

1 A2 ALA
Leff — A ABB . 1
® =1 [AAAB A2 } (109)
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Assuming a weak coupling between the chemical species and the transition
state which plays the role of an effective continuum, we get the frequency-
independent effective Liouvillian

—i 2 _jlals
L = r . (110)

2
_jAa% ;%8
r r

Comparing Eq. (110) with the empirical expression (107) produces the rate
constants

ey

AZ
ks = ks = —2.

r’ r
In the case of weak coupling (A% + A} < I'?), currently associated with slow
reactions, the exact solution is

(111)

ke kalAly — ks[B,
[Al(t) = m ([Alo + [Blo) + W c(t), (112)
where
1 —y_t —yat
ot) = (yee =y e (113)

2
2,/ 5 — (AL + AD)

r 2 ) )
}/iIE:t Z_(AA+AB

In Eq. (113), () is a normalized correlation function, (c(t = 0) = 1), which
goes to zero when f — o0. One obtains for [B] a similar expression by
exchanging A and B in Eq. (112). For strong coupling, A% + A% > I7?,
expression (112) remains valid upon choosing

r 2
c(t):[cos(wt)+2—sin(a)t)] ezt a):,/qujLAé—Z (114)
w

and one obtains chemical oscillations. The variations of the concentrations
of the chemical species A and B which tend to constants at infinite time
are represented in Figure 1.17. Similarly, as for the fluctuations, the damped
oscillations appear when there is a strong coupling between the chemical
species and the transition state (case (c)) which plays the role of a contin-
uum. Steady oscillations would require an energy or a mass transfer from the
surroundings which is excluded from our hypothesis of a time-independent
Hamiltonian. As a whole, the regimes displayed in Figures 1.16 and 1.17 are
similar. They describe irreversible processes of unstable states.
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Figure 117 Kinetics of the reaction A = B. Concentrations [A](t) and [B](t) as a function of
time. (a) Ay, =1, (b) A4 = 4, (c) A, =10 (arbitrary units).
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Figure 118 Kinetics of the reaction A = B. Concentrations, rates of entropy production,
and variation of the entropy as a function of time. Upper row: weak coupling (A, =1,

Ag = —0.8); lower row: strong coupling (A, = 8, Ay = —10). The initial concentrations are
[A]o=0.9, [B]o=01 (arbitrary units).

The temporal evolution of the concentrations [A] and [B], the entropy pro-
duction ¥ = ©4 4 &% and the entropy S are illustrated in Figure 1.18. The
first row corresponds to the current situation of a chemical reaction for a
system weakly interacting with the bath, whereas the damped oscillations,
lower row, correspond to a strong intramolecular coupling mediated through

the transition state.
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5. CONCLUDING REMARKS

We have presented a unified formulation of dissipative dynamics based on
the quantum theory of resonances. The reversible and dissipative contri-
butions to the dynamics are gathered in small-dimensional non-Hermitian
effective Hamiltonians and effective Liouvillians with well-defined theoret-
ical status. The formulation tends to fill the gap between the dynamics and
the thermodynamics. It has many advantages:

e The mathematical framework is simple and rigorous, based on the analyt-
ical properties of the Fourier-Laplace transformation: the energies and the
lifetimes are assigned to the poles of Green functions.

e The Fourier-Laplace transformation provides a one-to-one correspon-
dence between the dynamics and the spectroscopic properties: quantum
interferences and line profiles.

e The use of projectors focuses on a few number of variables of interest in
the spirit of thermodynamics.

e Theirreversible transfer of energy from the relevant degrees of freedom to
the irrelevant degrees of freedom (quasi-continua, continua, heat baths) is
emphasized.

e The long macroscopic lifetimes can be derived from the short microscopic
lifetimes by standard perturbation theory in the complex plane.

e An elementary demonstration of the fluctuation-dissipation theorem is
presented.

e The approach helps to derive rigorous non-Hermitian formulations of the
dynamics of unstable states.
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APPENDICES
A. FOURIER-LAPLACE TRANSFORMATION

With a notation adapted to quantum mechanics, the Fourier-Laplace
transformation of a time-dependent function f(f) is defined by

00

flzl = % dEf(t) e . (A1)

0
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Fort > 0, f(t) is recovered by the inverse transformation

1 _izt
ft) = ﬁfcdzf[z]e h (A.2)

The variable z = E + ie represents an energy extended in the complex plane
(¢ > 0). The integration path in the complex plane is counterclockwise
(see, e.g., Ref. [5]). We shall also use the notation f(z) = if[z]. Some useful
properties adapted from Ref. [70] are

() «— flzl (A.3)

ihj—{ <« zf[z] — f(t =0) (A4)

ihé(t) «— 1 (A.5)

o(t) «~— % (A.6)
SR 1

Ut)= e o (A7)
Lodu H

1h§ — —5 (A.8)

f(t) > g(t) «— ihf[z] - glz]. (A9)

The convolution product is defined by

f g = [ fngt-nde = [fe-ngmar. (a0

3(t) is the Dirac function, 6(t) is the Heaviside function, and H is the Hamil-
tonian operator. The above expressions still holds for statistical physics by
setting 7 = 1. Then z = w + ie acquires the meaning of a frequency extended
in the complex plane (¢ > 0). Expressions (A.7 and A.8) transform into

U(t) = eiiu <> Z—_L (All)
.du L
15 <~ o (A12)

where L is the Liouvillian operator.
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B. PARTITIONING TECHNIQUE

B.l. Quantum mechanics

The Hilbert space of the wavefunctions is partitioned into a finite
n-dimensional inner space, which is generated by the resonances and the
unstable states of interest, and its orthogonal complements the outer space.
The projectors onto the inner and the outer space are P and Q, respectively:
P + Q = 1. In the basis of the quasi-bound states |i); i = 1, 2,..., n), the
projector into the inner space can be written as

P=>" il (ilj)=68; ij=12...,n (B.1)
i=1

It is convenient to write the partition of the resolvent in the form [7, 10]

1 P
z—H z—H"(2)
+ z —QHHZ - II-)Ie“(z) + z— Iljleff(z)Hz —QH
* Z?H—i—z—QHHz—Ize“(z)Hz ?H’ (8.2)
where
H(z) = PHP + R(z); R(z) = PHZ%{HP. (B.3)

z = E + ie is the energy extended in the complex plane and the resolvent
1/(z—H), unambiguously defined for Im(z) < 0, is assumed to be analytically
continued in the second Riemann sheet [38].

The effective Hamiltonian H*(2) is the sum of the projected Hamiltonian
and of the level-shift operator [7]. For any initial state belonging to the inner
space, the relevant information is contained in the resolvent projected, on the
right, in the inner space. The dependence of H*(z) on z can be reduced by
time-filtering (see Section 2.2.1) or by extending the dimension of the inner
space. P/(z—H*z) and Q/(z—H) are short-hand notations for the inversion of
P(z—H*(z))P in the inner space and Q(z—H)Q in the outer space, respectively.
If the initial state belongs to the inner space, the dynamics is obtained from
the reduced resolvent

1 P 0 P
P = H .
z—H z — H(2) + z—H z—-H®z)

(B.4)
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If we are only interested in the dynamics projected in the inner space, the
relevant information is contained in the projected resolvent

1 p
P = .
z—H z — H(2)

P (B.5)

The above expressions refer to the evolution operator in quantum mechanics.
Similar expressions can be derived in the framework of statistical physics in
order to establish a connection with the Langevin’s formalism.

B.2. Liouvillian mechanics

The Hilbert space of the wavefunctions of quantum mechanics moves to the
Hilbert space of the operators describing the observables. The expressions
defined within quantum mechanics still holds for the probabilistic approach
of mechanics based on the Liouville equation. H has to be replaced by the
Liouvillian L and the partition becomes [32]

1 P Q P Q

z—Lzz—LEff(z)+z—L z — L(z2) + z—L
p Q Q P Q
L L .
z — L(2) z—L+z—L z—L*(z) z—-L

+

(B.6)

P and Q are projectors (P + Q = 1) in the Liouville space of the operators.
The z-dependent Liouvillian is the sum of the projected Liouvillian and of
the level-shift operator

Lf(z) = PLP+ R(z);  R(z) = PL Z_% LP. (B.7)

P/(z — L*#(2)) is an abbreviation for the inversion of z — L*#(z) in the subspace
of the relevant observables . Similarly, Q/(z — L) is a short-hand notation
for the inverse of z — QLQ in the subspace of the irrelevant (microscopic)
variables. It is useful to introduce the memory operator (memory kernel)

M(z) = iR(z) (B.8)
which permits to write the effective Liouvillian in the form

Lf(z) = PLP — iM(2). (B.9)
Dissipation appears through the second term in the right-hand side of (B.9).

Since we are interested in the projected dynamics (subdynamics [71, 72]), one
has to consider the reduced resolvent
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1 p o) P
P= L B.10
z—L z — L(2) + z—L z—Lf%(z) (B.10)

and the projected resolvent

1 p

P P = P.
z—L z — L(2)

(B.11)

The Fourier-Laplace transform of the time derivative of the evolution
operator (see Appendix A) is also worth of interest:

L L (z) Q z
P = L B.12
z—L z—Le“(z)+z—L z — LK (B.12)
L Leff
P P C) (B.13)

z—L — z—-L(2)’

Expansion (B.12) derives immediately from (A.6). Instead of (B.6) one could
start out of the identity

1 P 1 P Q 1 Q
= L PL . B.14
z—L z—L+z—LQ z—L+z—L+z—L z—L ( )
This partitions allows to transform (B.12) as
L 1
P=—(P LP
z—L z—L(+Q)
1 Q Q
= PLP + PL LP LP
z—L( + z—L >+Z—L
1 Q
= ——L°ff —=_LP. B.15
po— (Z)+Z_L (B.15)

It can be checked that Egs. (B.12 and B.15) are identical. One recognizes in
Eq. (B.15) the three terms of the Langevin equation (see Ref. [21]). However,
we emphasize that expression (B.12) has many advantages since it relates
directly the complex poles of P/(z—L*(z)) to the various relevant microscopic
and macroscopic timescales.
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Abstract

Many aspects of intense-field molecular dynamics rely on the concept of
resonance. The chapter gives a thorough review of these aspects, bringing
out the specificity of laser-induced resonances, in particular those defined
in the Floguet or dressed molecule picture. The role of these resonances in
the time-resolved dynamics of molecules subjected to an intense, ultrafast
laser pulse is discussed and basic mechanisms of molecular fragmentation and
its control are reviewed. We discuss how a thorough interpretation of two—
color extreme ultraviolet (XUV) + Infra-red (IR) pump—probe experiments on
the dissociative ionization of H, can be made in terms of adiabatic vs. non-adi-
abatic resonance transports (i.e., laser-induced time evolutions) and in terms of
field-induced processes such as Bond-Softening (BS) and Vibrational Trapping
(VT), associated with the Floquet representation or the Dynamical Dissociation
Quenching (DDQ) effects associated with a time-dependent quasi-static rep-
resentation. Another application of the concepts of laser-induced resonances,
and of their adiabatic evolution, is devoted to laser control strategies based
on Zero-Width Resonances (ZWR) and Exceptional Points (EP), the approach
of which in laser parameter space corresponds to the coalescence of two
laser-induced resonances. We illustrate how the concept of ZWR can be use-
ful for the molecular cooling problem. We then show how advantage can be
taken of resonance coalescence at an EP to devise new laser control strategies
pertaining to vibrational energy transfer processes.

Keywords: Resonances; Multiphoton Dissociation; Floquet Theory; Attosec-
ond Pump-Probe Spectroscopy; Zero-Width Resonances; Exceptional Points;
Laser Control; Adiabaticity; Non-Adiabatic Processes.

1. INTRODUCTION

The detailed description of the interactions between a molecule and a strong
electromagnetic field provides the key for the interpretation of laser-induced
and laser-controlled photochemical reactions [1]. Not only can structural
and dynamical properties of molecules involved in such a reaction be ana-
lyzed or the nature and the role of transient species be probed, but the
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reaction itself can be optimally controlled by using appropriate sources
of radiation. Intense laser fields apply forces to molecules that are strong
enough to produce important distortions and offer the possibility to con-
trol both internal (total and partial dissociation rates as well as fragment
kinetic and angular distributions) and external motions (angular position-
ing of the molecule with respect to the laser polarization vector). Resonances
play an important part in the theoretical understanding of a wide variety of
laser-induced molecular processes, ranging from dynamical interpretations
of photofragmentation spectra [2, 3] to the depiction of basic mechanisms
used as ingredients in laser control of reactivity [4-6]. These unstable states
in the molecular continuous spectra are characterized by quantized complex
energies, resulting from their outgoing asymptotic behavior (Siegert bound-
ary conditions [7]). Their imaginary parts are inversely proportional to their
lifetimes. Several techniques have so far been developed for their accurate
calculation by solving close-coupled differential equations, with appropri-
ate boundary conditions [4, 8]. In the context of intense laser fields, these
equations describe nuclear motions on multiphoton field-dressed electronic
potentials of the Floquet Hamiltonian [2, 3, 9]. Such laser-induced potentials,
apart from accommodating resonances, also lead to a clear understanding
of basic mechanisms. Among them, bond softening (BS) or vibrational trap-
ping (VT) in the Above Threshold Dissociation (ATD) regime [3], acting in
an antagonistic manner [5], open the way to efficient and robust control sce-
narios (reactivity, alignment/orientation, purification, vibrational transfer).
These mechanisms have experimentally confirmed counterparts in the time
domain and may considerably affect the wavepacket dynamics when refer-
ring to short pulse durations: barrier lowering and Dynamical Dissociation
Quenching (DDQ) [10-13].

Highly nonlinear field-induced barrier lowering or suppression and stabi-
lization (trapping or quenching) mechanisms both in the Visible-Ultra-Violet
(Vis-UV)[3] and the Infra-Red (IR) [10-12] frequency regimes underlie chem-
ical BS or hardening processes, respectively. Their interplay through the
adequate adjustment of laser characteristics, such as laser frequency, ampli-
tude, phase, polarization, and temporal shape, provides interesting novel
control opportunities [5]. In the presence of strong fields, resonances also
show highly nonlinear features. The widths increase with the field intensity
in a nonperturbative way (in the cases of shape resonances) but, in some cir-
cumstances and more unexpectedly, they may saturate and even decrease
(the cases of Feshbach resonances). The decrease is such that for some values
of the laser parameters (frequency and intensity) one can reach strictly zero
width, a counterintuitive situation where a molecule irradiated by a strong
field becomes stable. A so-called bound state in a continuum or a Zero-Width
Resonance (ZWR) is obtained [6, 14]. For other choices of field parameters,
one can realize a coalescence of two resonances, one of the shape type and the
other of Feshbach type, as a so-called Exceptional Point (EP) is reached [15].
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ZWRs and EPs lead to very interesting control issues, involving molecular
cooling and vibrational population transfer strategies [6, 15].

This chapter reviews these aspects of intense-field molecular dynamics
and discusses their pertinence to the detailed interpretation of two-colour
dissociative ionization experiments and the laser control theory. The chapter
is organized as followed. The theory of laser-molecule interactions is pre-
sented in Section 2, starting from a general multicharged system considered
in a semiclassical field description. The Hamiltonian of the laser-driven
system is given in the length gauge [1, 16-18]. The Section continues
with a thorough analysis of multichannel field-dressed molecular models
within the Born-Oppenheimer (BO) approximation [19] (for the molecular
part) and the Floquet formalism [9, 20] (for the radiative part). Section 3
is devoted to numerical methodologies for solving coupled equations
describing the dynamics of a laser-driven two-channel (two-electronic-state)
molecule, either in a time-independent frame, where emphasis is placed on
field-induced resonances, or in a time-dependent context, highlighting time-
resolved features. Basically, the numerical techniques that are retained are
the Fox-Goodwin propagator [8] using complex rotation [21] of the spa-
tial coordinate (time-independent approach) or the split-operator formula
coupled to Fast Fourier Transform algorithms [22] adequately modified to
take advantage of Volkov-type solutions [23] in asymptotic regions (time-
dependent approach). Dynamical processes with their underlying mecha-
nisms and control strategies are presented in Section 4.

As a first application of the theory, concepts, and methodologies of
Sections 2 and 3, we discuss the dissociative ionization dynamics of the
molecular ion Hy under two-colour extreme Ultraviolet (XUV) + Infra-red
(IR) pump-probe ultrafast, intense laser excitations. In Section 5 the results
of wavepacket dynamics simulations, done within a theory/experiment col-
laboration [24, 25], are compared to experimental data, aiming at a thorough
interpretation in terms of resonances and basic mechanisms. In one series
of experiments using IR pulses that are shorter than the vibrational period
of Hj, de-phasing and re-phasing of the vibrational wavepacket that is
formed in Hj upon ionization of the neutral molecule by the XUV pulse
are observed. This observation is interpreted in terms of a laser-molecule
synchronization similar to that of the DDQ mechanism [10-12]. In experi-
ments where the duration of the IR pulse exceeds the vibrational period of
HJ, a pronounced dependence of the H* kinetic energy (KE) distribution on
XUV-IR delay is observed that can be explained in terms of the adiabatic
propagation of the H; wavepacket and the BS mechanism on field-dressed
potential energy curves.

The second application, considered in Section 6, is devoted to laser con-
trol strategies based on ZWRs and EPs [26]. A semiclassical model helps in
determining, for a given wavelength, the laser intensity at which a ZWR
is produced. The ZWR is shown to be useful for vibrational purification
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processes and thus ultimately for molecular cooling control. Finally, it is
also shown how an appropriate choice of laser parameters may provoke the
approach of an EP leading to the coalescence of two resonances (complex
eigenenergies and wavefunctions). We show how advantage can be taken of
such a situation in devising innovative laser control strategies pertaining to
vibrational energy transfer processes.

2. GENERAL THEORY OF LASER-MOLECULE INTERACTIONS

2. Molecular Hamiltonian in the presence of a laser field

Many forms of the Hamiltonian operator describing a system interacting
with a radiation field are currently in use [1, 4, 17, 18]. These are defined
within either of two descriptions: One is fully quantized and treats both
the laser field and the molecular system quantum mechanically. The other
is semiclassical and assumes at the outset a classical field while the charged
particles are treated quantum mechanically. We recall here the expression
of the Hamiltonian of a laser-driven molecule written in the semiclassi-
cal description; this will serve to lay the ground work for the construction
of the models encountered in the subsequent Sections. It is to be recalled
also that many equivalent forms of the radiative interaction exist, corre-
sponding to different choices of the electromagnetic field’s gauge. We will
systematically refer to the so-called Coulomb length gauge in writing the
interaction between a charged particle of a molecule and a radiation field.
Also, only electric dipole interactions are considered within the so-called
long-wavelength approximation.

2.2. Multichannel molecular models

For a complete treatment of a laser-driven molecule, one must solve
the many-body, multidimensional time-dependent Schrédinger equation
(TDSE). This represents a tremendous task and direct wavepacket simu-
lations of nuclear and electronic motions under an intense laser pulse is
presently restricted to a few bodies (at most three or four) and/or to a model
of low dimensionality [27]. For a more general treatment, an approximate
separation of variables between electrons (fast subsystem) and nuclei (slow
subsystem) is customarily made, in the spirit of the BO approximation. To
lay out the ideas underlying this approximation as adapted to field-driven
molecular dynamics, we will consider from now on a molecule consisting of
N, nuclei (labeled «, g,...) and N, electrons (labeled i, j, . ..), with position
vectors R, and r; respectively, defined in the center of mass (rotating) body-
fixed coordinate system, in a classical field E(t) of the form Ef(t) cos (wt).
The full semiclassical length gauge Hamiltonian is written, for a system of
electrons and nuclei, as [4]
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H(t) = Ha(t) + T — py({Ro)) - E(®) 1)
with

Ho(®) = Y 2=+ V() (R,) +¢ ) x- E() @

where Ty denotes the KE and py({R,}) is the dipole moment operator asso-
ciated with the nuclei. This gauge has the advantage of giving a simple form
for the close-coupled equations, as is clarified hereafter.

In the electronic Hamiltonian H(t), the potential function V({r,} {R,}) com-
prises all Coulomb interactions between the charges, i.e., it is the sum of
Ven, the attraction between electrons and nuclei, V.., the Coulomb repul-
sion between the electrons, as well as V,,, the repulsion between the various
nuclei of the molecular system. The sum of V({r;},{R,}) and the electronic KE
defines the field-free electronic Hamiltonian, HY:

p:
Hy = Z e VLR, ). 3)

Its eigenfunctions

Hy&({th{R,}) = e((R)E({r); (R,}), 4

which are supposedly orthonormal by construction, constitute a complete
basis in terms of which the total molecular wavefunction can be expanded:

QLR =Y Wi({R, ) E({r); (R,)). )

It is to be noted that the dependence of the electronic basis wavefunctions
E/({r;}; {R,}) on the nuclear coordinates {R,} is a parametric one. Since
the field-free electronic Hamiltonian is time independent, the basis set is
independent of time. Yet, the expansion coefficients W,({R,},f) in this basis
are time-dependent and have to obey the reduced coupled Schrédinger
equations:

AR}, D

ih—r— = [In T a((R.}) — uy({R.}) - EO] V(IR )

—E()- ) (El(—e)_mIENY(R,}, H+ ) Cy¥((R,), b, 6)
J i ]

where C;; are non-adiabatic coupling operators, the exact form of which
depends on the choice of nuclear coordinates. When the field is turned off
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(i.e., E(t) = 0), neglect of the nonradiative (i.e., non-adiabatic) coupling terms
on the third line of this equation yields the celebrated BO approximation [19]:
Since no coupling then exists any longer between the various ¥,’s, the expan-
sion of Eq. (5) reduces to a single term denoting an approximate separation
of nuclear and electronic variables. While the electronic part is described
by Eq. (4), an effective Schrodinger equation describes the nuclear motions
viewed as occurring on a single potential energy surface (PES), a single elec-
tronic channel, described by the electronic energy €,({R,}) which now plays
the role of a potential energy function. In field-free molecular dynamics, the
neglect of non-adiabatic couplings is usually justified, at least in part, by the
disparity between the nuclear and the electronic masses. Here, their neglect
is justified by the observation that they are dominated by the strong cou-
plings between the electronic states or the channels as induced by the intense
laser field. Thus, neglecting these nonradiative couplings [the last sum in
Eq. (6)] to concentrate on field-induced effects, we obtain

8‘¥1({R 3 1)

o1 = [Ty + (R, }) — my({Ro}) - E(O] Wi({R,}, £)

—E(t) - Y (El(—e ) n)ENY(R,}, 1) (7)
] i

This is the start of the construction of multichannel models of laser-driven
molecules. In practice, one restricts to a finite number, Ny, of electronic
states, selected on the basis of physical relevance and Eq. (7) defines an
Na-channel molecular model system. The “electronic” Hamiltonian is, in this
model, described by the operator

Ha({R,}, £) = ) [a(R, 18y — E(®) - gy (IRDIIEn) (5, (8)
L]

where

ry((R) = (Bil(—e ) _1)|E) ©)

is the transition dipole moment between the field-free electronic states | E;)
and | &)). In matrix form, H, is represented by

W(R,}; )

—py - E() —pyp - E(F) - - -
—My - E(t) € — py - E(F) —Iys - E(f) - - (10)
. —izE(f) & — g E(f) —pa - E(D)
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and, gathering the nuclear amplitudes W,({R,},) into a column vector
Y({R,}, 1), Eq. (7) reads

m% = [Tu1+ W(R, 1) (R ), ). (1)

2.3. Floquet theory

When the external field is a continuous wave (cw) field,
E(t) = E, cos wt (12)

the various Hamiltonians given above, in Egs. (1, 2) or in Eq. (11), are
time-periodic of period T = 27 /w, i.e., H(t + T) = H(t). Owing to this time-
periodicity, the Floquet theorem [20] is applicable to the TDSE associated
with that Hamiltonian. We recall here the main concepts of Floquet theory as
applied to the Schrodinger equation

PRARA0)

S = HEO) 1w, (13)

for any of the time-periodic Hamiltonians referred to above (specialization
to a specific form of this Hamiltonian will be made later). Floquet theorem
states that this TDSE admits solutions of the form:

| We(t) = e'F | Dx(1), (14)
with | ®(t + T)) =| Pg(t)), which constitute a complete basis for a full

description of the dynamics.! Introduction of the Floquet form into the wave
equation produces for | ®((t)) the equation:

0
[ - 2] @utty = E1 00 15
The operator acting on | ®¢(t)) is called the Floquet Hamiltonian,
.0
He(t) = H(t) — zh&, (16)

and the time in this is to be treated as an additional dynamical vari-
able so that Eq. (15) determines eigenvalues and eigenstates of the Floquet

! The theorem applies to scattering and bound states with a real energy and to resonance states
with a complex energy. When the energy is quantized (bound and resonance states), it is called
a quasi-energy, for reasons to be developed below.
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Hamiltonian in an extended space, the direct product of the usual molecular
Hilbert space, and the space of periodic functions of t € [0,T]. This extension
of the Hilbert space can be made somewhat more transparent by introducing
a new time-like variable, to be distinguished from the actual time variable ¢.
This new time variable can be defined through the arbitrary phase of the con-
tinuous (periodic) field, as done in Ref. [28, 29]. A variant of the idea is found
in the (f, ') method developed by Peskin and Moiseyev [30] and applied to
the photodissociation of Hj [31, 32]. We will continue with the more tradi-
tional and simpler formulation of Floquet theory here, as this is sufficient to
bring out ideas of laser-induced resonances in the dressed molecule picture.
In all strong-field molecular dynamics problems, the Hamiltonian H(t) can
be split into a time-independent part, denoting the field-free molecule, and a
time-dependent one representing the matter—field interaction:

H(t) = Hy + V(t). 17)

The time-periodic part | ®r(f)) of the Floquet eigenvector and the time
dependent interaction ‘potential” V(r,t) can be written in the form of a
discrete Fourier series,

V(rt) = V(e (18)

and:

| De(t) =) | U,)e™ (19)

with n going from —oo to +oc0. In the case of Eq. (19) for the Floquet
wavefunction | ®g(t)), we are in fact expanding it in the complete orthonor-
mal basis of periodic functions of the new dynamical variable ¢, ¢"*'. Sub-
stituting these expansions into the Floquet eigenvalue equation (Eq. (15))
results in an elimination of the time variable to give a system of coupled
time-independent equations:

[Hy+ Vo] | W)+ YV, (@) | U,) = (E - nho) | U,). (20)
n’#n

In the case of a matter—field interaction of the form

V6 = () BO) = 3 ple) - Boe® +e ], 1)

2 To fix the idea, we shall henceforth consider the case this interaction term depends on r, as in
the length gauge Hamiltonian.
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as found in Egs. (1 and 2) with a cosine electric field, V(t) has only two non-
zero Fourier components

1
Vil = —EIL(I') . Eo, (22)

so that the coupled Eq. (20) reduce to

1
(HO + nhw) | un) - Eﬂ(r) : EO( | un+l)+ | un—l)) =E | un)- (23)

A number of basic properties of the Floquet states | We(t)) can be infered
easily from Eqgs. (14 and 19). First, if E; is a quasi-energy, i.e., an eigenvalue
of Hy associated with an eigenstate | ®,(f)), then

E,’/k = E,' + khw (24:)

is also an eigenvalue, i.e., it also belongs to the Floquet energy spectrum.
The eigenvector associated with this eigenvalue is obtained by multiplying
| @ (t)) with e*' as can be verified by substituting the new periodic func-
tion e*' | @ (1)) into Eq. (19). Accordingly, the Fourier indices n labeling the
components | U,) are shifted by —k, i.e, | U-*) =| UL ,). Thus quasi-energies
are defined modulo an integer multiple of hw and should therefore be iden-
tified by at least two indices, as evoked in Eq. (24): Together with i, the index
k defines a quasi-energy level in a definite Brillouin zone, which is specified
by k alone. This is in complete analogy with the situation met in crystals,
where the Floquet theorem also applies, but this time as a result of the spa-
tial periodicity of the potential, and is called Bloch theorem [33]. It is known
that the Floquet states belonging to a single zone constitute a complete basis
set [34], in the case where the quasi-energy spectrum is discrete. Extension to
cases involving continua and resonance states can be made heuristically by
invoking a continuum discretization procedure.

Second, the properties of Floquet eigenstates are such as to produce a very
simple stroboscopic way of following the motion of a general wavepacket
of the time-dependent laser-driven system: Consider the evolution opera-
tor U(t + T,t) between times t and t 4 T. Starting at time ¢ from a Floquet
state

W) = e | Di(t)), (25)

we have after time T

ﬂ,Ei(H—T) 7iEi(t+T)

UE+TH W) =e "7 | &i(t+T)) =e" 7 | Di(f)). (26)

In particular if t = 0:

U(T,0) | W(0) = e h | &(T)) = e F | &,(0)). (27)
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This shows that the time evolution is exactly like that of a stationary state
of a time-independent Hamiltonian, provided the probing is limited to T, or
any multiple of T. Since | W;(0)) is equal to | ;(0)), Eq. (27) also shows that
exp ( — iE;T/h) is an eigenvalue of the evolution operator over one period of
the field. Suppose now that we wish to follow the development in time of an
arbitrary initial wavepacket | 7(0)). We can expand it over the complete set
of Floquet eigenfunctions of a given Brillouin zone at time t = 0:

n(0)) =Y | ®:(0))(D:(0) | n(0)). (28)

At time t = NT, the wavepacket has evolved into

Ei

|n(NT)) = 3" e | 2,(0))(:(0) | n(0))- (29)

This relation emphasizes again the similarity between the properties of Flo-
quet eigenfunctions and the ordinary stationary eigenfunctions (see Ref. [35]
for more details). Although it has been proven here only for stroboscopic
times, Eq. (29) may be written more generally by changing NT into an
arbitrary ¢.

2.4. Dressed molecule picture and laser-induced resonances

Without the coupling term linear in g in Eq. (23), the components | U,)
would solely be governed by the field-free Hamiltonian H, augmented
by nhw, the energy of n-photon. One can take Eq. (23) as defining the
dressed molecule picture within this semiclassical description, and | U,) is
the amplitude (wavefunction) of the n-photon dressed (diabatic) channel.
The field interaction (1/2)u(r) - Ey couples these diabatic channel amplitudes
together. Diagonalizing the potential part of the full Floquet Hamiltonian
matrix defined by Eq. (23), i.e., containing these diabatic channel couplings,
one gets an equivalent picture, called the adiabatic Floquet scheme, with
channel crossings in the diabatic representation becoming avoided crossings
where adiabatic amplitudes | U*") are now coupled together by strongly
localized field-induced non-adiabatic couplings.

To illustrate the above concepts, we consider a two-electronic-state molec-
ular model system, corresponding to keeping just two terms in the sum on
the right-hand side (rhs) of Eq. (5), so that ¥({R,}, ) in Eq. (11) is a two-
dimensional column vector and W({R,}; ), a (2 x 2) matrix. A representative
of this class of models is the one-electron diatomic H; molecule described in
a two-electronic-state approximation.

Using the notations defined in Section (2.2), the position vectors in
the center-of-mass frame of the two nuclei in this specific case are
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R;= + R/2, R,= — R/2, where R is the relative position vector, and
considering the system in interaction with a linearly polarized field, the full
molecular Hamiltonian for this one-electron system is

H(t) = HY, + Ty + eEy cos (wt) € - ¢ (30)
with HY defined by
PZ
HY = = + V(r, R), (31)
2m

V(r, R) being the sum of Coulomb interactions among the three particules.
The two relevant electronic states of the H} molecule are the ground state of
symmetry 2/, described by the wavefunction

Ei(r, R) = 1s0,(r, R), (32)

and the first excited state that is accessible via an electronic dipole allowed
transition, of symmetry >%.", and described by?

8x(r, R) = 2po,(r, R). (33)

The R-dependent electronic energies of these two states are noted €,(R) and
€,(R). Note that, if the z axis of the molecule-fixed center-of-mass coordi-
nate system is chosen to lie along the internuclear axis, then these depend
explicitly on R = |R| only, as indicated. The time-dependent statefunction
Q(r, R, t) of the system expanded in the truncated basis of the two electronic
wavefunctions is then

QL(rI R/ t) = lI.Il(R, t)El(rr R) + \Ij2(RI t) EZ(rr R) (34)

With this two-component state, applying the Floquet ansatz consists of
writing
ViR, ¢t , Pi(R, ¢t
R0\  @®RDY -
\IIZ(Rr t) d>Z(I{r t)

% Note that in designating the molecular orbitals representing these two electronic states as
above, the 1s and 2p symbols refer to the united-atom limit.
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and the general Floquet eigenvalue equation (15) takes on the following
particular form:

0D(R, t

PP (74 (R) — EJ0A(R, )~ Byt (R) cos b cos (@), 1),
0D, (R, t

in?PXRD (7 4 /R~ E10AR, )~ Eopa(R) cos b cos (@ (R, ),

(36)

where 0 is the angle between the molecular internuclear axis and the
direction of the polarization vector € and p,(R) is the matrix element

Mgu(R) = (E](I‘, R)'( - €Z)| EZ(rr R))r = :u'ug(R) (37)

defined in the body-fixed system. The subscript r is to recall that the inte-
gration implied in this matrix element is made only over the electronic
coordinates. Note that diagonal matrix elements of —ez vanish for a homonu-
clear system such as H;, owing to the inversion symmetry of the field-free
molecule. We note that, in a complete treatment of the laser-driven dynamics,
the relative nuclear KE operator Ty in Eq. (36) is the sum of a radial and an
angular parts, T, T,,, respectively, as exhibited and defined in Eqs. (56-58).
However, the essential features of the Floquet representation of this two-state
system are best illustrated by considering a one-dimensional, rotationless
molecule, for which Ty = Ty and cosd = 1 corresponding to the situation
of a perfect alignment of the molecular axis along the laser polarization. We
will briefly discuss the role of rotations, i.e., of angular dynamics within this
Floquet scheme in Section 4.

Returning to Eq. (36), each of the functions ®(R, t), k = 1, 2, being time-
periodic, it is expressible in the form

D (R, t) = i e, ,(R) (38)

corresponding to the general Eq. (19), ie., ¥, k = 1, 2, are the two
components of | U,) in the two-state field-free electronic basis. Introduction
of these developments into the above coupled equations (36) leads to

E
[TN + Eg(R) + nh(,l)] qjl,n - Tolugu(R)[qJZ,nfl + LIlZ,nJrl] - qul,n

Ey

[TN + GM(R) + nﬁa)] \Ijz/n — 2

,ugu(R)[\I’Ln—l + \Ijl,n+1] = E‘Ilz,n (39)

This pair of equations, which in fact represents an infinite set of coupled
equations as n varies from —oo to 400, corresponds to the general Eq. (23).
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In this specific case, the radiative couplings follow a parity selection rule that
arises from the fact that uy = 0, k = 1, 2 < g, u, in the model considered
here. Once a parity of the Fourier indices (‘numbers of photons’) n associ-
ated with channel 1 is chosen, the nuclear amplitudes ¥; , supported by this
channel (dressed by ‘n photons’) are coupled only to amplitudes W, sup-
ported by channel 2 with a number n’ of opposite parity. The type of dressed
picture that emerges from this is illustrated in Figure 2.1, for the dressing
by a 2 = 532nm field of a rotationless two-state H, molecule, with even
values of n associated with channel 1, and odd ones with channel 2. The
corresponding R-dependent channel energies, i.e., €,(R) and ¢,(R), dressed
by nhw according to this n-parity convention, exhibit, at specific R, cross-
ings with |[An| = 1, 3, 5,... that have been interpreted as corresponding to
local electronic transitions *¥, —> 2%, with absorption of 1, 3, 5, . .. photons,
respectively.

If we ignore the nuclear kinetic operator Ty in Eq. (39), then the result-
ing equation defines Floquet eigenstates of the two-state electronic system
considered at a fixed R. These local electronic Floquet eigenstates and
energies can thus be obtained simply by diagonalizing the local electronic
Floquet Hamiltonian matrix. The results are shown in dashed lines on
Figure 2.1. Doing this leaves the problem of determining the full molecu-
lar Floquet states unsolved, however, as the electronic Floquet Hamiltonian
matrix and its eigenvectors do not commute with the nuclear KE operator.

-5000 -

-25000

Energy (cm™)

-45000

-65000
0.0

Figure 2.1 Field-dressed potential energy curves of H; (A =532 nm), in the diabatic (solid
lines) and adiabatic (broken lines for I =10" W/cm’ and dotted lines for I = 5 x

10® W/cm?) frames. Curve-crossing regions are outlined by rectangular boxes X1, X2, and X3.
The energies of the v = 2, 4, 5 vibrational levels are indicated by thin horizontal lines.
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At best, the local electronic Floquet eigenvectors can be taken as a new
basis, an adiabatic one, on which the total molecular Floquet states can
be expanded. The channel amplitudes in this basis are coupled by kinetic
non-adiabatic couplings, arising from the commutator between Ty and
HZ(R).

The dressed channels represented by the potentials traced in solid lines in
Figure 2.1 are coupled to each other by diabatic couplings that increase lin-
early with E, i.e., with the field intensity and that are also delocalized in R,
as, for Hy, 1, diverges as R/2. In contrast, non-adiabatic couplings in the
dressed adiabatic picture decrease as E, increases and are localized in the
neighborhood of avoided crossings created at the one-, three-, five-.. pho-
ton crossings of the diabatic dressed scheme. This confers to the adiabatic
representation some advantages in interpretations, i.e., in the qualitative
readings of calculated dynamics. In particular, laser-induced resonances, i.e.,
metastable Floquet states, of two sorts can clearly be identified on the adi-
abatic dressed potential energy curves of Figure 2.1. These are defined by
the avoided crossing created at the intersection of the ¢, + nhw and the
€, + (n — 1)hw curves, for any n, i.e., the one-photon crossing. The lower
of the pair of adiabatic potentials associated with this avoided crossing sup-
ports resonances of shape type, while the upper one supports resonances of
Feschbach type.

Shape resonances are responsible for the so-called BS dissociation pro-
cess for resonances lying below the barrier created at the one-photon
crossing, and for Above-The-Barrier dissociation in the opposite situa-
tion. Feshbach resonances give rise to the VT phenomenon, also called
Bond-Hardening process. The positions and the widths of these reso-
nances vary with the field intensity. In particular, the widths of shape
and Feshbach resonances vary in opposite directions as the field strength
increases: While shape resonances become more and more unstable, the
barrier to dissociation of the lower adiabatic potential being lowered
with increasing E,;, Feshbach resonances are stabilized in the same con-
ditions, as non-adiabatic couplings that are responsible for their decays
into the continua in which they are embedded are lowered as E,
increases.

2.5. Adiabatic time development

2.5]. Adiabatic Floquet representation:

Rigorously, the above Floquet representation is valid only when the field
is periodic. Imagine now that the field amplitude E, in Eq. (12) carries a
time dependence that denotes a slow modulation of the cosine field which
oscillates with a frequency o in the UV-Vis spectral range. Without the
amplitude modulation, the dynamics under the UV-Vis field is well cap-
tured by the Floquet representation. If the amplitude modulation is slow,
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the Floquet ansatz can still be applied to the TDSE with this locally periodic
field, albeit approximately. This can be seen as followed: Within some time
interval [t — At, t + At], At = T,/N around t (T, = 27 /w is the laser-field
period), with N large enough so that the variations of the pulse envelope
over 2At can be neglected, but still ensuring that some oscillations of the
high-frequency carrier wave do occur during that time interval, the laser
field E(t) can be considered of constant amplitude, i.e., it can be written
E(t) = E,coswt with Ey: = Ey(f). The eigenstates of the instantaneous Flo-
quet Hamiltonian H}'(t) = H™(t) — ihZ associated with this local periodic
field define a basis for the expansion of the actual wavepacket of the sys-
tem as it evolves during this time interval from some initial condition. If
this initial condition, which is nothing else than the wavepacket evolved
up to time f — At, projects unitarily (or at least mainly) on a single state
of this local basis, i.e., a single Floquet state, then it will remain in this
state during the whole time interval. Imagine now that the laser pulse dura-
tion is divided up into N; time slices of width At, centered on t = t,
n=20,1,2,.... N, If the actual time evolution across the full pulse width
is essentially the transport of a single Floquet resonance state or a group of
quasi-degenerate Floquet states from one time slice to another, then the Flo-
quet dynamics is said adiabatic. This definition represents the extension, to
Floquet states, of the concept of adiabatic transport of eigenstates of time-
dependent Hamiltonian as expressed by the celebrated adiabatic theorem
[36]. Its precise formulation within Floquet theory has been given in dif-
ferent forms by many authors [29, 30, 37-39]. We will not be concerned
with these formal aspects, but only use the concept of Floquet adiabatic or
non-adiabatic dynamics mostly for interpretative purposes. In the adiabatic
situation, not only do resonances’ properties vary smoothly in time, as the
slowly varying field envelope modulates the adiabatic energy barrier height
and width, and the energy gap at the main (one-photon) avoided crossing
of the dressed potentials, but resonances (or degenerate groups of these)
are also transported smoothly, in a one-to-one manner, from one time slice
to another. Thus, if the field-molecule interaction is switched on smoothly,
then an initial eigenstate of the field-free molecule will be transported adi-
abatically onto a single resonance and will remain in this resonance (whose
properties change slowly with time), at all subsequent times, until the end of
the pulse. We will also encounter situations where the field—molecule inter-
action is switched on suddenly, at a time within the pulse width, when a
noticeable field-intensity is already attained, defining resonance states that
already differ markedly from field-free molecular eigentstates. Although the
preparation of the molecule in an instantaneous Floquet wavepacket is sud-
den in this case, subsequent evolution of each component of this wavepacket,
i.e., of Floquet resonances, may be adiabatic within the remaining part of
the laser pulse. In all instances, whenever the transport of Floquet reso-
nance states is adiabatic, their time-integrated widths are meaningful as a
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measure of their decay probabilities. Much of the discussion to be found in
the next sections are based on this adiabatic Floquet picture. The understand-
ing of the distinction between adiabatic and non-adiabatic Floquet dynamics
is central to the interpretation of recent experimental findings in the ultra-
fast pump-probe spectroscopy of dissociative ionization of dihydrogen (see
Section 5).

Care must be exercised to distinguish the concept of adiabatic Floquet
dynamics introduced here, which refers to an adiabatic time-evolution, or
to the slow variations of the Floquet basis with time, from the concept of
adiabatic representation defined in the previous section, which refers to the
slow variations of the electronic Hamiltonian (Floquet or not) with respect to
nuclear motions (i.e., the noncommutativity of the electronic Hamiltonian
H, and the nuclear KE operator Ty). Where confusion is possible and to
be avoided, we shall refer to this concept of adiabaticity related to the BO
approximation as the R-adiabaticity, while adiabaticity in actual time evo-
lution will be termed t-adiabaticity. Non-adiabatic effects in time evolution
are due to a fast variation of the (Floquet) Hamiltonian with time, causing
Floquet states to change rapidly in time, to the extent that in going from one
time slice to another, a resonance may be projected onto many new reso-
nances as well as diffusion (continuum) states [40], and the Floquet analysis
breaks down completely. We will see in Section 5 how one can take advan-
tage of such effects to image nuclear motions by an ultrafast pump—probe
process.

2.5.2. Adiabaticity in non-Floquet representations

An instance in which the Floquet representation breaks down, in the sense
of becoming impractical, even though the field is genuinely periodic, is
when the field frequency is small, as compared with the Bohr frequency
of the first electronic transition at small R. The one-photon crossing is then
brought to a large distance and Floquet blocks and zones are so close to
each other that resonance overlaps are numerous. In such a case, it is more
appropriate to discuss the dynamics in terms of the adiabatic transport of
instantaneous eigenstates of the time-dependent (non-Floquet) Hamiltonian
of the molecule, as this varies slowly in time [10, 41]. The diagonaliza-
tion of the electronic part Hy(R, t) of the time-dependent Hamiltonian in
Egs. (30 and 36) yields potential energy curves which fluctuate in time as
shown in Figure 2.2. The lower adiabatic surface is now characterized by a
barrier that moves in time, both in position and in height and width. Note
that these PESs refer to an electronic representation that is both adiabatic
with respect to time and with respect to nuclear motions, reflecting the two
timescales, that of electronic motions, much faster, and that of the slower
field oscillations that would be comparable also to the nuclear motions’
timescale. The lower adiabatic potential energy curve in Figure 2.2 supports
instantaneous nuclear eigenfunctions which correspond to resonances of the
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Figure 2.2 Nuclear probability distributions associated with the wavepacket supported by
the adiabatic channels W_(R,t) formed under a w =943.3cm™, /=5 x 10® W/cm’ laser pulse
with § = 0 on the left panel and § = 7r/2 on the right panel. The wavepackets are taken at
four times within the first optical cycle: (a) t = 1/4T; (b) t =1/2T; ()t = 3/4T;(d)t =T.

shape type and, if desired, the nuclear actual wavepacket dynamics may
be described and discussed in terms of these resonances. However, due to
the comparable timescales of the field oscillations and the nuclear motions,
it is more useful to analyze these directly in terms of the synchronization
of the time-dependent wavepacket with the moving barrier found on this
lower potential energy curve. This is the framework of the analysis origi-
nally given [10] to the DDQ effect in the laser-driven dissociation of small
diatomic molecules, as reviewed in Section 4.

3. NUMERICAL METHODOLOGIES

As seen above, laser assisted and controlled photofragmentation dynam-
ics can conceptually be viewed in two different ways. The time-dependent
viewpoint offers a realistic time-resolved dynamical picture of the basic
processes that are driven by an intense, short laser pulse. For pulses
characterized by a long duration (as compared to the timescales of the
dynamics), the laser field can be considered periodic, allowing the (quasi-)
complete elimination of the time variable through the Floquet formalism,
giving rise to a time-independent viewpoint. This formalism not only offers
a useful and important interpretative tool in terms of the stationary field
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dressed molecular states but also provides a more direct and accurate way
to calculate the resonances involved in various laser-induced processes. We
first review, in the next Section (40), the computational method to actually
calculate Floquet resonances in this time-independent approach as applied
to the dressed H; (rotationless) molecule. The methodology used for the cal-
culations of wavepackets in the complementary time-dependent approached
will then be reviewed in Section (41).

3]. Time-independent calculations of Floquet resonances

We present the numerical methodology for solving Egs. (39), resulting from
the application of the Floquet formalism to the semiclassical Hamiltonian
of the molecule plus field system. For this purpose, we present Egs. (39)
in the generic form of a system of a finite number of closed-coupled
equations

[Tal+ €(R)]W(R) = E1¥(R), (40)

where, with p two-channel Floquet blocks being kept to give N = 2p coupled
dressed channels, €(R) is the (N x N) potential matrix appearing on the left-
hand-side (lhs) of Egs. (39), with elements

[eln,n/ = €(R) + nho — %MZ'X(R)[S"/V”_l + 8“/’"“]’ = { i Z Z = %i +1
and 1 is the (N x N) unit matrix. The method is presented for the one-
dimensional version of these coupled equations as befit the calculations
of laser-induced resonances in a diatomic (rotationless) molecule perfectly
aligned along the laser polarization.

Molecular channels appearing in Egs. (39) belong to one of the following
two classes. For a given energy E, if E — €, (R) — (N — n)hw goes to a positive
limit E, = E— (N —n)hw as R — oo, then the channel is open. This means that
the two nuclei can separate from each other, with a relative KE E, = h*k2 /2 M,
k, being the associated wave number given by

k, = %[ZM(E — (N = mho)]?. (A1)

If the limit is negative, then the channel is closed and the nuclei remain
bounded to each other. The form of the solutions of the coupled equations,
Egs. (39 or 40), depends on the imposed boundary conditions. Consider
first the case where there is at least one open channel. Scattering boundary
conditions consist of imposing, for an open channel 1, a combination of
incoming (exp [ — ik,R]) and outgoing (exp [ + ik,R]) waves, while all closed
channel functions are constrained to vanish asymptotically. In the case



70 O. Atabek et al.

of a molecular dissociation, because of the strong interatomic repulsion
prevailing at short internuclear distances, all channel functions must decay
to zero as R — 0. Scattering solutions then exist with a real arbitrary energy
above a certain threshold. They describe, for example, a situation where the
nuclei approach each other with a given number of photons in the field, and
then separate from each other with the same number (elastic scattering) or a
different number (inelastic scattering) of photons. The scattering situation
is, however, not the type of problem of interest in this review. When the
molecule is supposed to be initially in a state belonging to a closed chan-
nel (e.g., a vibrational state of the ground electronic state), half-collision (or
Siegert-type) boundary conditions are more appropriate. We then impose to
the amplitudes associated with open channels to be asymptotically of the
outgoing type only [7], while closed channel functions must vanish asymp-
totically as in the scattering case. This type of solution is only possible if
the (quasi-)energy is quantized and complex of the form E = Ep — il'/2.
Such an energy characterizes a resonance. Note that the closed or open char-
acter of a given channel as defined above must be decided using the real
part of the energy. The total rate of dissociation is given by K = T'/k. This
can be seen from the behavior of the associated Floquet wavefunction as
imparted by the exponential factor containing its quasi-energy. Since a proba-
bility is calculated with the squared modulus of the wavefunction, this factor
produces

E
| exp [—iﬁt] > =exp [—%} =exp[—Kit]. (42)

Siegert boundary conditions also imply that the open-channel wave num-
bers are complex, since Eq. (41) is now used with a complex energy. Thus k,
can be written as

kn = knO - iknl/ (43)

with both k,, and k,; positive. Since the wavefunction in open channel n goes
asymptotically as exp [ik,R], we have

exp [ik,R] = exp [ik, o R] exp [kaR], (44)

which diverges at infinity. The interpretation of this fact is the following:
when measuring the outgoing flux at a distant position from the source, we
are in fact interrogating the system at some time in the past. Since the source
is decaying, the more distant we are from it, the more active was the source
at the time of emission.

It is possible to implement explicitly Siegert boundary conditions in the
determination of the multichannel wavefunction. An alternative approach
is to transform the reaction coordinate R into a complex one R = p exp (i)
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[21]. The complex wave number k, can also be written « exp ( — i) with
positive. With this, the new channel function asymptotically goes to

exp [ik,R] = exp [ikp exp (i(¥ — B))] (45)
= exp [ikp cos (0 — B)lexp[ — kpsin (¥ — B)].

If the condition 0 < (¢ — B) < = is fulfilled, the second exponential factor in
the last form of exp [ik,R] goes to zero as p = |R| — oo. The channel func-
tion then behaves as that of a bound state. It is also important to note that
this complex transformation of the coordinate does not affect the decreasing
asymptotic behavior and the square integrability of a bound state wavefunc-
tion. This means that any method available for bound state calculations can
be used for resonance calculations. A variant of the complex rotation method
consists in transforming the reaction coordinate only after some value, say
Ry. The form given to the coordinate is then R, + (R — Ry)exp (i¢?). This
procedure is called exterior scaling [42, 43].

For the propagation of the multichannel wavefunction W(R), in real
or complex-scaled coordinates, an efficient algorithm is furnished by the
Fox-Goodwin-Numerov method [8, 44], which results from a discretization
of the differential operator Ty appearing in Egs. (39). Given adjacent points
R —h, R, and R + & on the grid, we define an inward matrix (labeled 7) and
an outward matrix (labeled o) as:

P(R) = QR+ MIQ(R)I, (46)

P’(R) = Q'(R - W[Q"R)]™, (47)

where Q'(Q°) is a matrix of independent vector solutions of the coupled-
channel equations satisfying boundary conditions for inward or outward
propagation respectively. The Fox-Goodwin-Numerov method actually
propagates these P matrices on the grid. If R — i, R, and R + h, are three
adjacent points on the grid, either all real or all complex or mixed, define the
following (Numerov) matrices:

«(R) = hy [1 + %(hf + hyhy — K2)(E1 — e(R))] ) (48)
B(R) = (h +hy) [1 - é(hﬁ + 3y, + B2)(E1 — e(R))} ) (49)

y(R) = h [1 + %( — 12 + Iy + W2)(E1 — e(R))] : (50)
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Then, the propagation is done with the two equations:

PR —h)) = [BR) — aR+ )P (R)] 'y (R — ), (51)

P°(R+hy) = [B(R) — a(R — )P (R)] 'y (R + hy). (52)

Let R,, and R,, + h be the two points chosen for the matching of the inward
and outward solutions. The matching condition has the form:

det|Pi(Rm) - (PO(Rm + h))_l| = 0. (53)

The fulfillment of Eq. (53) generates a complex energy if the inward matrix
incorporates outgoing boundary conditions (with a real coordinate) or
bound state boundary conditions (with a complex rotated coordinate).

Once the complex Floquet eigenenergy has been determined from an iter-
ative resolution of the implicit energy-dependent Eq. (53), the multichannel
wavefunction written as a column vector W(R) can be calculated at the
matching point because it satisfies the set of homogeneous linear equations:

[P'(R,) — (P°(R,, + 1)) ]¥(R,) = 0. (54)

The wavefunction at the other grid points can be obtained recursively from
¥(R,,) using

V(R +h) = (P(R+h)) " ¥(R),

U(R —h) = (P'(R — h)) "W (R). (55)

3.2. Time-dependent wavepacket propagation

We now turn to the time-dependent wavepacket calculations, i.e., to tech-
niques used for solving directly the nuclear TDSE (cf. Eq. (11)), which for a
diatomic multichannel molecule is

el ~
i WRO,pit) = [Ta+ Ty + WR, 0; )| ¥R, 0,0;8),  (56)

where R, 0, ¢ are the spherical coordinates of the internuclear vector R in the
laboratory frame. The KE operators in Eq. (56) are given by

92

Te=—5 )
2M 9R?

(57)

o1 9 1 9
T, = 4= % (Ging2yp — 58
& 2MR2{sin9 ag SnN035) + 57 g a<p2} 8)
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The potential energy part W(R, 6; t) is as defined in Eq. (10) for a gen-

eral N-channel system. We will consider the specific case of a two-channel

system, with the two coupled electronic states designated by g and u.
Equation (56) is typically solved by writing

W(R,0,p;t + 6t) = U(St) WV (R, 0, ¢; 1)
= exp [—%[TR +T,, + W(R, 6; t)]at]
x W(R, 0, ¢; 1)
and by using a split-operator representation of the short-time propagator
U(st):
L(5t) = exp [—%[TR I W(t)]St}
=exp[— %W{St/Z] exp| — %To,wét/Z]
x exp[ — %TR(St] exp | — %TW(St/Z]
xexp[— %W{St/Z] + O(sP).

All propagators appearing on the rhs of Eq. (59) are treated using the Feit-
Fleck technique [22], except the one involving T,,, which is approximated
by Cayley’s formula [45]:

exp| — %T9,¢3t/2] =[1+ (%)TM,(S??/AL]‘1

< 11— (T, ot/4
+ O(8t),

which maintains unitarity (T,, being self-adjoint) and is further imple-
mented in a way that avoids matrix inversion.

The exponential operator containing the potential energy is straightfor-
wardly evaluated in the coordinate representation. A prediagonalization of
the instantaneous multichannel potential matrix W(R, 6; t) is needed and nat-
urally brings one to the (both t— and R—) adiabatic representation described
in the previous section. Fourier-transform methodology [22, 46] and, for the
angular variables, a method employing either spherical harmonics basis-
sets expansions [47] or grid techniques [45] are then used to represent the
exponential operators involving the radial and angular kinetic energies in
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Eq. (59). In particular, the last reference gave a significantly improved grid
approach with an implementation of the above unitary Cayley scheme for
Ty,,, combined with a split operator technique using a cosine Fourier trans-
form, resulting in a recursion formula. Apart from avoiding the numerical
instabilities associated with the division by sinf in this angular KE term, the
major advantage of this approach is the absence of matrix element evalua-
tions and multiplications, the computational task being basically fast Fourier
transforms.

Until very recently the calculations of dissociation fragments” KE spectra
involved wavepacket propagations over very large grids, during the total
pulse duration. A much restricted grid may be used if the wavepackets are
splitted into an internal and an asymptotic part [48]:

Yi(R,0;t) = W(R, 0; 1) + W/'(R, 0; ;) (j=1,2) (59)

(I for inner and A for asymptotic). The inner part is calculated by the
numerical procedure described above using the restricted grid. As for the
asymptotic part, the angular KE operator T, can be omitted thanks to
the R™? factor it contains which tends to zero as R goes to infinity. The
asymptotic region, which is the support of ¥, is also where the field-free
potential energy curves become degenerate and are flat, while the transi-
tion dipole moment between the two charge-resonant states goes as (R >
Rs) — jeR. Because of these asymptotic behaviors of the potential matrix, the
asymptotic two-state electronic system can be decoupled by an appropriate
time-independent unitary transformation. The resulting decoupled equa-
tions describing field-driven nuclear motions in the asymptotic region are
formally analog to the ones describing the motion of a free electron in an elec-
tric field and admit Volkov-type analytical solutions [17]. This implies that,
after Fourier transforming, the asymptotic wavepackets W/ can be propa-
gated analytically, avoiding the use of an extended grid, even during the
field interaction [23, 49].

A much more detailed account for the split operator method and the
accompanying asymptotic analysis is given in Ref. [4].

4. PROCESSES AND MECHANISMS FOR MOLECULAR
FRAGMENTATIONS IN IR AND UV-VIS FREQUENCY REGIMES

4]1. General ideas

Many effects and nonlinear processes induced by a laser field have been
uncovered through the study of the simplest molecular system, the one-
electron homonuclear diatomic H; molecule. The scope of these findings
is larger though, as manifestations of these effects may be found in more
complex molecules, including polyatomic systems.
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The nature of these effects, the concepts required for their understanding
depend on the spectral range to which the frequency of the laser field
belongs. Nowadays, modern laser technology gives access to a wide range of
frequencies, from IR, to Vis, up to UV domains. Achievable peak intensities
(up to tens of TW/cm?) correspond to forces of the same order or even larger
than those of the Coulomb forces that ensured the cohesion of stable molecu-
lar structures. Fields of such intensity can induce effects that are basically of
two types: multiphoton effects, i.e., molecular excitations accompanying the
absorptions and/or emissions of a finite number of photons, and profound
modifications of molecular internal force fields. These effects have different
consequences in terms of underlying mechanisms that can be exploited in
control problems, for example, depending on the frequency domain which is
addressed.

In the UV-Vis regime (wavelengths within 750 to 40nm), the photon
energy (a few electron-volts) is resonant with electronic transitions at some
particular molecular geometry. Typically a single photon brings enough
energy for the dissociation to occur, but due to the high intensity of
the field, the molecule continues to absorb photons above its dissocia-
tion threshold (multiphoton ATD mechanism). The subsequent dynamics
leads to fragmentation into different channels characterized by different
kinetic energies associated with the absorptions of different numbers of
photons. As the photon frequency (larger than 5 x 10"Hz) is high as
compared to that of molecular internal motions (vibration or rotation),
the molecule feels a time-averaged strong radiative field that modifies
its field-free Coulomb force field. These modifications are well captured
by the dressed molecule picture associated with the Floquet representa-
tion. They give rise to the softenings of some chemical bonds (barrier
suppression, BS mechanism), while others are hardened (confinement or
VT mechanism). New scenarios for the control of molecular reactivity
can be designed by exploiting the interplay between these antagonistic
mechanisms.

In the IR regime (wavelengths within 750 nm to 0.1 cm), the photon energy
(less than one electron-volt) is typically resonant with nuclear vibrational
motions. A single photon is not energetic enough to induce electronic
excitation and/or dissociation. These processes are highly multiphotonic,
requiring the accumulation of the energy of a large number of individual
photons. In contrast with the UV-Vis regime, the IR laser frequency (10" Hz)
being comparable to internal vibrational frequencies, the molecule follows,
in a time-resolved manner, the oscillations of the electromagnetic field. When
properly synchronized with a vibrational mode, the laser can be used as a
tool for controlling dissociation through new BS or stabilization mechanisms
that are proper to the IR frequency regime. Finally, it is worthwhile to note
that IR laser frequencies remain high with respect to rotational motions. This
gives the possibility of controlling the angular distributions of laser-driven
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molecules through time-averaged pendular states which govern alignment
dynamics.

4.2. A simple model system

The general ideas outlined above are best illustrated with the example of
electronic excitations and concomitant large-amplitude nuclear motions in
the molecular ion Hj under a UV-Vis and IR laser pulse. The two-channel
model introduced in Section 2.4, which will be recalled briefly below, is
of widespread use for its ability to capture in its simplicity the essence
of strong field molecular dynamics. Furthermore, the discussion can be
conducted by first considering a one-dimensional model (¢ = 0) repre-
senting a strictly aligned (i.e., rotationless) molecule. We thus solve the
nuclear TDSE to generate wavepackets moving on the BO potential energy
curves associated with two electronic states labeled g (ground, *%}) and u
(excited, 2X"),

0 wg(R/t) O ng(th)
| v 1= viwn | 0

where the Hamiltonian H is as given in Eq. (56) and involves a two-by-two
potential operator matrix which depends on the internuclear distance R and
is given by.
A R —Eof ()(R t
WiRs s(R) fOR®cosot \
—Eof (H)iu(R) cos wt €.(R)
where E,, f(t), and w are, respectively, the maximum amplitude, temporal
pulse shape, and carrier-wave frequency of a field explicitly taken as:

E(t) = Eof () cos (wt + ). (62)

The molecular dipole moment p, which is the transition dipole between
states g and u, does not contain any permanent part p, for this homonu-
clear ion and is parallel to R. The polarizability « is not explicitily intro-
duced as, for the intensity range we are referring to, the model can
be, within good approximation, strictly limited to the lowest two BO
states.

Using the wavepacket propagation methodology outlined in Section 3.2,
the wavepacket components v, are generated at a given time , from some
initial state defined at t = 0, which will be specified later. Various observables
can be calculated from the wavepackets at the current time, among which the
total instantaneous probabilities for the ion to remain in bound vibrational
states of the ground electronic state, i.e.,
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Prouna(t) = Y |(0lwrg())] (63)

The dissociation probability is then simply given by
Pdiss(t) =1- Pbound(t)' (64)
Another observable of interest is the final probability distribution for frag-

ments specified by their momentum k and, in two-dimensional calculations
that include rotational motions, angular position 6:

Pl =Y

n=gu

FA kit — o00)| (65)

where 1/}§u represents the Fourier transform of the asymptotic-region
wavepacket components of the g and u channels, respectively.

4.3. Multiphoton dissociation in the IR regime

In the IR regime, the field amplitude varies typically over the same time
scale as molecular vibrational motions so that a synchronization between the
nuclear motion and the laser oscillations is possible [10, 11] . This requires
the definition of a time f; (or a related phase §) when the field amplitude first
reaches its maximum after the promotion of the initial wavepacket onto the
excited electronic state,

cos [w (t — ty)] = cos (wt + §) . (66)

For ty = § = 0, the initial wavepacket is considered to be prepared instanta-
neously at maximum intensity. In contrast, if t, is set equal to T/4 (T = 27 /w),
corresponding to § = m/2, the initial state preparation occurs at the start
of an optical cycle, i.e., at zero-field intensity. The two situations result into
completely different dynamics, the former leading to dissociation quench-
ing, while the latter is monitored by a barrier suppression mechanism. This
distinction can best be understood by viewing the dynamics as taking place
on the time-dependent adiabatic potential surfaces W, (R,t) which arise from
diagonalizing the potential energy operator of Eq. (61).

Figure 2.2 illustrates the dynamics of W, and of the associated nuclear
probability distributions. For § = 0 the field is at its peak intensity at t = 0,
when the initial wavepacket is prepared on the inner repulsive edge of the
attractive potential W_ (close to ¢, in this region). Only its tail penetrates the
gap region (R ~ 4 a.u.) which, at that time, is widely open between W, and
W_. At t = T/4, the wavepacket components reach the gap region with a
gap now closed due to the vanishing field amplitude, preventing thus any
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escape toward the asymptotic region. At f = T/2, the wavepacket is reflected
back toward the inner region and the gap is open again but without any
consequence with respect to an eventual escape. During the next half cycle
the wavepacket motion follows the same pattern and all this leads to a sta-
bilization of the system with respect to dissociation, which is seen to be a
consequence of the bound vibrational motion being perfectly synchronized
with the opening and closing of the potential gap. This is the dynamical
quenching mechanism (DDQ). A completely different wavepacket motion
is associated with the case § = 7/2. Every time the wavepacket reaches the
right end of the binding potential ¢,, the gap is open and permits the escape
of an important part of the wavepacket toward the asymptotic dissociative
limit. This is the barrier lowering (and/or suppression) mechanism.

It is worthwhile to note that the field-molecule synchronization can be
achieved by tuning the laser frequency and adjusting its intensity. This
means that a quantitative knowledge of § is not necessary. In particular, a
two-pulse (UV + IR) scheme can be proposed with a given time delay. If an
intense ultrashort UV pulse is turned on at a definite time f, after the onset
of the long IR pulse, it will instantaneously prepare well-aligned Hj ions
from H, in its ground state. A variation of the frequency of the IR laser pulse
would then allow the desired synchronization to occur [12].

Full 2D calculations (including rotations) have shown that molecular
alignment is not among the necessary conditions for DDQ to be sharply
observed [12]. In the case where the molecule is allowed to rotate during
its interaction with the field, the efficiency of DDQ is only slightly affected.
A control can thus be exerted on the system by adequately combining the
laser intensity (which controls the position, the width, and the spatial spread
of the gap) and frequency (which controls the gap opening and closing
motions’ period).

4.4. ATD dynamics in the UV-Vis regime

In the UV-Vis regime, the field oscillations are so fast as compared to nuclear
motion that the molecular system only feels time-averaged radiatively
dressed adiabatic potentials. A transparent multiphoton interpretation to be
made for the two nonlinear mechanisms affecting the chemical bond (which
are the analogs of the barrier suppression and DDQ of the IR regime) results
from the Floquet expansion and time averaging of the molecule-plus-field
Hamiltonian, valid for pulses long enough to lead to near periodic lasers.
The relatively large photon energy of a UV-Vis field not only matches the
electronic transition of the molecule in a modestly elongated configuration
but also separates well the Floquet blocks [(g,7);(u,n + 1) with varying n]
from each other. Only a few Floquet blocks are actually needed (for a given
intensity) for a converged calculation on the network of field-dressed dia-
batic potentials (¢, + nhw) exhibiting one-, three-photon curve crossings at
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short internuclear distances. This is to be contrasted with the case of an
IR excitation for which the Floquet picture is rather inappropriate, as one-
photon crossings occur at large distances, close to the dissociative limit, and a
multitude of high-order crossings are densely produced in the inner region of
the molecular potentials. Figure 2.1 shows the field-dressed potential energy
curves involved in the two main Floquet blocks in the diabatic and adia-
batic representations, for a typical UV-Vis filed at 2 = 532nm. Recall that
the (R-)adiabatic representation, featuring avoided curve crossings, results
from the diagonalization of the radiative interaction at fixed molecule—field
orientations (f = 0 or 7, which maximizes the couplings) and varying R.
Two strong field intensities are considered, namely 10" and 5 x 10" W/ cm?,
at a wavelength of 532nm, corresponding to experimental conditions [50].
The curve crossing regions upon which the interpretation of the dynamics
rests are indicated by rectangular boxes: X1 and X3 correspond to one-photon
crossings, between the dressed states |g, n > and |u, n — 1 >, and between
|g,n—2 > and |u, n—3 >, respectively, while X2 arises from the three-photon
crossing between the ground and the two-photon channels, and X3 between
|g,n > and |u, n — 3 >. Three initial vibrational states v are also shown at the
level of the X1 box, with energies above (v = 5) or below (v = 2) the laser-
induced barrier for both intensities or in the energy gap between the lower
and the upper adiabatic channel (v = 4).

Looking more closely at box X1, it is seen that the lowering of the laser-
induced barrier at I = 5 x 10> W/cm? is such that Hj in a vibrational state
v > 4 will dissociate almost exclusively by tunneling through the one-photon
BS channel and leads to low energy photons. This mechanism has been abun-
dantly discussed in the literature and experimentally verified [3, 50-53]. The
counterpart of BS is the VI mechanisms the upper adiabatic channel may
accommodate long-lived resonances [54, 55]. In particular, a very narrow
resonance (of zero width, in a semiclassical estimate) may arise when a dia-
batic dressed vibrational level, defined on the lower diabatic dressed PES
(€/ + nhw), is close to a level created on the upper adiabatic PES [56]. Such
coincidences may be obtained at will by just properly adjusting the laser
wavelength (i.e., the relative energy positioning of the potentials) and inten-
sity (i.e., the strength of the coupling) [54]. When the molecule is properly
prepared (by an adiabatic excitation, using a pulse with a sufficiently long
rise time) in such a resonance state, good stabilization is expected [55]. Early
works even proposed an isotope separation scenario in a Hj /D; mixture
based on this VT mechanism [54]. The scheme relies on the great sensitivity
of the aforementioned diabatic—adiabatic level coincidences with respect to
the laser and molecular characteristics. A coincidence that has been obtained
for a molecule-plus-field system would no longer hold when one proceeds
to an isotopic substitution, because of mass-related energy shifts. A detailed
account of this mechanism will be given in Section 6. It is to be empha-
sized that the two stabilization mechanisms in consideration, here and in
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the previous subsection, have completely different origins: The DDQ effect
in the IR regime is based on a dynamical effect, whereas the VT effect in
the UV-Vis regime is a pure stationary process. These basic mechanisms
not only help in controlling molecular dissociation and understanding frag-
ments KE distributions, but they can also be referred to for the interpretation
of angular distributions of fragments in the strong-field photodissociation
process.

To this end, it would be necessary to relax the restriction to a one-
dimensional model and allow for rotational motion described by the angles 6
and ¢. In fact, for a linearly polarized field, the time-dependent Hamiltonian
has axial symmetry and only the angular variable # needs to be considered
explicitly. Figure 2.3 presents 3D graphs of the (two-dimensional) adiabatic
PESs in the region of the X1 and X3 avoided crossings. Imagine an initial
wavepacket prepared on the short-range repulsive limit of the surface pic-
tured in Figure 2.3a. It will be propagated toward the X1 region where the
adiabatic potential barrier height is modulated by the angle-dependent laser-
molecule coupling, i.e., to uE, cos 6. For a given field strength, this lowering
is more pronounced for cosé ~ 1 (6 ~ 0 or x). For cos6 ~ 0 (6 ~ 7/2) the
higher potential barrier is hardly penetrable. Under the effect of the torque
exerted by the laser on the molecule, the wavepacket skirts around the poten-
tial barrier and follows the minimum energy pathway of the dissociative
valley (that is for directions close to & = 0 or n) resulting in aligned frag-
ments when the BS mechanism is operative [49]. Figure 2.3b represents, in
the X3 region, the adiabatic surface leading to dissociation corresponding to
the net absorption of two photons. To reach this surface, a large portion of
the initial wavepacket has to undergo a non-adiabatic transition at X2. The
non-adiabatic coupling responsible for the dissociation is sharply peaked
around the avoided crossing position X2 with a strength that is much larger

R(A)

R(A)

Figure 2.3 Three-dimensional graphs of adiabatic surfaces for | = 10® W/cm? in the region
of the X1 (a) or X3 (b) avoided crossings. The arrows give an illustration of the minimum
energy pathway on each surface.
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for 6 ~ m/2 (there is no coupling at & = x/2) than for 6 = 0 or & [49].
The wavepacket prepared on this surface presents an angular distribution
more pronounced around 6 ~ /2. Subsequent dissociation dynamics on
this surface also favors the 0 ~ 7 /2 direction as this corresponds to a poten-
tial valley. Finally, less aligned fragments are expected when non-adiabatic
transitions are responsible for the dissociation of an initially trapped
configuration.

We continue in the next two sections with two separate applications of the
basic mechanisms discussed here: (i) A thorough interpretation of a recent
pump-probe study of the dissociative ionization of H, and (ii) A study of
control scenarios for molecular cooling and vibrational population transfer
using ZWRs and the related concept of EPs.

5. XUV+IR PUMP-PROBE SPECTROSCOPY OF MOLECULAR
DISSOCIATIVE IONIZATION

51. Introduction

With recent advances in laser technology, in particular with the generation
of attosecond laser pulses as a spin-off of research on High-Harmonic gen-
eration (HHG), the real-time imaging of ultrafast molecular phenomena has
become accessible. Just as femtosecond laser pulses led to the development
of transition state spectroscopy and femtosecond chemistry [57], the advent
of attosecond pulses [58] has given rise to endeavors where it is the even
faster electronic motion that is probed in a time-resolved manner [59]. An
important concern in these experiments is the question as to which extent the
structure and dynamics of the molecule under investigation are influenced
by the presence of the intense infrared (IR) laser field that drives the HHG
process [60]. In the previous section, we have evoked the use of an ultrafast
UV or XUV (pump) pulse to trigger the ionization of a molecule such as H,
within the width of a longer IR (probe) pulse, which would cause the dis-
sociation, or the VT, of the molecular ion depending on the delay between
the two pulses and the frequency of the IR pulse, in a possible direct exper-
imental study of the DDQ effects. A similar set of experiments has been
performed recently, but with the probe pulse being in the near IR rather
(A = 750nm) for which the Floquet dressed molecule picture still applies,
so that instead of monitoring the DDQ type control, these experiments
rather map out the degree of adiabaticity of the Floquet dynamics under the
probe near-IR pulse (henceforth referred to as the IR pulse). We now review
these experimental results and the accompanying theoretical interpretations
[24, 25], and discuss the roles of different type of resonances associated
with the Floquet representation in the very rich dynamics reflected in these
results.
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5.2. Experimental context

Two experiments were performed using an XUV attosecond pump pulse
(hw >~ 35eV), 140 as Full-Width at Half Maximum (FWHM), which creates
an initial vibrational wavepacket on the H; (1so,") potential by means of a
single-photon ionization of H,. This (XUV) pump pulse thus serves to accu-
rately define the time of ionization of the molecule, with respect to which
subsequent dissociation of the Hj ion is clocked, with the initial H] geom-
etry reflecting that of the neutral ground state. The two experiments differ
primarily in terms of the properties of the near IR field (A = 750nm) that
is used. In one experiment, henceforth called experiment A, the IR pulse is
significantly shorter than the H; vibrational period (7 fs FWHM). In contrast,
in experiment B, the duration of the IR laser pulse (35 fs FWHM) is compa-
rable to (slightly longer) than the Hj vibrational period, meaning that the
IR field is present during the propagation of the wavepacket before disso-
ciation, which, depending on the XUV-IR delay, 7, may or may not include
the time at which the ionization by the XUV took place. In both cases, this
delay is defined as the time separating the crest of the IR pulse from the peak
of the XUV pulse, so that t > 0 denotes the situation where the XUV pulse
precedes the IR pulse.*

Figure 2.4 shows a comparison of how the H" fragment KE distributions
measured in experiments A and B varies as a function of the delay 7. In
experiment A, the yield of fragments with energies below 1.2eV exhibits
a beating pattern with a main period of about 27fs. A closer analysis of
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Figure 2.4 Measured time-dependent H™ kinetic energy distributions for two-colour
XUV+IR dissociative ionization of H,, with 7 fs IR laser pulses (a) and 35fs IR laser pulses (b).

* Note that the IR pulse generated high harmonics that were used to make the attosecond XUV
pulses. As a consequence, in the case of the 35fs IR field, one has a train of a finite number
of attosecond pulses serving as the XUV pump, rather than a single one. We will ignore this
distinction in the following.
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this pattern, visible even at the most coarse-grained level, as obtained by
integrating the experimental H* KE distribution over the energy range of
0-1.2eV, as shown in Figure 2.5 [panel (a) of this figure shows this integrated
signal as a function of r, while panel (b) shows its Fourier transform], reveals
that the oscillatory signal arises from the beating of a number of frequencies
that are basically the Bohr frequencies between adjacent field-free vibrational
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Figure 2.5 (a) Time-dependence of the H* fragment yield (obtained by integrating the
measured KE distribution between 0 and 1.2 eV) as a function of the XUV-IR delay. The
fragment yield shows oscillations resulting from the motion of the vibrational wavepacket on
the Iso," potential. Clear indications of wavepacket de-phasing and re-phasing are observed;
(b) Fourier transform of the measurement shown in (a), revealing the two-level beats that are
responsible for the observed time-dependence. The inset shows a KE-resolved Fourier
transformation of the experimental results and reveals a correlation between the fragment
KE release and the vibrational level occupied prior to dissociation.
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levels around v = 9. This experiment A thus seems to be imaging just the
vibrational content of the initial wavepacket. The results for experiment B,
where the IR pulse duration is somewhat longer than the vibrational period
of the Hy molecule, are radically different. In this case, the proton kinetic
energy distribution evolves smoothly as a function of r. The most important
feature in this smooth r-dependence is the red shift of the center of gravity of
the spectrum as t increases past the interval denoting XUV-IR pulse overlap,
to stabilize at a low level of 0.25eV, for all positive values of v denoting the
situation where the IR pulse clearly follows the XUV pulse (r > 20fs). No
oscillatory pattern is seen in the experimental results for this case.

5.3. Theoretical simulations

In order to simulate the experimental results, concentrating on the dissocia-
tion of Hj after its preparation by the XUV pulse, the one-dimensional two-
channel model described in previous sections was used. We thus consider the
H, parent molecule, originally in its ground vibrational and electronic state,
to be ionized by the XUV pulse at time f = 0 and that the ionization is merely
a Franck—Condon (FC) vertical promotion of the v = 0 vibrational state of
the parent molecule onto the ground electronic state |1s0.") of the molecular
ion. Subsequent nuclear wavepacket motions then develop on the two elec-
tronic manifolds of the molecular ion H, the ground state |1sag+) and the first
excited electronic state |2po,"). The molecule is assumed to be aligned along
the laser polarization. This is justified not only by our wish to concentrate on
the essential feature of the dynamics but also by the fact that experimentally,
the angle-resolved H* detection allows one to selectively observe fragments
along the polarization axis, and it was found that none of the observations
reported, and summarized in Figure 2.4 depends very strongly on the ejec-
tion angle of the H* fragment with respect to the polarization axis. As for the
results shown in the preceding section, the wavepacket propagation proce-
dure described in Section 3.2, but restricted to just the radial dimension, is
used, and the proton kinetic spectra is extracted from the relative momen-
tum k distribution defined in Eq. (65). The calculations are repeated for an
extensive range of values of 7 (more details on the calculations can be found
in Ref. [25]) and produced the results shown in Figure 2.6, which displays
the theoretical proton KE distributions as a function of t for the same IR
pulse durations as in experiments A and B, at intensities of 1 x 10" and
3 x 10 W/cm?, respectively, which corresponds to the estimated peak inten-
sities in the experiments. The calculations give spectra with much better
detailed structures than the experiment. However, the main observations of
the experimental Figure 2.4, as detailed above, are well brought out: In the
case of the shorter IR pulse (experiment A), the same beating pattern, though
much better resolved, is found when the KE spectrum is viewed as a func-
tion of the delay t. Again this is in marked contrast with the results of the
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Figure 2.6 Comparison of the time-dependent kinetic energy distributions resulting from
model calculations for two-colour XUV+IR dissociative ionization of H,, making use of a 7 fs
IR pulse (a) and a 35fs IR pulse (b).

calculations for the longer IR pulse, which give a much smoother variation
of the various features in the proton KE spectrum as a function of r, although
the lowest energy band does show a residual beating pattern. Of note again
is the global red shift of the whole spectrum as t increases from zero to
ca. 20fs.

5.4. Adiabatic vs. non-adiabatic Floquet resonance dynamics

In the condition of experiment A, as long as 7 is larger than the width of the
IR pulse so that no pulse overlap is possible and the IR pulse clearly follows
the XUV pulse, the coherent superposition of vibrational states of Hj pre-
pared by this pump pulse (the Franck—-Condon wavepacket) evolves under
essentially field-free conditions, oscillating back and forth and spreading out
on the 1so," potential, before encountering the IR pulse. The shortness of the
IR pulse evokes a limiting situation (a “sudden” dissociation limit), where
the laser-molecule interaction merely opens, for a very brief instant (around
the peak of the already short IR probe pulse), a “gate” to dissociation at some
internuclear distance. The dissociation yield at any (half-collision) energy,
measured essentially by the squared moduli of the wavepackets evaluated
at this gate, thus depends on a synchronization between the wavepacket and
the opening of this gate at the maximum of the IR field. This synchroniza-
tion is a result of the coherence between the various vibrational components
of the initial wavepacket and the dissociation yield necessarily reflects that
coherence in this case. The dominant, coarse-grained behavior of the KE
spectrum as a function of 7, the beating pattern reflecting the coherence of
the initial vibrational wavepacket, i.e., field-free vibrational states, carries no
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or little specific information on laser-induced resonances, as the adiabatic
Floquet picture breaks down completely for such a short IR pulse. The
wavepacket/gap synchronization evoked above is rather reminiscent of the
DDQ effect, denoting a dynamical effect rather than a static, structural one.

Turning now to the case the Hj vibrational wavepackets interact with
a longer, 35fs FWHM, IR pulse (experiment B), a behavior denoting a
somewhat more adiabatic Floquet dynamics is expected, and little or no
dependence of the KE spectrum on the time delay t should be found as
long as the XUV pulse precedes the IR without overlapping. This is what
is indeed observed at time delays 7 > 20fs. The residual oscillatory found
in the computed r-dependent spectrum indicates that t-non-adiabatic effects
are present though, and this is hardly surprising as the 35fs IR pulse fea-
tures strong modulation of this laser’s intensity over a time scale that is only
about ten times the period of the carrier wave. For 7 < 20fs, the fragment KE
spectrum is strongly delay dependent, curving up smoothly as r decreases
to reach energy values similar to those encountered in the experiment A near
zero delay.

This dependence of the H* KE on the XUV-IR delay in this case of the
longer, 35fs FWHM, IR pulse can be understood in terms of the adiabatic-
ity of the Floquet dynamics underlying the dissociation processes, and the
way that the IR intensity affects both the preparation and the propagation
of the Floquet components of the wavepackets. More precisely, the IR probe
pulse projects the various vibrational components of the wavepacket onto
Floquet resonances, whose widths vary with the intensity of the IR pulse. We
recall that these resonances are of two types: Shape resonances supported by
the lower adiabatic potential defined at the one-photon crossing between the
dressed (g, n), (1, n’) channels and leading to efficient dissociation through
the BS mechanism, or Feshbach resonances, vibrationally trapped in the
upper adiabatic potential well.

When the IR pulse follows the XUV pulse without overlapping (i.e.,, 7 >
20fs) as shown in Figure 2.7a, individual field-free vibrational states v* of
the ion are, at first, transported adiabatically onto corresponding Floquet res-
onances. Each resonance gives rise to a characteristic line in the proton KE
spectrum. The magnitude of the KE is determined by the nonperturbative
laser-induced modification of the dressed potential energy curves. On the
way toward dissociation, the ion experiences the increasing in time of the IR
pulse amplitude and therefore sees a lowering of the BS barrier. The lowest
barrier height is reached at mid-pulse time (maximum of intensity), resulting
in most efficient dissociation when the lowest energy shape resonance can
still tunnel through before the barrier rises. Most protons contributing to the
spectrum have a KE of about 0.3 eV corresponding to the shape resonance
issued from v* = 8. Higher energy shape resonances are also dissociative,
but are not significantly populated by the XUV ionization step (through FC
mapping of the vibrationless ground state of H,).



Unstable States in Molecular Processes 87

This situation is to be contrasted with the case where the IR and XUV
pulses are overlapping (v < 10fs), i.e., the H; ion is prepared at a moment
when the IR field already has an appreciable intensity, and Floquet reso-
nances defined by that field already differ markedly from field-free vibra-
tional states. In this case, it can be said that the vibrational states of the
ion are shaken up by this sudden intense IR excitation and are all instantly
projected onto a superposition of shape and Feshbach resonances and these
now appear in the wavepacket with weighting coefficients that may differ
noticeably from those characterizing the FC wavepacket in terms of field-free
states. In particular, higher energy resonances may temporarily be populated
and take an important part in the dissociation step. Afterward, as shown in
Figure 2.7b, the ion experiences the falling edge of the IR pulse with a rising
BS barrier which quenches the dissociation of low-energy shape resonances.
High-energy over-the-barrier shape resonances, more populated than in the
previous adiabatic case, are the ones which contribute most to the disso-
ciation. This explains the blue-shift of the protons KE distribution when t
decreases, bringing the XUV pulse closer to the maximum of the IR probe,
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Figure 2.7 Potential energy curves of H; in a 750 nm laser-dressed diabatic representation
(black solid lines). Are also indicated the lower adiabatic curves resulting from the
diagonalization of the radiative interaction for two intensities (I = 3 x p10® W/cm” reached
at mid-pulse time, in red dashed line and I = 10® W/cm? in doted red line). E;, Es, and E,
represent the kinetic energies issued from v = 7, 8, and 9 for the typical XUV-IR delays
[about 100 fs (a) and O fs (b)].
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with the increasing role played by resonances issued from v* = 9,10 leading
to a spectrum centered at about 0.5eV.

To obtain a better, quantitative experiment versus theory agreement
would require the relaxation of some of the assumptions inherent in our
model. Among these approximations are a phenomenological description
of the XUV ionization step[61], the neglect of rotational degrees of free-
dom [62] and also of the neglect of such realistic effects as laser focal
volume averaging [62]. Nevertheless, the analysis just given shows how
the dynamics of the two-colour dissociative ionization of H, under the
influence of an XUV+IR pump-probe pulse sequence depends consider-
ably on the adiabaticity of both the initial Floquet wavepacket preparation
and the Floquet states’ transport under the IR pulse. The present work
represents a departure from most intense-field dynamics work. Ordinarily,
adiabatic laser excitation regimes result in spectral observables with finely
resolved peak structures that can be interpreted in terms of isolated, non-
overlapping resonances [63], while a sudden and strong laser excitation
normally induces overlapping of large width resonances, erasing specific
dynamical information (leading to structureless and less informative spec-
tral data). Rather, the two experimental situations described here and their
interpretations illustrate how the richness of the structural determination
of molecules, their imaging, and possible control in these situations rest on
the sudden (non-adiabatic) or gradual (adiabatic) character of the strong IR
excitations.

6. ZWRS AND EPS IN MOLECULAR PHOTODISSOCIATION

6.. Introduction

We consider again a (diatomic) molecule with a ground electronic state rep-
resented by an attractive BO potential energy curve and a first excited state
represented by a repulsive potential. The H; model system considered in
the preceding sections is a typical example of such a system. Imagine first
the molecule exposed to a continuous wave (cw) laser field. Within the
Floquet formalism, the photodissociation rate can then be calculated quan-
tum mechanically by the Fox-Goodwin-Numerov algorithm, as described
in Section 3.1, for a realistic N = 2p-channel, p-Floquet-block model, but
it can also be obtained with a semiclassical approach whenever the inten-
sity is such as to justify for a two-channel approximation. The semiclassical
approach has been originally developed to treat predissociation [56] and
has been useful in showing that under some particular circumstances the
predissociation rate could be vanishingly small. In the semiclassical theory
of predissociative systems, their occurrence can be traced back to the exis-
tence of two kinds of zeroth-order states with energies which come in close
coincidence. The disposition of the potential energy curves in the dressed
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molecule picture is similar to that of a predissociative system and thus can
give rise to ZWRs. It has been shown [6, 14, 54] that it is indeed possible,
for a given wavelength and for a given resonance issued from a vibrational
state of the field-free molecule, to find a laser intensity at which the reso-
nance width and hence the photodissociation rate vanishes. We call such
an intensity a critical intensity. The flexibility in choosing laser frequency
and intensity conditions to tune predissociation-like couplings and curve
crossing is at the origin of another interesting phenomenon: Resonance coa-
lescence, i.e., the coincidence of the complex energies and wavefunctions
of two resonances, which is attainable for specific laser wavelengths and
intensities, leading to the so-called EPs. Such points are present in many
areas of physics, with examples in classical physics [64, 65], as well as in
quantum physics [66, 67]. We give here a review of these ideas, starting
with the semiclassical expression of the condition for the appearance of a
ZWR, the physical definition of the EP, before illustrating the two concepts
and their use in vibrational control problems. We will be showing results
of two types of calculations: Explicit intensity-dependent resonance ener-
gies and widths are obtained by the time-independent approach detailed
in Section 3.1 applied to the Floquet N-channel closed-coupled equations,
Egs. (39 or 40), N = 2, 4, or 6, corresponding to keeping one, two, or three
Floquet blocks. Results of wavepacket calculations for adiabatic, long pulses
will also be shown to verify predictions made based on just the resonance
properties, in particular on those of ZWR and EP. These results are obtained
with the time-dependent wavepacket propagation procedure detailed in
Section 3.2, mainly in the one-dimensional version, i.e., with just the radial
dimension, ignoring rotational effects.

6.2. Semiclassical theory

Semiclassical theory of predissociation of a diatomic molecule [56, 68] states
very clearly the conditions for the occurrence of ZWRs. This formalism is
also applicable to laser-induced resonances given the analogy between the
potentials describing predissociation and those of Figure 2.8 arising from the
dressing of a two-channel molecule by a field. The potentials involved in
the semiclassical treatment are indicated in the right panel of Figure 2.8. For
predissociation the interchannel coupling is a property of the molecule. For
intense-field photodissociation, the parameters controlling the couplings are
those of the external field and, in principle, can be tuned at will. The semi-
classical formalism provides analytic formulas for the resonance width. It
predicts [56, 68] that if the energy is such that the two following conditions
are simultaneously satisfied

Rp Ry 1
/ Rk, (RE)+ / ARk, (RE) + x = (9, + =) 67)
Ry Ro 2
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Figure 2.8 Diabatic (left panel) and adiabatic (right panel) potentials of H; for a wavelength
A = 440 nm and a field intensity 10® W/cm?. The excited state potential has been lowered by
hw. E; and E,, are representative of energies associated with the modified diabatic and the
modified upper adiabatic potentials, respectively.

and
Ry Ry 1
/ dR k_(R,E) + / dRk,(R,E) = (0 + E)JT (68)
R_ R

with 0, and © some integers, then the outgoing scattering amplitude in
the lower (open) adiabatic channel is zero, with the consequence that the
predissociation is quenched. In Egs. (67, 68) the energy-dependent wave
numbers are k. (R,E) = h"'[2M(E — V.(R)]"/>, M being the nuclear reduced
mass. R. are the left turning points of the lower and upper adiabatic poten-
tials V.(R), whereas R, is the right turning point of V. (R). These conditions
are nothing but Bohr-Sommerfeld quantization conditions. They mean that
there is coincidence of two energy levels: E;, supported by the upper adia-
batic potential, affected by a phase correction x, which is —m/4 in the weak
coupling limit[68], and E; supported by a diabatic-like potential presenting
a discontinuity and defined as follows: On the left of the diabatic crossing
point R, this potential is the lower adiabatic potential, while beyond this
point it is the upper adiabatic potential. For a weak coupling, this is prac-
tically the diabatic attractive potential. We call these two kinds of energies
the “modified” diabatic and adiabatic energies, respectively. The coincidence
condition can then be appreciated with the expression for the resonance
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width T, which emphasizes the role of the proximity of the two kinds of
energies [68]:

r o 27.[ eZﬂv(eZm) _ 1)a)a)+
T (0, 1 (@ — Dy

where o and w, are local energy spacings of the modified diabatic and adia-
batic potentials. v is the coupling parameter, which, in a Landau-Zener type
of approximation, is given in the laser-induced photodissociation problem,
represented by a single Floquet block, by

(Es — Es. )%, (69)

b= MZ(RO)SS
ho|AF|

v and AF are the classical velocity and the difference of slopes of the diabatic
potentials at the diabatic crossing point R,. 1(Ry) is the electronic transition
moment at the diabatic crossing point and &, the electric field amplitude of
the laser field.

In the predissociation problem the coincidence can only be accidental since
the potentials and the coupling cannot be modified. For a diatomic molecule
submitted to an electromagnetic field, the wavelength and the intensity of
the field are two external parameters which allow one to produce at will
such coincidences. This explains the occurrence of ZWRs in laser-induced
photodissociation. Such a flexibility can also be exploited to produce the EPs
occurring in this context.

(70)

6.3. ZWRs and coalescence at an EP

Figure 2.9 displays the rates as a function of intensity for two resonances
issued, respectively, from the field-free vibrational states v = 8§ and v = 9,
for a wavelength A = 255.255nm. Of note is the existence of an inten-
sity where the rates, i.e., the imaginary part of the two resonance energies,
approach each other. This signals the existence of an EP in the laser param-
eter (intensity, frequency) space. The left panel is a zoom of the curves near
the EP. Similar features are found in many other areas of physics includ-
ing optics, atomic physics, electron—molecule collisions, superconductors,
quantum phase transitions in systems of interacting bosons, electric field
oscillations in microwave cavities, to, more recently, molecular physics [26].
We note that the rate of the resonance v = 9 can shoot up to very high val-
ues. This has been interpreted [69] as due to the shape character of such
resonances, which in zeroth order (in the channel couplings), are associated
with energies marked as E; in Figure 2.8. The resonances associated with
energies marked as E; are interpreted as having a Feshbach-like charac-
ter. Their widths go asymptotically to zero, since the coupling of the upper
diabatic potential with the lower one decreases as the intensity increases.
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Figure 2.9 The rates versus intensity for the resonances issued from the vibrational states

v = 8and v = 9 for a wavelength A = 255.255 nm. The left panel zooms the region showing
how the rates approach each other for an intensity | = 0.395 10° W/cm?. The right panel
shows that at two intensities the rate passes through a zero value. An amplification is needed
because when the intensity increases, the coupling between the two adiabatic potential
decreases and the bound states of the upper adiabatic potential become very good

approximations.

The right panel of Figure 2.9 shows that the rate of level v = 8 reaches
zero twice. This multiple occurrence of the zero-width phenomenon has
been related to the possibility to produce several times a diabatic-adiabatic
coincidence as the intensity increases [69]. This is so because the adiabatic
(vibrational) levels goes up faster than the diabatic ones and therefore a given
adiabatic level can cross several diabatic levels as the intensity increases.
It is to be noted that resonance coalescence, i.e., the existence of an (EP),
requires an appropriate choice of both frequency and intensity, while a ZWR
would show up at some critical intensity(ies), irrespective of the choice of
the wavelength, for all resonances of Feshbach type. One must keep in mind
that the classification into shape and Feshbach depends strongly on the

wavelength.

6.4. Vibrational purification using ZWR

At A = 420nm, the resonances v = 8 and v = 10 can acquire a zero width
as, with increasing intensity, they tend to merge each into some bound state
of the upper adiabatic potential, actually with states given, respectively, by
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quantum numbers 7, equal 0 and 1. In contrast, resonances 7 and 9, which
are of shape type, can acquire very large widths when the intensity increases,
due to the progressive lowering of the barrier of the lower adiabatic poten-
tial. Figure 2.10 shows (lower panel) how the rates of these four resonances
actually vary as an function of time, considered a parameter in correspon-
dence with the instantaneous electric field of the pulsed laser shown in the
top panel. Clearly the width of resonance 8 goes through zero twice, while
the laser intensity never got large enough throughout the pulse for the rate of
resonance 10 to go to zero. It is interesting to compare at this point results of
time-dependent wavepacket calculations starting from field-free vibrational
states with v = 7 — 9, with those predicted by accumulating the widths of the
above Floquet resonances over time, assuming a pure adiabatic transport
of these resonances under the pulse shown in Figure 2.10. The observable
considered here, the probability for the system to remain bound, while it
adiabatically evolves as a pure Floquet resonance v (which, at zero-field, cor-
relates with the vibrational state of the same v) under a pulse of total duration
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Figure 2.10 Time variation of the rates of various resonances followed adiabatically during
the pulse shown in the upper panel. The wavelength is A = 420 nm. The mid-pulse intensity

I = 0.310" W/cm? is large enough for the width of the resonance v = 8 to pass twice through
a null value at times depicted by the vertical arrows of the lower panel, but not large enough
for resonance v = 10 to reach a zero width. Resonances v = 7 and v = 9 belong to the class
reaching high values of the rates because of their shape nature.
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Py(0; ;) = exp [ - f ’ Fv(t/)dt’]. 71)

On the other hand, in the direct time-dependent approach, the survival prob-
ability, i.e., the probability for the system to remain bound at the end of the
pulse, adapting Eq.(63), is [6]

Pbound(v; tf) = Z pbound(vl 'U/; tf)/ (72)

where
@ O )2

W U EN P + [t P
The sum is taken over all the discrete vibrational levels v' of state [g).
Y(t) is the component of the wavepacket on the g channel evolved up
to time f from the field-free vibrational state |v > prepared at time t = 0.
Note that Pyouna(v; tr) actually represents the total bound state popula-
tion at any time after t;, since no further decay is then possible, the laser
being turned off at such a time. It is clear that Eq. (71) gives a useful
approximation for the result of a full time-dependent wavepacket evolution,
[Eq. (73)], only if the assumption of an adiabatic transport of Floquet states is
valid.

Figure 2.11 gives an example of such a comparison, considering specifi-
cally the evolution of the molecule out of the v = 7 state, under a A = 420 nm,
I = 0.05 x 10°W/cm?, 56fs long pulse of the same form as shown in
Figure 2.10. An excellent agreement is note. In fact, this agreement holds not
only for the final value of the probability for the molecule to remain bound
after the pulse is over but also for the survival probability evaluated at any
time during the pulse.

Figure 2.12 further compares the results of the two types of calculations
for a series of resonances at a higher peak intensity of the same pulse. Two
conclusions emerge. First, the adiabatic Floquet formalism is again validated
by the rather good agreement. Second, as expected, the state which is best
protected against dissociation is v = 8, this being clearly related to the fact
that only this state benefits, in this example, from a width which does vanish
at least once while the pulse is on. A different way to check how the different
states react to the field is to start from a coherent combination of vibrational
functions and to follow in time the evolution of this combination. The initial
wavepacket is taken as Wt = 0) >= 3’%[|7 > +|8 > +]|9 > ]. For the
pulse used for this level-by-level study, shown in Figure 2.10, upper panel,
we obtain now for the probability to find the system remaining bounded at
the end of the pulse, the total value of

Pbound(?)/v,)tf) = (73)

Poound = 0.2960, (74)
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Figure 2.11 Time variation of the probability to remain bound for the resonance labeled

v = 7. The wavelength is 1. = 420 nm. The mid-pulse intensity is | = 0.05 x 10® W/cm?. The
pulse duration is 56 fs. The dashed curve is for the adiabatic Floquet treatment while the
solid curve is for the time-dependent calculation.
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Figure 212 Comparison of survival probabilities for the resonances 7-10 calculated either
from a time-dependent wavepacket propagation or from the adiabatic Floquet formalism
with the same laser parameters as in Figure 2.10 and for a light pulse duration of t; = 56 fs,
corresponding to about 40 optical cycles. For each initial state, the wavepacket propagation
result is given by the left histograms (full boxes), while the adiabatic Floquet result is
represented by the right histograms (hatched boxes). Only the state 8 shows a large survival
probability because, as shown on Figure 2.10, its rate passes twice through a null value.
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with the following breakdown into three dominant contributions that are

Poowna(7; tr) = | < 719 (t;) > [> = 0.0021, (75)
Poouwna(8; tr) = | < 8l¥/(t;) > [> = 0.2852, (76)
Poouna(9 ) = | < 9% (t;) > |* = 0.0044. (77)

It is thus the resonance issued from the level v = 8 that contributes most
to the survival probability, which is not surprising as the resonance’s width
goes twice through a zero value during the pulse.

A ZWR may also offer an original isotope separation technique. A coin-
cidence of the “modified” diabatic E; and adiabatic E;, energies such as
those involved in Eq. (69), supposedly ensured for a given molecule-plus-
laser system, would no longer hold when one proceeds to an isotopic
substitution. The feasibility, selectivity, and efficiency of an isotope sep-
aration in a mixture of Dj / Hj is proven in Figure 2.13 [54]. For a
laser wavelength of 120nm we examined the v = 2 resonance for both
D; and Hj. A ZWR for D] is reached at an intensity of about 1.1 x
10 ®W/cm?. It is important to note that while the width attains a min-
imum (which is actually a zero) for Dj, it acquires a rather large value,
I,=600cm™" for H; (the rates of Figure 2.13 are twice the correspond-
ing widths). We have thus shown that with a specific choice of the laser
wavelength and intensity, D; dissociation may completely be suppressed,

1500 . . : , . :

1000

Rate (cm™

500

1 (10"3W/cm?)

Figure 213 Rates as a function of laser intensity for D, (dotted line) and H; (solid line). The
laser wavelength is taken as 120 nm and the resonance under consideration is v = 2.
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whereas for the same field Hj is still strongly dissociative: This is an original

isotope separation scheme by laser-induced purification of D; in a mixture
of Dy /H;.

6.5. Vibrational transfer around an EP

We turn now to an exploitation of the other feature of Figure 2.9. We have
seen that it is possible to make a choice of laser intensity and frequency
which produces a near coalescence of two resonance energies. Because of
the numerical character of the exploration, it is difficult to be accurately on
the EP. However, there is a property of such a point which can be checked
even when its position is known with a limited accuracy: Driving adiabat-
ically the system along a closed loop encircling an EP should produce a
resonance transfer. Starting from one of the resonances involved in the EP,
the final result is that the molecule must end up in the other resonance
[15, 26, 70]. We illustrate this property of an EP in Figure 2.14, with the ini-
tial state being v = 9. The loop in the parameter plane is defined by the two
relations

A =2552510"7 410107 sin(¢); [ = 0.5 sin(¢/2), (78)

-100

—200

Im (E) (cm™)

-300

-400 : ' - ' -
~7000 ~6500 ~6000 ~5500

Re (E) (cm™)

Figure 214 Transfer from state 9 to state 8 when following adiabatically the resonance
issued from 9 around the exceptional point where the resonance energies from 8 to 9 are
merging. The paths are as follows: thin solid curve, the two-channel model; thin dashed
curve, four channels, with inclusion of the two lower channels of Figure 2.8; thick dashed
curve, four channels, with inclusion of the two higher channels of Figure 2.8; thick solid
curve, six channels, with inclusion of all channels of Figure 2.8.
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The wavelength A is in nm and the intensity I in units of 10" W/cm?. The
angle ¢ goes from 0 to 2. The loop goes around the EP with coordinates
in the (intensity, wavelength) control plane estimated to be A = 255.25nm
and I = 0.395 10" W/cm? for the pair 8 — 9. The state 8 is finally reached.
This is shown in Figure 2.14. We also demonstrate that this transfer is robust,
ie., it still holds when adding further channels to the basic two-channel
model. Convergence is reached when, as displayed in Figure 2.14, one Flo-
quet block is added on both sides of the reference block, that is the block of
the single-photon two-channel model. However, near-convergence is already
obtained with only the block above the reference block included. This shows
incidentally that in all these calculations the EP is still within the loop.
Another important consequence of the occurrence of EPs is that on the
EP the wavefunctions of the two resonances merge into a single one. This
is illustrated in Figure 2.15 where the wavefunctions issued from 8 and 9
are shown (in dashed and in thin solid lines, respectively) at two different
intensities for a wavelength A = 442.26 nm. When the intensity is rather low
(I = 0.05 10® W/cm?), the nodal structure in the lower channel (g) is still
recognizable. The resonance energies are then, respectively, —6849.89 —i 9.21

G5=0.41 ag' Gg=0.06 ay'
cg=1.62 ag' 0g=0.04 ay'

Re vg (ap—1/2)

Re vy, (ag—1/2)

R (ao)

Figure 215 The resonance wavefunctions and their corresponding self-overlaps at two
different intensities | = 0.05 10" W/cm? (left panels) and | = 0.3949 10° W/cm? (right panels).
Only the real part of each channel wavefunction is displayed.
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and —5626.68 — i 68.06cm ™. For an intensity close to that of the EP, I =
0.3949 10" W/cm?, for which the resonance energies are still distinguish-
able and are —5926.52 — i 391.58cm™ and —5917.11 — i 399.21, the two
wavefunctions become almost undistinguishable. A very interesting feature,
the self-orthogonality phenomenon, occurs whenever two photodissociation
resonances coalesce. This can numerically be evidenced from the so-called
self-overlap o of a given resonance solution W(R,t) evaluated as [26]

n=-+00

o= Y [Car] (ha®) + (na) ] 79)

n=-—00

It is important to note that no complex conjugate of the Floquet compo-
nents v/,,(R) appears here in the implied scalar-product, consistently with
the definition of the non-hermitian c-product (see Refs. [21, 71]). The self-
orthogonality phenomenon cannot be described using the standard hermi-
tian definition where the usual complex conjugates of v/, ,(R) would appear.
The corresponding values are given in Figure 2.15 where one observes a
significant decrease of o3 and oy near the EP.

The occurrence of ZWRs and of EPs in the context of laser-induced pho-
todissociation can be exploited in various ways. We have shown how ZWRs
can be beneficial in purification scenarios. We have also shown that EPs
can be exploited in vibrational transfer scenarios. Such scenarios could
ultimately be applied for vibrational cooling strategies by depleting all
vibrational levels except the ground (v = 0) one.

7. CONCLUSION

Intense laser-induced molecular dissociation is definitely one of the most
challenging applications of Quantum Mechanics where theoretical models
and their computer-based numerical simulations may help in a quantita-
tive understanding and prediction of experimental discoveries. This has
been exemplified in this review on some simple systems. Although the
low-dimensional models considered may appear limited, the nature and
dynamics of the unstable states (resonances) and the basic mechanisms
associated with them are of wider application range than evoked and par-
ticularly in reactivity control. Strong field mechanisms, specifically barrier
suppression and dynamical quenching in the IR regime or BS and VT in
the UV regime, are basic tools for a detailed interpretation of experimen-
tal observations made on ATD spectra. By adjusting adequately the laser’s
characteristics such as its intensity, frequency, polarization, pulse shape,
and phase, one can bring into competition chemical BS and/or hardening
mechanisms, to obtain intense laser control scenarios of photochemical pro-
cesses. Advantage can be taken of such a competition to direct the chemical
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reaction toward a given channel, involving the breaking of a given bond,
while the others are stabilized by laser-induced trapping or quenching
mechanisms.

It is important to note that control strategies based on resonances and
basic mechanisms present interesting complementarities when compared
to optimal control schemes, with the advantage for the formers of a thor-
ough understanding of the dynamics on the one hand, and robustness and
transposability, on the other hand. More precisely, this complementarity can
be discussed referring to three observations: (i) there is no single solution
arising from optimal control scenarios (not only different criteria but also
different sampling spaces for the laser parameters to be optimized would
lead to different results); (ii) a careful study of the laser-induced dynamics
can help to the identification (or guess) of some basic mechanisms leading
to the desired observable in a very robust way (not a black-box numer-
ical approach); (iii) by appropriately building the targets and delineating
the parameter sampling space, we can help the optimal control scheme to
take advantage of the mechanisms and specific behaviors of the resonances.
Finally, we emphasize again that we refer to basic mechanisms or resonances
only for interpretation or control purposes, or when describing strictly time-
adiabatic processes, all calculations dealing with the "exact" resolution of the
time-dependent Schrédinger equation.

The opposition of sudden excitations and adiabatic dynamics provides
other ways of controlling and/or imaging dissociative ionization processes.
This has been illustrated by quantitative theoretical interpretations of obser-
vations made in the XUV + IR pump-probe experiment discussed in Section
5, where the imaging and/or possible dynamical control of the dissocia-
tive ionization of H, rests on a partial breakdown of the widely common
assumption of adiabatic transports of individual, isolated resonances during
the laser-induced dynamics. On the other hand, it is rather within such an
adiabatic regime, associated with a long pulse duration, that one encounters
counterintuitive situations due to highly nonlinear behaviors in the trans-
ports and decays of single resonances induced by strong fields as exemplified
by ZWRs, denoting situations where a molecule irradiated by a very strong
field is stabilized with respect to dissociation. Advantage can be taken from a
ZWR that is adiabatically connected with a given field-free vibrational state,
as one can manage to bring all population in other vibrational states to disso-
ciation, leaving residual bound population in the ZWR under consideration:
This constitutes a vibrational purification control scheme. In the same spirit,
it is possible to proceed to a separation of different chemical species (two iso-
topes, for instance) in a mixture merely by dissociating certain species while
stabilizing others through a ZWR reached within the same laser excitation,
the result being an enrichment of the mixture in the stabilized species.

At the frontier of non-adiabaticity (i.e., of the breakdown of the sin-
gle resonance adiabatic transport approximation) lies the EPs that can be
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reached by an appropriate combination of laser parameters (frequency and
intensity). A coalescence of two resonances adiabatically connected with
two different field-free vibrational states occurs at an EP. With a loop in
the (frequency, intensity) plane encircling the EP, such a resonance coales-
cence situation is produced. As the loop is followed adiabatically, the system
switches from a single resonance connected with a given vibrational level to
a second resonance, and ends up in a final, different vibrational level when
the laser is turned off: This is a vibrational transfer control scheme. Com-
bining ZWRs and EPs and using appropriately chirped laser pulses, it is
easily realized how a molecular cooling control objective can be attained by
depleting all vibrational levels except the ground (v = 0) one.

An important issue concerns the robustness of the control strategies dis-
cussed presently with respect to the introduction of rotational degrees of
freedom and additional electronic states. We have not addressed this issue
explicitly here, but studies have been made, e.g., on rotational effects on
the existence of ZWRs, and give reassuring results [6]. Even if there may
be some efficiency loss upon inclusion of further channels in the model,
the general strategies seem to resist to these additional degrees of freedom.
Laser-induced molecular orientation, manipulation, and imaging are among
the future goals of such control schemes based on laser-induced resonances
and associated processes.
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in a number of diverse phenomena, such as Coherent Population Trapping,
enhancement and suppression of photo-ionization and photo-dissociation,
and population transfer through manifolds of continuum states is discussed.
We also discuss the effect of (natural and light induced) structured multiple
continua on Electromagnetically Induced Transparency and the slowing down
of light. We explore the relation of LICS to Coherent Control (CC) which makes
use of interferences between several quantum pathways so as to control the
branching ratios of processes involving bound-bound or bound-continuum
optical transitions. As examples, we discuss the use of CC and LICS in control-
ling the electronic branching in the photo-dissociation of the Na, molecule
and the photo-electron angular distribution in atoms. Finally, we discuss the
Coherently Controlled Adiabatic Passage (CCAP) method, which combines
the selectivity of CC with the robustness of Adiabatic Passage for executing
complete population transfers from an arbitrary superposition of initial states
to an arbitrary superposition of target states.

1. INTRODUCTION

The continuous parts of the spectra (“continua”) of atomic and molecular
systems were traditionally thought of as incoherent sinks that result in
“rate-like” processes and irreversible decay. While this view may sometimes
be true for continua whose coupling matrix element varies relatively slowly
with energy (“flat” continua), experiments of the last two decades have
demonstrated coherent behavior in many laser-mediated processes asso-
ciated with continua. The “dressing” of continua by light was shown to
cause coherent phenomena, such as induced transparency, nonexponential
decay and recurrences, and “above-threshold” ionization and dissociation
processes, involving optical transitions within continua.

Laser-induced continuum structure (LICS) [1, 2] is one such effect. LICS
experiments involve using a (“dressing”) laser field to strongly couple an
unpopulated bound state to a continuum. A different (“probe”) laser field
is made to couple a second, populated, bound state to the same contin-
uum. The result is that the transition rate to the continuum acquires a
“Fano-resonance” [3]-type shape.

The LICS phenomenon was first discussed explicitly (by Heller and Popov
[4]) in the 1970s. The complementary situation, in which a bound state
acquires a continuum-like character, has however been studied since much
earlier. Cases that fall under this category are for example broadening of
spectral lines due to spontaneous emission; “shape” or Feshbach scatter-
ing resonances [5]; autoionizing resonances [3, 6, 7]; Stark resonances [8-10],
where a static electric field ionizes high-lying bound atomic states; electronic
(vibrational, rotational) “predissociation” where a bound state associated
with a particular electronic (vibrational, rotational) manifold is coupled
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to a lower lying continuum belonging to another electronic (vibrational,
rotational) manifold [11, 12].

The major new feature of LICS is that in the above cases the resonance
parameters are fixed by the internal Hamiltonian of the material system
involved, whereas in LICS, the resonance properties, including interferences
between multiple continua and line-shape asymmetries, can be tuned and
adjusted by the laser fields.

Many of the developments in the early years of experimental and theoret-
ical investigations of LICS have been summarized in the review article by
Knight et al. [2]. Since then, further interesting aspects of LICS have come
to light. A topic of special interest is the connection with other light-matter
coherent effects, such as electromagnetically induced transparency (EIT) [13-19],
adiabatic passage (AP) [20-23], and coherent control (CC) [24-26]. In this review
we discuss these aspects, concentrating on metastable states coupled by laser
fields to (multiple) continua.

In Section 2, we give a brief outline of LICS and related phenomena, from
the early experiments on atoms, till recent work on molecular systems. In
Section 3, we discuss the effect of natural and light-induced structured multi-
ple continua on EIT and the slowing down of light. In Section 4, we introduce
the CC methodology and the stimulated Raman adiabatic passage (STIRAP)
technique. Both techniques are based on quantum coherence and are directly
related to LICS when continua are involved. In Section 5 we discuss the use
of LICS for the control of electronic branching in the photo-dissociation (PD)
of the Na, molecule. We also discuss the coherently controlled adiabatic passage
(CCAP) method, which combines the selectivity of CC with the robustness
of STIRAP. Concluding remarks are made in Section 6.

2. A BRIEF HISTORICAL SURVEY OF LICS

In this section we present a brief historical account of LICS without going
into too many details, as our main concern is aspects of quantum inter-
ferences. LICS was initially suggested by Heller and Popov [4] and by
Armstrong et al. [27], who termed the effect “pseudo-autoionization.” Early
theoretical investigations on LICS focused on coherent population trapping
[28, 29], multichannel effects [30-33], and Raman-type transitions [2, 34—40].

The early experimental studies on LICS involved polarization-rotation,
frequency-up conversion, third-harmonic generation, and multiphoton ion-
ization. The progress was hampered initially because a LICS experiment
is rather demanding on resources: it requires two frequency-stable tunable
lasers, at least one of which must be sufficiently intense to embed a bound
state in the continuum in the presence of processes that degrade the LICS
signatures, such as spontaneous emission. A difficulty associated with the
observation of LICS is due to the change in the effective coupling over the
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frequency span of the ionization width of the embedded state. If the width
is small compared to other characteristic widths (laser line-widths, natural
line-widths, etc.), then the change in transition probabilities is difficult to
detect.

The first observation of LICS in photo-absorption was made by Heller
et al. [41] in Cs. They employed a circularly polarized dressing laser to
embed a bound state in an ionization continuum. The probe laser field
was tunable and linearly polarized. Since linearly polarized light is a sum
of left-handed and right-handed circular components, and only one such
component dresses up the continuum, the effect could be well detected by
comparing the line shape of one component relative to the other [42].

Early demonstrations of LICS were also done in frequency up-conversion
[43] and third-harmonic generation [44] experiments. In such experiments
it is important to distinguish between the effects of LICS and those due
to “natural” autoionizing states, both affecting frequency up-conversion
[27, 45, 46] and third-harmonic generation [47] in pretty much the same way
[4, 48]. Experiments of LICS in three-photon ionization of Na [35, 36, 49] and
Xe [50-52] have also been reported. These experiments were followed by a
set of extensive studies on Na [53-58], Xe [59, 60], Cs [61, 62], Ca [63-67],
Mg [68], and He [69]. LICS effects were also reported in NO [70].

Subsequent theoretical papers on LICS [71-78] included studies of LICS
in presence of collisions [76, 77]; R-matrix Floquet theory in relation to
multiphoton processes in LICS [78]; and the LICS-related laser-induced
degenerate states [79-82].

The topics that mainly concern us in this review have to do with the con-
nections between various coherent optical experiments and LICS. In the next
section we discuss the relation between LICS and EIT, examples of which
include experiments done in Rb [83, 84] and Kr [85]. We then extend the dis-
cussion to EIT with structured continua [86, 87]. We proceed by reviewing
the use of LICS in the control of population transfer processes [88]; the con-
trol of PD [89]; the production of photo-electrons [90-92]; and as a means
of steering population transfer processes [93]. We also discuss the connec-
tion between LICS and ultrafast methodologies [94]; generalized STIRAP
techniques [95-97]; and coherent population trapping [69, 93, 98-101].

3. EIT AND ITS CONNECTION WITH LICS

The EIT phenomenon [13, 15, 18, 23, 102-106] is a quantum interference effect
by which one can change the optical properties of material systems. In the
original EIT scenario [13, 102], one allows two light beams to interact with
a three-level material system so as to minimize, and often completely elim-
inate, the absorption of the same light beams as they pass through a thick
sample.
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The EIT phenomenon is intimately related to the formation of resonances,
i.e., the broadening of spectral lines due to the interaction of bound states
with a (radiative or nonradiative) continuum of states. When the broaden-
ing becomes comparable to the spacing between the lines, the resonances
are said to overlap. This property can be controlled optically due to the
splitting of dressed states, which depends on the intensity of the light field
used to induce the Autler—Townes (AT) splitting [107]. Once the rela-
tive positions of the various levels are known, there is a well-established
theory [3, 5, 108-110] for dealing with interferences between overlapping
resonances.

It was realized early on [109], following the analysis of Fano [3], that
the interference between overlapping resonances can give rise to “dark
states.” Such dark states, which are characterized by the vanishing of photo-
absorption, were found experimentally a few years later [111, 112]. They
feature very highly in many applications in coherent optics and in partic-
ular in “lasing without inversion” [13, 113, 114] and adiabatic passage (AP)
phenomena [20-23, 115].

The emergence of dark states as a result of overlapping resonances was
at the heart of the original EIT idea of Harris et al. [13, 102]. However, only
limited use of the general theory of overlapping resonances has been sub-
sequently made. In particular, the Wigner—Weisskopf approximation [116],
according to which the resonance width is independent of the energy
(“unstructured continuum”), was invariably assumed. The widths of the
various levels were thus represented [105] as constant imaginary additions
to the Hamiltonian matrix elements or, in the density-matrix description of
the process, as decay and dephasing rates.

An immediate consequence of this approximation is the neglect of the res-
onance level shifts. The reason is that the shifts, which are given as the Hilbert
transform of the level widths, vanish for a constant function. Past treatments
of EIT have also neglected multichannel effects, arising when each level is
coupled to a multiplicity of continua.

The above are important effects because structure and multiplicity of
continua abound in molecular systems, photonic band-gap materials, and
microcavities. Thus, in photonic band-gap materials, the level widths vary
widely due to the presence of band gaps where decay is forbidden. In
complex molecules, the levels decay indirectly due to the existence of “tier-
like” coupling schemes where levels belonging to a given vibrational mode
(“tier”) are coupled to levels belonging to just one other tier, which are
coupled to yet another limited set of levels, and so on, until one reaches
the continuum tiers. The tier-like scheme thus leads to highly “structured”
continua, which are in addition often coupled to one another, leading to
“multichannel” scattering [108] and dissociation [117].

Within a comprehensive theory of EIT, based on the overlapping
resonances concept [86], in which natural or optically induced structured
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multiple continua are considered, the EIT line shapes can change and become
highly asymmetric.

3. Elements of the theory of multichannel overlapping resonances

We start by briefly reviewing elements of “partitioning” theory [3, 5, 108-
110, 118] used to treat the interference between overlapping resonances.
The physical situation we address is illustrated in Figure 3.1 in which (as
explained in Section 3.2) two overlapping resonances are created by optically
splitting a single resonance.

Assuming that we have a situation in which bound states interact with
continuum states, we define, according to this approach, two Hermitian
projection operators Q and P, satisfying the equalities

szerﬁ:P/QQ:Q/PPZP/PQZQP:0/P+Q=Ir (1)

where [ is the identity operator and the superscript T denotes the adjoint
operation. The Q and P operators are chosen to project out the subspaces
spanned by the bound states and the continuum states, respectively; as
Eq. (1) indicates, they project onto (any) two subspaces known to be
orthogonal.

Figure 3.1 A ground state |E) is excited by a weak laser pulse ¢, to a resonance state

|Ey) € Q decaying radiatively or nonradiatively to space P. The |E,) state is coupled optically
to a third state |E,) by a strong guiding field ¢, and undergoes as a result AT splitting. As a
result of the splitting and the decay, an EIT “hole" is formed at E = E,.



Coherence Effects in Laser-Induced Continuum Structure m

The full scattering incoming states |E,n”) are eigenstates of the
Schrédinger equation

[E—ie —H]|E,n ) =0, @)

where —ie gives rise to “incoming” boundary conditions [108]. This equation
can be rewritten as [E — ie — H][P + Q]|E, n") = 0, from which we obtain
(using the orthogonality of P and Q) two coupled equations,

[E — ic — PHP] P|E, n") = PHQIE, n°) 3)

[E—ie — QHQ] Q|E,n") = QHPIE,n") . 4)

We define two basis sets, |E, n;) and |¢;), which are the solutions of the
homogeneous (decoupled) parts of Egs. (3 and 4), that is,

[E —ie — PHP] |E,n;) =0, &)

[E; — QHQ]|¢:) = 0. (6)

Implicit in Eqgs. (5 and 6) is that |[E,n;) € P and |¢;) € Q and as such
they are orthogonal to one another. We, in fact, assume that each basis set
spans the entire subspace to which it belongs, hence we can write an explicit
representation of Q and P as,

Q=161 (7)

P= Z/d}sm, n)(E,nj|. (8)

Using Egs. (7 and 8) we can therefore write |[E, n™) = [P + Q]|E, n™) in terms
of Qand P as

E,n) =) [pMeJE )+ / dE'E, n'[)(E,n{[E,n7). (9

We now solve for P|E, n~) by writing it as a sum of the homogeneous solu-
tion of Eq. (5) and a particular solution of Eq. (3) obtained by inverting
[E —ie — PHP],

PIE,n") = P|E,n;) + [E —ie — PHP] '"PHQIE, n") . (10)
Substituting this solution into Eq. (4) we obtain that

[E —ie — QHQ] QIE, n") = QHP|E, ny), (11)
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where
QHQ = QHQ + QHP[E — ie — PHP]"'PHQ . (12)
Equation (11) can be solved to yield

QIE,n") = [E —ie — QHQ] 'QHPIE, n;) . (13)

An explicit representation of Eq. (13) is obtained by using the well-known
identity,

[E —ie — PHP]"' = P, [E — PHP]' + in§(E — PHP), (14)
with P, denoting a Cauchy principal value integral, as,
QHQ = QHQ + QHPP,[E — PHP]'PHQ + ir QHPS(E — PHP)PHQ . (15)

Given Egs. (10 and 15) we can express, via Eq. (9), the full scattering wave
function |E, n™) in terms of |¢;) and |E, n;).

3.2. EIT as emerging from the interference between resonances

We consider the situation illustrated in Figure 3.1 in which a ground state
|[E;) and a resonance state |E;) (decaying radiatively or nonradiatively)
coupled optically to a third state |E,) (which can also decay radiatively or
nonradiatively) by a strong guiding field

Ex(t) = &, &,(t) = &, R.E(t)e ™ (16)

is depicted, where &, is the polarization vector. We probe the system by
another laser pulse

Ei(t) = & &,(t) = & R.E (e ™" . (17)

We first treat ¢;(f) as a perturbation and obtain the adiabatic eigenstates
resulting from the &,(f)-induced interaction between the |E,) and |E,) states.
The extension to the strong & (t) pulse regime is presented in Section 3.4.

Therefore, temporarily neglecting &;(f) , we can expand the system wave
function in just two states,

[W(1)) = bo(t)|Eo)e™ ™" + by(t)| Ex)e ™" . (18)

Using the expansion of Eq. (18) we obtain from the time-dependent
Schrédinger equation

22D — ) = [+ Hadv ), (19)
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where H,, is the material Hamiltonian and H,;; is the matter-radiation
interaction, given in the dipole approximation as

Hur = =i - E(t), (20)

the usual set of ordinary coupled differential equations for the b = (bo,bo) T
coefficients vector, where the superscript T designates the matrix transpose,

d

—b=iH-b(t), 21

b =iH - b() 1)
where H is given in the “rotating-wave approximation” (RWA) [114] as

(0 e
= ( Qe 0 ) : (22)

with the detuning and the Rabi frequency given, respectively, as

Jjas

8, =w, — |[Eg — Ex|/h, () = [in - &, E(H) /N (23)

We now transform H to a form which does not contain the highly oscillatory
e ™' terms which might invalidate the adiabatic approximation. Multiply-

ing Eq. (21) by a diagonal matrix, exp (i&t/Z), with A being the diagonal

AE<_§2 g) (24)

We can eliminate the oscillatory terms by defining

detuning matrix,

c=exp (iAt/Z) -b (25)
and obtain that
=it (), 26)
where
e (%)

We now build adiabatic solutions by diagonalizing Eq. (27) using a 2 x 2
unitary matrix

cos 6 e 2 sinf
U= ( —e%2sin 6 cos 6 ) : (28)
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The 6 and ¢, angles of U are given as

tanf = $20) (29)

— (83/4+ 1QO)P) F + 8,2

with ¢, being the argument of Q, [Eq. (23)]. The corresponding diagonal
eigenvalue matrix s composed of the two roots,

D) = £A() = £ [82/4 + 12.(DF] . (30)

Operating with g, where ' stands for the Hermitian adjoint operation, on
Eq. (26) and defining a = (a1,8)T = U ¢ we obtain, by neglecting the nona-
diabatic coupling matrix A = U - dgr /dt, the adiabatic approximation for a,

d -
pri ia(t)-a(t), (31)

whose solution is given by

t t
a1,(t) = exp {ii/ A(t’)dt’} a1,(0) = exp {:i:i/ [85/4 + 192:(£)17] %dt’} a1,(0) .
0 0
(32)
We now introduce the (weak) &;(f) pulse. Since |E;) is the initially popu-
lated state, in the absence of &,(f) , neither the |E,) or |E,) states nor the |;)
and |%,) adiabatic states can ever be populated. Thus, in the absence of the
&1(t) pulse, the only effect of the &,(f) pulse is to change the spectrum of the
Hamiltonian.
Assuming that the adiabatic condition

0(t)] < [Aa(t) — A (D) (33)

indeed holds, the states seen by the ¢;(t) pulse with &,(t) on are the adiabatic
states A1) and |X,), rather than the |Ey) and |E,) material states. Using the
definition of a [Egs. (25 and 28)], we can write the adiabatic states, using the

identityb = ¢*/2. U - a, as

|)\,1(t)> — eijbt M)A +ispt/2—iEqt { cos 6 |EO> 4 sin 9€—i¢2(t)—iw2,0t |E2> }/
Y st i _ _ (34)
|)\.2(t)> — e—lfo A(t)dt —zzﬁzt/z—zE(]r{ —sin 661¢2(t)|E0> 4 cos Qe w20t |E2) } .

Here [A(t)) and [A,(t)) are obtained by setting either a = (a3, O)T or
a=(0,a)T and w,y = (E, — E))/h.
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When §, = 0 (i.e.,, when w, is exactly resonant with the |E,) to |E,) transi-
tion), it follows from Eq. (29) that 6 = 37 /4. If, in addition, we assume that
the pulse has no chirp (i.e., that the phase of &(t), ¢,(t) = 0), we have that

[ha(t)) = & 0122 | Eg) — 72|y} /2,

35

() = e—if(g\szz(t’)|dt’—igot {|Eo> _i_e—iwz’ot'Ez)} /«/E (35)

We see that the time evolution of the |E;) component of |1;(f)) is governed

by a “quasi-energy"” of E, — |Q2(t)|, whereas the time evolution of the |E,)

component of [4,(t)) is governed by a “quasi-energy” of E, + |2,(t)|. We say
that the two levels are “AT” split by an amount equal to 2|€2,(t)|.

We now consider the broadening of the adiabatic levels due to the decay
channels considered in Section 3.1. When this broadening is comparable to
or in excess of the 2|2 (t)| splitting (see Figure 3.3) the switch on of the &;(f)
pulse results in the simultaneous excitation of the two adiabatic eigenstates.
The probability of one-photon absorption to each scattering state |E) is given
in first-order perturbation theory as

Po(E) = |27 € (wp)iin(E)[ (36)

where w,,(E) are bound-free dipole matrix elements between states on the
ground (g) and excited (e) electronic potential surfaces, given as,

pia(E) = (Eq i - &]E,n7) . (37)

In Eq. (36), wg1 = (E — E;)/h is the transition frequency between |E;) and |E),
and € () is the temporal Fourier transform of the pulse

€ (w) = % / dtei(t)exp [ — iw(z/c — 1)], (38)

where z is the direction of propagation of the light and c is the velocity of
light in vacuum. Assuming for simplicity that no direct transitions to the
continuum occuy, i.e., that only the Q space of Eq. (7) is coupled radiatively
to |E,), we have that,

pin(E) =Y (Eiljis - &6 (¢]E,n7) . (39)

s

If we now identify the |¢;) bound states (which become resonances due to
the interaction with the continuum) with the adiabatic states of Eq. (34), we
can write that

pin(E) =Y (Eiljis- &4 IE, n7) = Y (Eqlfiy - 81120 6(E),  (40)

s=1,2 s=1,2
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where we have restricted the treatment to the interaction of just two res-
onances. Using Eq. (34) and the fact that (E,|é - ii|E;) = 0, we have
that

fin(E) = pyge ot {COS et/ I} M4 g (E) — sin 9 p—i%at/2=i [ ME)at +igo EZ(E)}
(41)

When w, = w,, i.e., it is exactly on resonance, and ¢, = 0, this expression
reduces to

,ul,n(E) — %eiEOtMLO [EI(E)elfé [Q()at ZZ(E)efif[g \Qz(t’)\dz/} . (42)

Using Eq. (13) we can write an exact expression for the amplitude of
observing the |;) states as

6(E) = (LJE,n7) = Y (A |[E —ie — QHQI ' he)(Av HIE, ny).  (43)

s

Following Ref. [109] we can write the E — QHQ matrix of Eq. (15) in the two
overlapping resonance case as

E - EQ - )\,1 - Al,l - iF1,1/2 _A1,2 - iF1,2/2
E— QHQ = irq . ’
—A2,1 - T E_EO_)\'Z_AZ,Z_IFZ,Z/Z

(44)

where
Tow(E) =27 Y (% |HIE, n;)(E, ny [H|A) (45)

and
(A IHIE', n;)(E, n; |H|A)

Ayy(E) =P, | dE . 46
B =r. [y U (46)

We obtain that the inverse matrix is given as

1 /a

E-onl =5 (1 5 ) @)

with

a= E — EO — )\.2 — Az’z — in,Q/Z b = A]g +iF]’2/2 Cc= Az/] +iF2/1/2
dEE_EO_)\«l_Al,l_irl,l/z DEad_Cb. (48)



Coherence Effects in Laser-Induced Continuum Structure n7

Using Eq. (43) we obtain that

6(E) = %[a (s [HIE, n) +b G [HIE, ;)|

6(E) = %[c (M |HIE, n;) +d (A, HIE, n;>] . (49)
It follows from Eq. (34) that

<)\'1 |H|E, nl—> — e—i‘[é Mt )dt —isyt/2+iEgt {COS QVO,“ + sin eeid)szz'OtVz,n} ,
{2z JHIE, n7) = ¢ foH)a+ivgt/2+iEgt {—sinfe Vg, + coshe“'V,,} , (50)
where
Von(E) = (Eo [HIE, n; ), Vo,(E)=(E,|H|E, n;). (51)

Using Eq. (50) and neglecting the terms containing the highly oscillatory
e*20" factors, we obtain from Eq. (45) that

Iy =Tycos’0 + hsin®@, Iy, = ysin®6 + I cos? 6,

Ty = (—Tg + Ty) e 20HO# =itttz gin g cos 6, (52)
where
Io(E) =2 Z |(E, n; |H|Eo)|2 , Th(E)=2r7 Z |(E, ny |H|E2)‘2 (53)
In the same manner from Eq. (46)
Al,l = Ao COS2 0 + AZ sin20 , Az/z = AO Sinz 6 + Az COS2 0 ,
Ay = (—Ag+ Ay) e AR MO =ittt s g c0g 0 (54)
where
1 C(E) .
A(E)=|=—|P, | dF ,i=0,2. 55
) <27‘[> / E-p"' (55)
Hence from Eq. (49), and after defining I = e~/ %242 and F = ‘?[%Ot,

have
0(E) = P[(al €086 — bI* sin6) Vo, + (al sin e 20" 1 bI* cos eefwz,of)vz,n],

0,(E) = F[(CI* cosf — dIsin )V, + (cI* sin §e 220" 4 d] cos Oei“’z/of)Vzrn] .
(56)
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After neglecting the highly oscillatory e“20' terms in Eq. (41), we further
obtain

Von ,
frn(E) = ‘“';) 0 [E — Eo+ 100820 — (A, + il /2)] : (57)

Thus, if state |E,) is unstable, giving rise to the i, term, there is no real E
for which the transition dipole matrix element vanishes. In case of §, = 0
detuning and cos 26 = 0, we have

1 )
Mia(E) = Eﬂl,ovo,n [E—E;— (A +1il,/2)] . (58)

When we use the explicit form of D, as given by Eq. (48), and the values of
I';; as given by Eq. (52), we have
D= [E —Ey— A — Agcos?0 — A,sin®@ — i(["y cos® 0 + I', sin® 9)/2]

X [E —Ey+ A — Agsin®0 — A, cos?0 — i(I"ysin® @ + I', cos> 9)/2]

2
- [AO — Ay +i(Ty — rz)/z] sin 0 cos? 6. (59)

In case we irradiate exactly on resonance, 8, = 0, we also have that cos*6 =
sin”@ = 1/2, which results in
. 2 . 2 2
D(t) = [E~Eo—(Ag+82)/2=i(To+T2) /4] —[ (80— A2)/2+i(To—T2) /4] =32().
(60)

3.2]. Unstructured continua

If we neglect the variation of I'y,(E) with energy and assume that E > 0,
we have that the integrand defining A, is antisymmetric about E and is
essentially zero at the integration limits, hence A; ~ 0. Therefore

D) = [ (E~ E? — Tolo/t — 12208 | +[ E~E) 0o+ T | /4. (61)

The channel-specific probability of absorption of a photon of energy E — E;
from state |E,) is given, using Egs. (58, 61, and 36) (assuming A, = 0), as

|277M1,0V0,n€1(w}5,1)|2 [(E — Eo)* + (F§/4)]

Po(E) = :
[ (E— )’ = 1960 = Tl/4] + | (E—Ep) (N + T /2]

(62)

5 -
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P(E), the total probability for absorbing a photon of energy E — E; from state
|Ey), given as A;(E) = > nP,(E) is

2Ty |M1,0€1(0)E,1)|2 [(E - Eo)z + (F§/4)]

AI(E) = 2 5
[ = Eo? = 12:007 ~ Toro/4] +[ (B~ E) (o + T 2]

(63)

where we have used Eq. (53), according to which 'y = 27 )" [Vo.l>. We
see that the basic form of the total photon-absorption probability remains
essentially the same as in the single continuum case, with sums over channel-
specific widths and shifts replacing the single channel entities.

3.2.2. Structured continua

When the variation of I'y»(E) with energy cannot be neglected we cannot
assume that A(,(E) vanish. In that case we need to compute D according to
Eq. (59). Assuming that I'y,(E) can be parametrized, for example, as a sum of
Lorentzian functions

AijVij .
rE=y ——22—,i=0,2, (64)
; (E - ei,j)Z + yi,2j/4

we have that

I(E
AAE) = —P / dE =2 ( E)
_ Lp, / dE'Y : (R .
2 —o0 i (E/ — el"]’ + l)/,'/]'/z) (E, — ei,]- — l)/,-,]-/Z) (E — E/)

(65)

Writing the P, integral as the difference between a contour integral which
includes the E' = ¢; — iy;;/2 poles but avoids the E' = E and E' = ¢; 4+ iy;;/2
poles, where the straight line segment is supplemented by a large semicircle
on the lower half complex plane (whose contribution vanishes as |E'| — oo
because on it the integrand is proportional to |E'|®) and the small semicircle
contribution about the E' = E pole, one has that

iAz] lAl]yz;

AlE) = Z HE — ey + iy/2)  2(E — ey + 11,/ 2)E — e, — y/2)
_ I](E 61/)
Z (E _ el])z + )/2/4 (66)

An illustration of a typical case of structured continua of the dressed AT
split pair of states is given in Figure 3.2. We see that the shift function is
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0.04

0.02 _|

Iy(E) (in 1078 a.u.)

A(E)
)
|

-0.02 | | | | | | | |
-0.1 0 0.1
E-E, (in10®a.u.)

Figure 3.2 An example of the widths and shifts of a case of “highly structured” continua,
characterized by yy; = 52 = 0.02, y5; = 0.01,e5; = 0, €y, = —0.03, Ay; = Ay, = 0.02,

A,; = 0.05, coupled to the AT split pair. Shown are I'y(E), I',(E), as of Eq. (53), and A,(E) and
A,(E), given by Eq. (55).

antisymmetric about e;, i = 0, 2. As a result, the probability of absorption,
given as the square of w;,(E) of Eq. (57), is no longer symmetric about the
line center. Thus the appearance of asymmetry in the EIT absorption line
shape is a hallmark of a structured continuum.

3.3. Photo-absorption

We first present calculations of the photo-absorption of the probe pulse &;(f)
by the three-level system depicted in Figure 3.1. In this system the ground
state |E;) is electric dipole coupled to an upper state |E) that is in turn cou-
pled by a strong optical pulse to a third state |E,). The (channel-specific)
photo-absorption probability from the ground state is given by P,(E) and
the total photo-absorption of the ¢; pulse by A;(E).

In Figures 3.3-3.7 we plot the absorption line shapes as a function of the
detuning from the E; — E, resonance at different times in the history of the
Gaussian pulse linking |E) to |E,), with ¢ = 0 being the pulse maximum. The
|Eo) and |E,) states are coupled nonradiatively to some continuum channels
representing the P space.

We first analyze the situation for unstructured continua. Figure 3.3 shows
the situation when only the |E;) level (the one with the dipole allowed
transition to the ground state) is broadened (I'y = 0.05 x 107 a.u.). We
assume no detuning (8, = 0) of the center of the strong pulse connecting the
|[Ey) <> |E,) states. A perfect EIT dip is seen to arise. In contrast, Figure 3.4
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Absorption probability (in arb. units)

—0.05 0 0.05
E-E,(in10%a.u.)

Figure 3.3 The formation of the EIT “hole" for unstructured continuum. T', = 0.05 x 10~¢
a.u, I’ = 0,and §, = 0. Shown is the line shape (Eq. (63)) at three different times, (X)—at the
peak of the pulse t = 0, (77)—as the pulse begins to wane, t = 0.75 x 10° a.u., and (full
line)—at the tail of the pulse, t = 1.5 x 10° a.u. A simple Gaussian pulse of the form

&E(t) = Soe"z was assumed.

Absorption probability (in arb. units)

0 T T
-0.05 0 0.05

E-Ey (in10%a.u.)

Figure 3.4 The same as in Figure 3.3 for a broadened |E,) (I, = 0.01) with zero detuning
(82 = 0).
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6=0.005 I'p=0.05 I',=0.01

Absorption probability (arb. units)
|

I
-0.05 0 0.05
E-E,(in10%a.u.)

Figure 3.5 The same as in Figure 3.3 for a broadened |E,) (I', = 0.01) with finite detuning
(8, = 0.005).

Absorption (in arb. units)

I I T
0.05 0.06 0.07

Photon energy (in 1076 a.u.)

Figure 3.6 EIT for structured continuum (Aq; = 0.02, yo; = 0.02, ep; = 0, Ay, = 0.02,

Vo2 = 0.02, €5, = —0.02, A;; = 0.002, y5; = 0.01, e;; = 0) with no detuning (5, = 0) as a
function of the &, coupling strength (the uppermost trace corresponds to the peak of the ¢,
pulse). In the two upper traces the first peak was divided by 2. All energies and widths are
expressed in 10~¢ a.u. The absorption is given as the square (,,(E) of Eq. (57).
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Absorption (arb. units)
1

-0.05 0.0 0.05
E-E,(in10%a.u.)

Figure 3.7 EIT for structured continuum with detuning (8, = 0.01) as a function of the ¢,
coupling strength (the uppermost trace corresponds to the peak of the ¢, pulse). The
continuum parameters are as in Figure 3.6. The absorption is given as the square 4,,(E)

of Eq. (57).

shows the zero-detuning (8, = 0) situation when both levels (|E;) and |E,))
are broadened (I'y = 0.05 x 10™° a.u,, I', = 0.01 x 107° a.u.). In this case,
as clearly shown in Egs. (62 and 63), the line shape does not dip to zero.
Figure 3.5 pertains to the case when both levels (|Ey) and |E,)) are broadened
(Cy = 0.05 x 10 a.u., I’ = 0.01 x 10°° a.u.) in the presence of detuning
(6, = 0.005). Here, the EIT does not dip to zero and the whole line shape
is asymmetrically biased to the blue by an amount which depends on the
intensity of the |E,) <> |E,) coupling field.

We now turn our attention to the structured continua case. Figure 3.6 dis-
plays the absorption of two AT split levels for structured continua of the
type displayed in Figure 3.2 with no detuning (6, = 0). Two asymmetric
line shapes separated by an almost complete transparency “hole” are seen
to form. The two parts of the line shape change, while being pushed apart,
with one of them becoming much sharper as the ¢, coupling laser intensity
increases. As shown above, the sharpening of one of the peaks does not occur
in the unstructured continuum case.

In Figure 3.7 we show EIT for a structured continua with detuning (5, =
0.01). The effect of the detuning in this case is quite dramatic, as it causes one
of the EIT peaks to almost disappear while, as in Figure 3.6, making the line
shapes change substantially with increased ¢, coupling strengths.

3.4. The resonance description of slowing down of light by EIT

Although the slowing down of light associated with EIT [16, 119] originates,
as in all dispersion phenomena, in levels which are off-resonance with respect
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to the &(f) probe laser, the role of the off-resonance levels is dramatically
more important in EIT than in ordinary photo-absorption line shapes. In
order to see this we now go beyond the weak field limit used so far to treat
the effect of the &(t) probe pulse, by incorporating |E;) in the expansion of
W (t)—the solution of the time-dependent Schrédinger equation (Eq. (19)).
We thus have that

(W () = bi(HIE)e 5+ / dEbg, (HIE, n)e " (67)

Substituting this expansion in Eq. (19) we obtain a set of ordinary differential
equations (ODE) for the expansion coefficients b, (t) and b, (),

d ,
G0 = (1Y [ B, (OB B,
n (68)

d , ,
EbE' o(t) = (i/W)by(F) a1 (E)E (£)eEID"

where wg; = (E — E;)/h . We now eliminate the continuum by solving the
second part of Eq. (68) to yield

be, o(t) = (i/h) [ At'by( ) s (E)E(F)e™" (69)

where §; = wg; — ;. Substituting Eq. (69) into the first part of Eq. (68) we

obtain
t

d * / 4 / /
() = (E0/n) / DO OEE), (70)

where F(t), the spectral autocorrelation function
R = - [ dbe Y |usaE)f e, 71)

is just the Fourier transform of A(E), the total absorption probability from
state |E,),

AB) = |mia(B) (72)

For an unstructured continuum we can use the explicit form of A,(E) of
Eq. (63) to obtain that

5.

2 — _ 2 2 —ipT
F (1) = |M21,0| / 5. Io[(E — Eof + EFZ ME
7 [(E—Eo* — 12207 ~Toro/a] +[ E—E) Ty+T) 2]
(73)
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A(E)
1.5+

1.0

0.5

0.0

E-E,(in10%a.u.)

Figure 3.8 A,(E) and A,(E) for unstructured continua (Eq. (63) and its analog for |E,)) with
[o=4x10"%au, I, =10"% a.u, and §, = 0. Shown also is the probe laser line shape (E)

(Eq. (38))-

Fq (7

/\/ \/\ energy

time

Figure 3.9 The spectral autocorrelation function F(7) (full line), given by Eq. (71) and the EIT
line shape (broken line) corresponding to it, as of Eq. (72).

In Figure 3.8 the A,(E) and A, (E) for unstructured continua are shown.

A sample F(r) is shown in Figure 3.9, using which one obtains with
the aid of Eq. (70) the b;(t) coefficient (an example of which is given in
Figure 3.10). The continuum preparation coefficients bg, ,(t) (a sample is
shown in Figure 3.11) are then readily obtained from Eq. (69).

We next turn our attention to calculating the (transient) populations of
levels |Ey) and |E,). These can be obtained using Eq. (67) as
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Ib; (1)l i=1
0.8

Figure 310 The by(t),b,(t), and b,(t) expansion coefficients (Egs. (70, 76, and 79)) as functions
of time and energy for the EIT line shape and laser profile of Figure 3.8.

-40 20 0 20 40 time

Figure 3.11 |bg(t)|>—the absolute value squared of the dressed state expansion coefficients,
given by Eq. (82), as a function of time—expressed in 10° a.u—and E — E,—expressed in10~°
a.u.

(Ea(0) = 3 [ dEbe o Es B moje ™, 74)

Noting that because of selection rules |E;) is coupled exclusively by the
dipole operator to |E,), we have that

M1n(E) = p1o(Eo |E,n7) . (75)
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Thus Eq. (74) can be written as

(Eo|W(t) = — Z f dEbz, o(B)1t1 n(E)e™/"

Ze*l(a)1+E1/h)t /
= / dt&(t)bl(t)Z/dE]um(E)] —iSp(t—t')
10
Ze*l(wl+E1/ﬁ
- / drE (), (E)F(t — F) . (76)
1,0 —00

The calculation of (E, |¥(t)) is more complicated and we need to repeat the
procedure adopted in calculating u;,(E). We thus write

(E> |W(t) = Z f dEbe, o(t) Y (Es [ L(E)e ™", (77)

s=1,2

Using Eqgs. (34, 52, 54, and 56) and neglecting as before the highly oscillatory
terms containing the e*20' factors, we obtain that

Von . o(E
1; [E — Ey — A cos20 — (A, +11"0/2)] = ,uo_() . (78)

2,0

D {E [ )(E) =

s=1,2

where poa(E) = (Eg |flz - &|En~) and poo = (E; |[ds - &,|E) and we have used
the fact that the only state coupled to |E) by the &,(t) pulse is |E,). Thus,

1 .
(Bl = - % [ dEbs oo
2,0

Ze—z(ml+E1/h)t
- / are )bl(t)Z / AE o, (E) ttn1 (E)e”
2,0
167’(1‘)1+E1/h
- / 4 &, (E)br () For (£ — 1), (79)

where F,(7) is the spectral cross-correlation function

FO,I(I) = —/‘dangrl(E)eiiaEr y (80)

where

Aoi(E) = pton(E)ptas (E). (81)

We now turn our attention to the calculation of (E’, m; |¥(f))—the ampli-
tudes for populating the (radiative or nonradiative) |E’, m;) continuum
states, i.e., the eigenstates of PHP (see Eq. (5)), given as
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(E, m] |¥(t) = Z / dEbg, (H)(E', m; |E,n")e /" (82)

With Egs. (3, 43, and 50), neglecting the terms containing the highly oscilla-
tory ¢“*" factor and using Eqs. (52 and 58), we have for the (E/, m; |E, n")
amplitudes

1

(Eomi B = g |

Vo (E)pt1a(E)/p10 + Vm,z(E/)Mo,n(E)/Mo,z} .
(83)

Substituting in Eq. (82) and with Eq. (69) we finally have that

t
(E, m [U(t)) = ie Vauo(E)/ 110 / Atby(t)E(F)Gi(E t — t)
t

eV o (E oz / A, ()EE)Gao(Ef — ), (84)

—00

where
i Ay(E) / » E—FL +ie
G E/, = d5 opr__ TN da Z(SE‘:A E ,
1(Esz) / ¢ E—ie—-F £ 1(B) (E—E) + ¢
/ — —i0pT AO,l (E) _iSpt E - E, + iG
o) = [ e s 22 = e an®) |7 g
(85)

The contribution of the free one-photon states to the absorption for unstruc-
tured continuum is shown in Figure 3.12.

In conclusion of this section, we have thus presented a comprehensive
theory of EIT in which both the structure and multiplicity of (coupled)
continua are taken into account, which strongly emphasizes the fact that
EIT is a manifestation of interferences in the continuum. As such, it is a
property of the way the full continuum eigenfunctions are convoluted with
the matter—radiation Hamiltonian and the initial bound states. The exact
nature of this convolution depends on the type of spectroscopy used to probe
the continuum; whether it is linear or nonlinear, the EIT line shapes and
especially the EIT dips are properties of the continuum.

4. QC AND LICS

The “quantum control” (QC) problem can be phrased as finding ways of
inducing complete transfer of population from an arbitrary initial wave
packet of quantum states to a desired target wave packet of quantum states.
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[(E'w(t)]?

Figure 312 The contribution of the free one-photon states to the absorption for
unstructured continuum. Plotted is | (E'|W)|? as a function of time and energy, according to
Eq. (84). [, = 0.4 x 10~¢ a.u, I'; = 0.02 x 10¢ a.u., and 8, = 0. The time axis (t) is expressed
in 10° a.u. and the energy axis in 1076 a.u. [(E'|¥)]| is expressed in units of {1/E}"/? where E is
expressed in a.u.

This objective can be achieved by employing a (polychromatic) set of mutu-
ally coherent light fields or, equivalently, a set of tailor-made shaped laser
pulses.

In recent years QC has been realized by using a number of strategies,
such as CC [24, 25], optimal control (OC) [120-124], and AP [20, 21, 125].
CC achieves final state selectivity using laser-controlled interferences between
two and more quantum pathways. OC is a general procedure for opti-
mizing laser pulses to achieve a desired outcome. In the ultrafast domain
such optimization is performed using pulse-shaping techniques [126-130].
AP is a way of affecting population transfer between selected states via the
parametric dependence of field-dressed states.

In parallel with the study of the control of atomic and molecular systems,
“quantum engineering" of light itself has also been extensively investigated
[114, 131, 132]. These studies have been aided by the availability of ultra-
cold systems and advances in solid-state electronics. In particular, numerous
nonclassical light states with squeezed fluctuations of observables have been
constructed, and general methods for their preparation have been developed
[133-136].

In the continuum domain, we now understand [25] that control over multi-
ply degenerate states, leading to the final products of interest, can be attained
only if we can establish an entanglement between the photons used to excite
a material system and the material system itself. Entanglement in this con-
text means that light-induced transition amplitudes cannot be factorized into
products of material and radiative matrix elements. The usefulness of CC
and AP is that these are general methods that can be applied to an entire
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class of systems. In addition to generality, these techniques are robust, i.e.,
insensitive to small variations of the experimental parameters, and are based
on some simple and transparent principles, thus making the underlying
dynamics intuitively understandable.

4]. Coherent control

CC [24, 25] is a method of selecting between different (energetically allowed)
outcomes using multiply interfering quantum pathways. The method is
most effective in dealing with degenerate quantum states, such as those
associated with systems possessing multiple continua, existing in molecular
dissociation, ionization, and reactive scattering processes.

Starting from initial pure quantum state one uses laser fields to control the
multiplicity of quantum pathways which guide the population to different
superpositions of final states of interest. By inducing constructive (destruc-
tive) interference between such quantum pathways, it is possible to enhance
(suppress) desired (undesired) target states. Although CC has in the past
been implemented in the perturbative regime in the combined fields, its
validity has been shown to extend to the strong field regime as well [25].

Control of the interferences between different pathways may be achieved
experimentally by varying the relative phase between the different laser
modes used to excite the system along these pathways. Although the partial
coherence of light sources combined with the fast decoherence of quan-
tum processes in material systems, due to various scattering processes, is
detrimental to the control [25], experience shows that as long as the sep-
aration of the light pulses associated with the excitation processes along
different pathways is shorter than the decoherence rates, extensive control
is achievable.

Many of the CC theoretical predictions, such as control of atomic and
molecular processes via N versus M photon transitions [137], have been
tested and demonstrated experimentally [138-146]. CC methods have also
proved to be valid in the context of solid-state systems. In particular, it was
shown that excitation by N and M multiphoton processes, having opposite
parities, leads to symmetry breaking and the generation of DC electric cur-
rents [147-151]. These predictions have been confirmed experimentally in a
number of semiconductors [152-155]. Similar techniques were shown to lead
to the control of phonon emission [156] or injection of spin currents [157].

CC of photonic processes such as spontaneous emission has also been
studied. Among the scenarios explored are interferences between overlap-
ping resonances [158, 159] and direct interference between emission path-
ways [160-165]. The suppression of spontaneous emission in free space
[160] or band-gap materials [162] results in the spectral narrowing, even the
complete elimination, of the spectral lines [161, 163].
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Two-photon processes can also be modified using CC. It is possible to
selectively inhibit or enhance two-photon absorption by phase modulation
[166-168] and other interference techniques [169, 170]. It is also possible to
use CC to induce population trapping and gain in V-type systems [171, 172].
Furthermore, it has been realized that interference between one-photon and
N-photon transitions results in EIT in atomic systems [173-175].

CC thus provides a satisfactory solution to quests dating back to the early
1970s of using lasers to affect selectivity. Most experiments of those days
attempted to achieve selectivity by using frequency control, as afforded by
narrow-band lasers. Since such lasers lead to preferential excitation of atomic
and molecular levels that are in resonance with the laser lines [176, 177],
the hope was that such energy selectivity will also result in selectivity of
subsequent events such as ionization and dissociation. This turned out to
be realizable only partly, due to the lack of high selectivity in address-
ing degenerate quantum states in overlapping continua and the existence
of intra-molecular vibrational redistribution [178-182], a process by which
the narrow wave packet of states excited by the narrow-band laser pulses
quickly disperses to many molecular vibrational modes.

4.2. Adiabatic passage

With the introduction of new laser sources in the 1980s a number of powerful
population transfer techniques were developed, such as overtone pumping
[183], off-resonance stimulated Raman scattering [184, 185], and stimulated
emission pumping [186]. These methods resulted however in only partial
population transfer between quantum states. The adoption of the AP tech-
nique [20, 21, 187], operating (in contrast to CC) along a single quantum
pathway, has opened the way for inducing a complete population transfer
between quantum material states.

Complete population transfer in AP was shown theoretically [20] and
independently implemented experimentally a few years later in a method
called STIRAP [21, 187]. In this method, which is a variant of the stimu-
lated Raman process, the two (“pump” and “Stokes”) pulses are employed
in the reverse (“counter-intuitive”) order to that of the usual stimulated
Raman process, namely in STIRAP the Stokes pulse precedes the pump
pulse. This method designed to work with discrete states clearly comple-
ments CC by being able to transfer populations completely but at the same
time not being phase sensitive, in contrast to the CC that is typically used in
continua of states in weak-field but phase-sensitive regimes. We later explore
the advantages resulting from the combination of both approaches.

We now show that the counter-intuitive pulse ordering leads to the desired
complete population transfer. Consider irradiating the (A-type) three-state
system depicted in Figure 3.13 (left) by two laser pulses, a pump pulse (P) of
center frequency wp and electric field envelope &p(f) and a Stokes pulse (S)
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Figure 313 (left) The three-level A-configuration AP scheme. (right) The pulses (panel (a),
where P stands for the pump and S for the Stokes pulse), eigenvalues (panel (b)), and
populations (panel (c)) as a function of time in this AP with counter-intuitive pulse ordering.

of center frequency ws and field envelope &(t). We assume that the pump
pulse is close to resonance with the |1) <> |0) transition and the Stokes pulse
is close to resonance with the |2) <> |0) transition, and the two transitions
have well-separated energies.

The time-dependent Hamiltonian of this radiation-matter system can be
written in the Schrodinger picture as follows [114, 188]:

H(t) = Hu + Hi(t), Hu= ) Eli(il,

i=1,0,2
Hj(t) = —Sp(t) COSs (C()pt) (,U«O,l |0><1| + hC)
— &s(t) cos (wst) (,uo,z [0)(2] + h.C.) . (86)

Here, as well as in all subsequent sections, we use the “r - E" gauge of the
radiation—matter interaction Hamiltonian H,(f). In Eq. (86), wo: is the pro-
jection of the dipole matrix element for the |1) < |0) transition on the P
polarization axis, u,0 is the projection of the dipole matrix element for the
|0) <> |2) transition on the S polarization axis, and E; = hw; are the free-field
eigenenergies. The connection between the electric field envelope £(t) and
the intensity of the radiation I(t) is

E()[V/cm] = 27.4682 /I(t) [W/cm?] . (87)

We can write the time-dependent wave function, |¥(t)), solving the
Schrodinger equation



Coherence Effects in Laser-Induced Continuum Structure 133

d
h 1W(0) = —iH(E) W (1), (88)
in the form [114, 188]
W)=Y CH)l =D cBye ™ . (89)
i=1,02 i=1,0,2

After substituting this |¥(t)) in Eq. (88) and performing its time derivative
on the left side, we can cancel the terms associated with the free evolution
in the Hy Hamiltonian. Then, its multiplication by the terms (j| et gives a
set of equations for the c;(f) coefficients. If we collect these coefficients in the

vector c(f) = (cl(t),co(t),cz(t))T, then Eq. (88) can be written in the matrix
form

d )
B pn () = —iH(b) - c(t), (90)
where
B 0 Qi(t) e iort 0
Hb) == | Q) 0 Qi(t)ers' | . (91)
= 2 0 Qq(f) e-is! 0

This is the Schrodinger equation in the interaction representation for the
problem described by the Hamiltonian in Eq. (86) [114, 188]. For its formal
derivation we refer to Ref. [26].

In Eq. 91), Q, = n,E/h (v = P,S; a = (0,1),(2,0)) is the Rabi frequency
for the pump (Stokes) pulse and A, = w, — o, (v = P,S) its detuning relative
to the transition frequency w, = wy — wg (@ = (0,1),(2,0), B = 1,2) between
the levels |0) and |1) (]0) and |2)). Even though the Rabi frequencies are in
general complex, in some of the cases discussed below we choose them, for
simplicity, to be real.

In deriving the Hamiltonian H(f), we have also employed the RWA,
according to which one only keeps terms proportional to the slowly
varying factors exp [+it(w, — (E; — E;)/h)], where o, ~ (E; — E)/h,
(v = P,S), while we neglect terms containing the rapidly oscillating factors
exp [£it(w, + (E: — Ej))/R)] (v = P,S). Since in all the cases studied here, the
excitation fields are in resonance (Ap = Ag; = 0) with all the considered
states, the RWA Hamiltonian H(f) does not possess oscillatory terms, and we
can use the concept of adiabatic states [114, 188].

We now diagonalize the RWA Hamiltonian, H(¢) - U(t) = U(¢) - A(t), where

At)isa diagonal matrix with the coefficients

b =0, Aa() = £ [|20(D + 12O . 92)
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The normalized eigenvector corresponding to the A; = 0 null eigenvalue is

cosO(t)
u®) = 0 , 0(t) = arctan (‘ 2,0 ') , (93)
- —e*® sin 4 (t) 2s(t)

where x(t) = ¢p(t) — ¢s(t) and ¢;(t) are the phases of the Rabi frequencies,
Qi(t) = |u(t)| €%? (i = P,S), allowing the formation of null eigenvalue (dark)
states described below.

We can write the dark state in the interaction representation and the bare-
state basis |i) (i = 1,0,2) as

[A1(t)) = cos(t)|1) — sin@(t) e*? |2) (94)
and transform it to the Schrodinger picture as follows:

[A1(t)) = Uo(t) [A(8)) (95)
= cos O(t) e “'|1) — sin O(t) e 2% |2)

where Uy(t) = exp (— iHu t/h) (see also Ref. [26]). Since the other two dark
states, |A,(t)) (v = 2,3), turn out not to be connected att = 0 to the |1) state, we
see from Egs. (93 and 94) that a system residing initially in state |1) correlates
exclusively with the |1;(t)) dark eigenvector. Moreover, if the Stokes pulse is
made to precede the pump pulse, this eigenvector executes a smooth transi-
tion from state |1) to state |2), while leaving state |0) unpopulated throughout
the process. Thus, as illustrated in Figure 3.13 (right), we can achieve the
desired complete population transfer.

In the continuous regime, where flying molecules cross mutually space-
shifted light beams, STIRAP has been demonstrated for Na, [21, 187] and
for Ne* atoms [189] and in the pulsed regime for NO [190] and SO, [191].
It has been demonstrated in the “ladder” configuration for Rb [192], with
degenerate or nearly degenerate states [193].

Following the initial works of Bergmann and others, the properties of
three-state STIRAP have been thoroughly investigated theoretically [20, 23,
115, 194]. Among the properties examined were the sensitivity of the popu-
lation transfer to the delay between the Stokes and pump pulse [22] and the
effect of single-photon [195] and two-photon detuning [23]. Going beyond
the RWA [196, 197], parasitic effects due to losses from intermediate state
[198-202] and the existence of many intermediate states [203, 204] have also
been studied.

Generalizations of the three-state STIRAP to multistate chains [189, 205-
209]; to adiabatic momentum transfer [189, 206, 210, 211]; and to branched-
chain excitation [212-216] have been made. The extensions of the three-state
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STIRAP to population transfer via a continuum of intermediate states [93, 95,
215, 217-220], which is related to LICS [2, 69, 78, 101], are discussed in detail
in the next section.

Numerous novel techniques related to STIRAP have been further devel-
oped recently. Examples are the hyper-Raman STIRAP [196, 197, 221],
Stark-chirped rapid adiabatic passage (SCRAP) [222, 223], adiabatic passage
by light-induced potentials [224-227], and photo-associative STIRAP, as a
source for cold molecules [228-231]. Some experimental implementations of
these ideas, e.g., to the formation of dark states in the photo-association of
an atomic Bose-Einstein Condensate (BEC) to form a molecular BEC, have
already been reported [232, 233].

5. THE CONNECTION BETWEEN LICS, CC, AND AP

The focus of this section is to draw the connection between LICS, CC, and
AP. We are mainly concerned with the manipulation of population transfer
by laser pulse in situations involving (multichannel) continua.

51. Coherent population trapping via LICS

Under appropriate conditions, a strong laser field, which alone produces no
ionization, can suppress the ionization by another (“ probe”) laser pulse. The
two fields create a dressed state that is immune to photo-ionization, called a
“trapped” or “dark” state [29, 234].

The first substantial ~70% ionization suppression and population trap-
ping in relation to LICS has been observed in atomic helium [69, 101].
Earlier experiments on LICS have observed dominantly ionization enhance-
ment, with only a few percent recognizable ionization suppression [50-
54, 56, 57, 62, 65]. The LICS in the flat photo-ionization continuum of helium
is a strong and spectrally sharp resonance showing both enhancement and
diminished ionization.

A schematic diagram of the states and transitions involved is shown in
the left panel of Figure 3.14. A dressing pulse couples the initially unpop-
ulated excited state 4s'S, to the ionization continuum thereby inducing the
continuum structure. This is probed by a weaker laser pulse that couples the
initially populated metastable state 25'S, to the ionization continuum. When
the probe laser is tuned across the two-photon resonance, between the states
25'S; and 4s'Sy, a strong and spectrally narrow feature in the ionization rate,
as shown in the right panel of Figure 3.14, is observed. This feature can be
regarded as a 4s'S, resonance embedded in the ionization continuum by the
strong dressing laser (and probed by the weak probe laser). The structure
exhibits a typical asymmetric Fano profile, in which the ionization rate is
controlled by appropriately tuning the probe laser frequency, thereby select-
ing the region of enhanced or diminished ionization. At the minimum of the
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Figure 3.14 Left panel: Helium level scheme and the relevant couplings. The dressing laser
(s = 51064 nm) couples the excited state 4s'S, to the ionization continuum. The induced
continuum structure is probed (at 2 = 5294 nm) through ionization of the 2s'S, state. Right
panel: Variations of the ionization cross section probed with a weak probe pulse, the
frequency of which is tuned across the two-photon resonance between the 2s'S, and 4s'S,
states. The axis of the probe laser beam (diameter 0.5 mm) coincides with the axis of the
dressing laser beam (diameter 3.5 mm). There is no time delay between the pulses. The laser
intensities are I, = 4 MW/cm? and I, = 75 MW/cm’. The experimental profile (dots) is in
good agreement with the result from numerical studies (dotted line), which include averaging
over fluctuating laser intensities and integrating over the spatial profile of the probe laser.
Taken from Ref. [69].

ionization profile the yield is reduced to less than 30% of its unperturbed
value (in the absence of LICS). The figure also shows the result of numerical
simulations [101]. It is also found that the position of the profile minimum
varies linearly with dressing pulse intensity.

The LICS, produced by an idealized Continuous-Wave (CW) laser (steady
amplitude and single-frequency laser), can differ substantially from the
structure produced by a pulsed laser, since the AC Stark shifts produce time-
dependent detunings relative to one- and two-photon resonance. The time-
dependent pulse and frequency effects in population trapping in LICS have
received attention in theoretical works [93]. Using numerical approaches, as
well as approximate analytical solution, it was shown that the trapped pop-
ulation in realistic atomic systems can be sufficiently decreased, to the point
when no population remains in the system, by the increase in laser ener-
gies. Furthermore, the use of properly chirped laser pulses not only helps
to increase the trapped population but also makes the system more stable
against increases in the pulse energy.

Phase control of two-channel photo-ionization rates and coherent popu-
lation trapping induced by four laser fields operating on an atomic system
initially in its ground state |1), which proceeds via a pair of intermediate
bound states, |2) and |3), to a manifold of structureless continua, has also
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been studied [99]. Different effects of the ¢, and ¢, phases of the lasers which,
respectively, drive the |1) < |3) and |2) < |3) transitions were observed.
For example, ¢, = 7 led to the formation of one unstable and two stable
eigenstates, all decoupled from |1). In this way, an atom initially in |1) was
protected from ionization.

Extensions to multibound state LICS have also been made. For example,
atomic coherent population trapping in a multilevel model of LICS, in which
a laser embeds a “Bixon-Jortner-type” quasi-continuum [235] into a struc-
tureless atomic continuum, has been investigated [236]. (The Bixon—Jortner
quasi-continuum model consists of an unbounded set of levels |j), j =
0,£1,%£2,..., of equal spacing, which are all equally coupled to a continuum.)
The finding was that for large detuning the population is trapped in |0).
Interference stabilization against one-photon ionization was shown theoreti-
cally to exist when two atomic levels are coupled by a strong two-color laser
field, in two-photon Raman-type resonance [100].

5.2. STIRAP via a continuum

The first experimental demonstration of coherent population transfer by
STIRAP via continuum states was reported recently [237]. It was realized,
as shown in the left panel of Figure 3.15, by transferring population from
the 2s'S, metastable state of He to its 4s'S, excited state by a Raman-type
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Figure 3.15 The STIRAP via a continuum experiment. Left panel: The coupling scheme in He.
The pump and Stokes lasers couple the initially populated state 2s'S, to the target state 4s'S,
via the ionization continuum (solid lines). Population transferred to the target state can be
ionized by the pump laser (dotted line), too. An off-resonant Raman-type transition between
the initial and target states is also indicated (dash-dotted lines). Right panel: The measured
electron signals versus laser tuning of the pump laser in the two-photon resonance range for
the counter-intuitive pulse ordering. The circles and the triangles indicate slow and fast
electrons, respectively. The solid lines show numerical simulations. Taken from Ref. [237].
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process involving an intermediate continuum. The He 2s'S, state was cou-
pled to the ionization continuum by the pump laser, thereby generating slow
photo-electrons whose kinetic energy is Ey;,, = 0.25eV. The Stokes laser cou-
ples the initially unpopulated state 4s'S, to the same ionization continuum.
While ionization in the above process is eliminated by the formation of the
STIRAP dark state, there is a second channel in which the pump laser ion-
izes the 4s'S, state, generating fast photo-electrons with kinetic energy of
Eyin = 3.31 eV. Since spontaneous emission losses from this state can be safely
neglected, the above second channel is the main source of incoherent losses.

Theoretically, the process can be treated by adiabatically eliminating the
continuum and all off-resonance bound states, as done in our discussion of
partitioning theory. The result is an effective (2 x 2) Hamiltonian involving
only the initial and target states. It has been shown [237] that in the “counter-
intuitive” pulse ordering, the “dark” state of the system evolves, as in three-
state STIRAP, from the initial state to the target state, provided the evolution
is adiabatic.

The measured electron signals at Ey;,, = 0.25eV (circles) and Ey;, = 3.31eV
(triangles) versus the laser tuning of the pump laser of the two-photon res-
onance between the initial and final states are shown in the right panel of
Figure 3.15. The pump laser is 7.5 ns delayed with respect to the Stokes laser.
The signal from the slow electrons shows a pronounced asymmetric Beutler—
Fano line profile [3], which indicates population trapping in a dark state of
the process and thus coherent interaction via the continuum. The signal from
the fast electrons is maximized when the population of the ground states, i.e.,
the signal of the slow electrons, approaches minimum. In this way, the popu-
lation transfer from state 2s'S, to the target state 4s'S, is demonstrated. In the
same panel of Figure 3.15 results of numerical simulations are also depicted.

The maximum transfer efficiency by STIRAP in systems involving con-
tinua is far less than 100%, due to dynamic Stark shifts and incoherent
losses from the target state induced by the pump laser, as theory predicts
[202, 215, 219, 220]. However, since techniques based on incoherent excita-
tion via resonant continuum couplings do not usually permit any transfer
at all, the STIRAP technique offers an advantage in such environments, even
though the efficiency of STIRAP in such cases is far less than in purely bound
systems.

Several theoretical works investigating population transfer via a contin-
uum have been reported. In the earliest model [238], the continuum was
treated as a Bixon—Jortner-type [235] unbounded set of equally spaced quasi-
bound states. In such a model complete population transfer was shown to be
possible [238]. Soon thereafter it was however pointed out [239] that com-
plete population transfer via a true continuum is not generally achievable.
Several works have tried to maximize the transfer efficiency, by employ-
ing structured continua; auto-ionizing states [240]; or in the case of LICS
by controlling the Stark shifts, the area of laser pulses, and the effect of
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the incoherent channels of ionization [202, 219, 241]. Alternatively, chirped
lasers have been used in combination with STIRAP for enhancing the popu-
lation transfer via the continuum [242]. In this case the highest efficiency is
obtained for a particular nonzero value of the two-photon detuning between
the pump and Stokes pulses.

Generalized STIRAP schemes, including more than three states, for which
one state is a continuum have been studied. The bound state tripod system
[243, 244] has been extended to a tripod system coupled via a continuum
[95], as shown in the left panel of Figure 3.16. In this scheme, it is possible
to find laser parameters which allow for ionization-free partial population
transfer between the discrete states within the counter-intuitive pulse order,
as shown in the right panel of Figure 3.16.

Figure 3.17 demonstrates a LICS-STIRAP scheme for maximizing the
ionization from a discrete state coupled to a continuum by a two-photon
transition via a lossy intermediate state whose lifetime is much shorter than
the interaction duration [97]. As in three-level STIRAP, the counter-intuitive
pulse ordering is most efficient. It achieves almost complete ionization by
embedding a third discrete state into the continuum using a third control
laser.

The deleterious effect of AC Stark shifts can be minimized by employ-
ing the LICS-SCRAP scheme [96], shown schematically in the right panel
of Figure 3.17. This scheme uses in addition to the two-photon pump
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Figure 316 Left panel: Sketch of the tripod scheme involving three discrete states coupled
via a common continuum by three lasers. Right panel: Population of the discrete states and
the ionization probability versus the pulse width of the pump and Stokes pulses within the
counter-intuitive pulse order. Taken from Ref. [95].
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Figure 3.17 Left panel: The scheme for ionization by LICS—STIRAP. (Taken from Ref. [97].)
Right panel: The scheme for maximizing population transfer to state e by LICS—SCRAP. (Taken
from Ref. [96].)

laser a second field to control the dynamic Stark shifts via SCRAP, thereby
suppressing undesired photo-ionization. The proposed method is illustrated
by numerically simulating the two-photon excitation of the 2s metastable
state of H [96]. By carefully choosing the laser parameters (peak intensities,
pulse delay, and detuning) population transfer to the target state can be as
high as 86%.

5.3. Use of LICS in CC

The use of LICS in the control of a molecular process was first demonstrated
experimentally [89] in the branching PD process

Na(3s) + Na(3d) «— Na, — Na(3s) + Na(3p).

The experiment was based on theoretical predictions that LICS can give rise
to channel selectivity [245-247]. In these works it was shown that the dress-
ing of a continuum with an initially unpopulated bound state by a laser of
frequency w,, performed while exciting a populated bound state to the same
dressed continuum using a laser field of frequency w,, results in a quantum
interference whose (destructive or constructive) character depends on the
final channel. An illustration of this scenario is shown in the left panel of
Figure 3.18.

The character of the quantum interference in the above scenario as shown
in Figure 3.18 depends on the relative frequency between the two laser fields.
Therefore, selectivity between the Na(3s)+Na(3p) and the Na(3s)+Na(34)
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Figure 318 Left panel: The molecular LICS scheme for Na,. In this scheme a 2w-photon
excitation interferes with an w, photon. The two-photon process proceeds from an initial
sate, assigned here as v = 5,/ = 37, via the v = 35, ) = 36,38 levels, belonging to the
interacting A'Z,,/*I1, electronic states, acting as intermediate resonances. The , photon
dresses the continuum with the (initially unpopulated) v = 93,/ = 36 and v = 93, = 38
levels of the A'E,/*T1, electronic states. Right panel: Experimental Na(3d) fluorescence
(solid) and Na(3p) fluorescence (dashed) (both uncalibrated) for the Na, —>Na(3s)+
Na(3p)/Na(3d) LICS scenario of the left panel, as a function of the w, frequency. The w,
frequency is fixed at 17 47412 cm ™. Taken from Ref. [89].

channels can be achieved by varying w; or w,. Importantly, this effect is vir-
tually independent of the relative phase between the two light fields, i.e.,
the light fields need not be coherent. Thus, although the control depends on
quantum interference, the interference cannot be destroyed by incoherence
of the incident laser radiation.

In the right panel of Figure 3.18 the experimental Na(3d) and Na(3p) emis-
sion as a function of w, at a fixed w; is shown. As expected [245-247], the
Na(3d) yield dips when the Na(3p) yield peaks. The controlled modulation
of the Na(3p)/Na(3d) branching ratio is exceeding 30%. Theoretical calcula-
tions of the Na(3d) yield resulting from PD of a single initial Na, bound state
are presented in the left panel of Figure 3.19 and contrasted with the experi-
mental results. The same is done in the right panel of the same figure for the
Na(3p) yield. The agreement with the experiment is obviously good. More-
over, considering the uncertainties in the theoretical potentials for the Na,
dissociation used, the agreement of theory and experiment (in particular in
the Na(3d) case) is impressive.

LICS control over branching reactions was also demonstrated in the
two spin—orbit ionization continua of Xe [88]. The photo-ionization of Xe
atom to yield the two spin-orbit Xe* + e~ continua can be varied by
electromagnetically embedding into the continua an atomic bound state.
The dressed 2Py, continuum, when probed by a three-photon absorp-
tion from the ground state, exhibits a pronounced induced structure,
whereas the ?P;/, continuum possesses no such structure, as demonstrated
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Figure 319  Comparison of the experimental and theoretical Na, —>Na(3s)+Na(3d) yields
(left panel) and Na, —> Na(3s)+Na(3p) yields (right panel) as a function of w,. In the
calculation, an intermediate v = 33, = 31,33 resonance is used and wy is fixed at 17720 cm™".
The intensities of the two laser fields are I(w;) = 1.72 x 108 W/cm? and

I(w,) = 2.84 x 108 W/cm?. The w, frequency axis of the calculated results was shifted by
—1.5cm™" in order to better compare the predicted and measured line shapes. Taken from
Ref. [89].

by high-resolution photo-electron spectra. The ionization ratio in the 2Py
and ?P;;, channels is controlled by the frequency of the dressing laser
field.

The use of LICS in the production of spin-polarized photo-electrons has
also been investigated [90]. The general theoretical results have been applied
to Rb and Cs. In both cases, enhancement of a factor of ~2 in the degree of
spin polarization has been obtained by the introduction of a dressing laser at
intensity larger than 10° W/cm?.

An additional example deals with the modification of the K atom photo-
electron angular distribution by a dressing laser [91]. In this scenario the
branching ratio into different ionization channels is controlled by detun-
ing the dressing laser relative to the probe laser. As a result, the electron
angular distribution is altered [91]. Alternatively, the photo-electron angu-
lar distribution can be affected by varying the polarization angle between
the linearly polarized probe and dressing lasers [91]. The angular distribu-
tion of atomic photo-electrons by LICS has been also theoretically studied in
the ultrafast domain [92], a technique that complements CC in the frequency
domain [248].

A scenario which merges the techniques of CC and AP, called CCAP, has
recently been developed [26]. It enjoys the CC selectivity between competing
quantum states and the completeness of the population transfer process as
afforded by AP. Originally, the CCAP approach was confined to the control of
bound state dynamics. It was recently extended [249] to the multicontinuum
channel control.
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Figure 3.20 The CCAP in the continuum scheme: A multipath two-photon process links a
bound state to M degenerate channels via N intermediate bound states. Taken from Ref.
[249].

The CCAP solution to the multichannel quantum control (MCQC) prob-
lem [249] is based on the multipath Raman scheme shown in Figure 3.20. One
couples the initial state |0) and the degenerate |EY) (¢ = 1,...,M) target conti-
nuum states via N nondegenerate intermediate bound levels |k) (k = 1,...,N).
The laser frequencies are tuned to induce one-photon resonant transitions
from |0) to the intermediate states and to be in one-photon resonance with
the transitions from the intermediate states to the continuum energy E of
the degenerate multichannel states |[ECY) (¢ = 1,...,M). Similar schemes have
been used previously for excitation of very high-lying vibrational levels in
molecules [250].

The multichannel control is complicated by the existence of uncontrol-
lable “satellite” transitions [2, 25], i.e., transitions whose total energy differs
from the target continuum energy E. Because usually only one quantum
path contributes to such satellites, no control is possible [25]. These tran-
sitions inevitably degrade the effectiveness of the control mechanism, as
recent studies have clearly demonstrated [237]. However, the degree of
degradation may significantly vary between different systems. Neverthe-
less adequate control was demonstrated in such cases as the PD of the CH;l
molecule [249].

The total Hamiltonian is given as H = H, + H,,, where H, denotes the mat-
ter Hamiltonian and H, is the matter-radiation interaction term. Defining
the bound and continuum eigenstates of H, via the eigenvalue relations as
(h@, — Ho)lk) = (E — Hp)|[E®") =0,k =0,...,N, £ = 1,....M, we express Hy, as

N o
Hiv=— > (fox - Eokl0)(k|+

x‘
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N
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where jig, and [ (E) are the electric dipole matrix elements for the
bound-bound and bound-continuum transitions, respectively, and go,k =
Re{Eo,keo,k(t)e""”Ofk'} and & = R.{Ee(te- '} are the corresponding electric
field amplitudes with pulse envelopes ¢, (t) and €(t).

The system wave function is expanded as |W(t)) = Y ., bi(t)lk)e ™ +
Zil [ dEbL(t)|[ECY)e /", After substitution into the Schrodinger equation,
ih|W) = H(t)|¥), invoking the RWA, and neglecting off-resonant terms, we
obtain

. N .

b= i) QF b e,
kill

bo= i} Qb (97)
k=1

. M .
b= iQy, by+iY. [dE QF, bl e b,
=1

where Qq = fio-Eo€01/2h, QF, = jig «(E)-Exer/2h, and AE, = ax—(E—E)/h.
It follows from Egs. (97) that

aby)
OE

N
iy (itAL,/h+ Bf,) by €%, (98)
k=

1

where Af, = Q(t) and By, = Q(t)/0E. For an unstructured (“flat”)
continuum, B , ~ 0 is valid.

It has been shown [251, 252] that AP methods enable population trans-
fer to/from a continuum while keeping the intermediate states essentially
unpopulated, bi(t) =~ 0 (k = 1,...,,N). It follows from Eq. (98) that in this case,
|3(bt)/9E| can be very small, resulting in the approximative separability of the
time and energy variables in the b;(t) coefficients. Thus as long as the transfer
is adiabatic, which warrants that the intermediate |k) state population is low
[251, 252], we can assume the separable form

bi(t) = f(E)Bi(t). (99)

We note that the f(E) function obeys the normalization condition
JdE|f(E)]* = 1, and that the channel-specific B,(f) functions obey the initial
B:(0) = 0 condition.

Equation (99) allows us to derive an approximate analytic solution to the
MCQC problem, which is validated below by comparing it to the numerical
solution of Egs. (97). Using Eq. (99), we can now write Egs. (97) as

M
by =i by +1Y / dE QF (Hf(E)B.(He ™, (100)
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Bi=i) / dE f*(E)2,(Hbi(t) €5 . (101)
k=1

We can now solve a simplified set of first-order ODE i¢(t) = E(t) c(t), where
c = (by, by, ..., by, B1,---, ﬂN)T and E(t) is given as

0 Sz(] 0 S21
HhH=| € 0 H: | He=| = |. (102)
0 H. o o

The vectors that make up the H(f) matrix are defined as
90 = (QO,II"'IQO,N) ’ (103)
Q = A1, m), k=1,...,N, (104)

with A(t) = [dE exp (— iAE)f(E).

The derivation of Egs. (102-104) invokes the slowly varying continuum
approximation (SVCA) [253] (“flat” continuum approximation), according
to which the Rabi frequencies QF , are approximated as Qf , ~ Q@ , = jiy,((E) -
&/2h, with E being the continuum energy at the pulse center E = E;/h — w.

We can achieve complete population transfer by choosing M = N and
applying the pulses in the “counter-intuitive” order (where the Stokes &
pulse precedes the pump Eox pulse), provided H is a regular matrix. In that
case D = det(Hg) # 0 and the Hamiltonian H(f) has only one zero eigen-

value, whose (“null”) eigenvector is given as d = (1,0,x)T, where 0 denotes
an N-dimensional zero vector and x is an N-dimensional vector given as
x = —H;'®]. Direct operation by H(t) on (1,0,x)T confirms the identity of
d as a null eigenvector. B

Choosing the 2 vector of Eq. (103) to be proportional to the ¢th column of
H, e.g., @, « ﬁ-/l, causes d to correlate initially (at ¢t = 0) with the |0) state
and to correlate finally with S,(fe.q) of a single channel. Due to the linearity of
our time-dependent ODE, the choice

M
Qo0 @Ry, i=1,.N (105)
k=1

leads in creating at the end of the process the superposition state
S M. a4, f(E)|[E-Y). We also note that since the A(t) factor appears during the
transfer process in the SZS control fields, as well as in the Hgl matrix, it is
effectively canceled out, thus rendering the transfer robust with respect to
the exact functional form of f(E).
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Figure 3.21 A schematic depiction of the PD of CH;l: A rovibrational state of the electronic
ground state X'A, is excited by a photon of frequency w to energetically degenerate
continuum states of the coupled anti-binding 'Q; and *Q, electronic states. Taken from Ref.
[249].

We now demonstrate the use of Eq. (105) for the control of the PD of CH;I
initially in its electronic ground state X'A; to yield a vibrationally excited
CHj; and a ground and excited iodine atom

CH3(U) —+ I*(zpl/z) <— CH3I — CHg,(v) + I(2P3/2) , (106)

where v denotes the CH; umbrella-mode vibration. The process takes place
via the 3Qp and 'Q; excited electronic surfaces [254], as shown in Fig. 3.21,
which correlate with iodine in the excited I*(*P;,) and ground I(*P;,) states,
respectively.

In the calculation we have treated CH;I as a pseudo-triatomic molecule
[254]. It is viewed as a rotating linear molecule composed of the I, C, and H;
groups, with the XA, *Qo, and 'Q, potential energy surfaces being functions
of the Ry bond length (“CI stretching mode”) and the distance Rcpy3 of the
C atom from the H; plane (“CH; umbrella mode”). In this model, we denote
the states as |],v¢;,v), where | designates the total angular momentum, and
vcr and v are the number of vibrational quanta in the stretching and umbrella
modes, respectively. All other vibrational modes are assumed frozen.

We consider the PD of CH;I by a multipath two-photon process from the
10,0,0) = |0) of the XA, surface via excited states |1,0¢1,0) of the same sur-
face. The |],vc;,v) states on the XlAl surface are obtained using the potential
surface of Ref. [254] within the rigid-rotor approximation; the corresponding
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transition moments are calculated using an electric dipole surface obtained
by ab initio methods. The transition moments between different electronic
states are obtained as in Ref. [254]. According to our calculations, there are
10 such states with 0 < v, 0cs < 5 that are connected to the |0) state
by nonnegligible electric dipole matrix elements, and we use all of them
as intermediate |k) states of the process. The dissociation of CH;l from the
k) states to an overall continuum energy of E = 38465cm™" above E,, the
energy of the |0) state, takes place further. At energy E, the CH; can be
formed in up to eight umbrella-mode vibrational states (vcy; = 0,...,7) of
each of the *Q, and '(Q; electronic states. We also refer to Ref. [249] for further
details.

We study the performance of our approximative analytic solution of
Eq. (105) in different cases, including the presence of “satellites,” by
comparison to numerical solution of the “exact” Egs. (97) within the
SVCA [251],

. N

bO - lZ QO,kbk/

. = M M

by =i by—ZY > GI'\b,, (107)

12

I
—
I
—

m:

bL(h) _zz [ arQE (#)by(F) o5,

with G7,() = 2. () @, (.

We first demonstrate complete and selective population transfer when
the number of intermediate states N = 10 is equal to the number M of
continuum channels |[ECY) (¢ = 1,..,10), ideally when all “satellites” are
neglected. In doing so we can safely ignore the higher umbrella-mode ¢ =
6-8,14-16 channels, whose transition moments from the intermediate states
were computed to be much smaller [249] than for the lower ¢ = 1,...,5 and
¢ = 9,..,13 channels. The forms of the pump and Stokes pulses used are
Qrexp (—(t — 7)*/7?) and QM exp (—1?/7?), respectively, with T ~ 2ns and
Q5] = Q| ~ 0.01ps.

The Py(fens) = J dE |bL(E tena)> (¢ = 1,...,10) final channel population for
a control pulse given by @, = 0.5}Q;; + 0.33Q;, + 0.157Q;, + 0.05:Q;,
(i = 1,.,N) is shown in panel (a) of Figure 3.22. As anticipated, the
final populations correspond exactly to the composition of the control
pulse used, when Eq. (102) is used. In panel (c) of the same figure, we
present Py(teq) (¢ = 1,..,10) for the same control field obtained by solv-
ing the “exact” Egs. (97); we see that the control field derived for use with
Eq. (102) performs extremely well even when the “exact” Egs. (107) are
used: the results in panel (a) and panel (c) of Figure 3.22 are practically
identical.
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Figure 3.22 The PD of CH;l at E = 38465cm™, with N =10 and

Qp, = 0578 + 032, 4 015795 + 0.052 Q4 (i = 1,N). (3) Pe(tena) (€ = 1,..,N), using

Eq. (102), of the first five channels of the 'Q, and the first five channels of the *Q, electronic
states. (b) As in (a) but including also the N(N — 1) “satellites.” (c—d) As in (a) and (b),
respectively, using the “exact” Egs. (107). Taken from Ref. [249].

When we take into account the strongest “satellites” related to the
N = 10 intermediate states, which in our case correspond to N(N — 1) com-
binations of one pump photon and one Stokes photon with total energy
E # 38465cm™, the degree of control is diminished. In panels (b) and (d)
of Figure 3.22, we present the populations P(feq) (¢ = 1,...,10) obtained
using Eq. (102) and the “exact” Egs. (107) including the above “satellites”
for the same control field as in panels (a) and (c). In both cases, the com-
pleteness and the selectivity of the transfer to the M degenerate channels are
being degraded, with completeness being affected more than selectivity; the
population transferred is diminished about 40-50% due to the presence of
numerous “satellites.” However, the results in panels (b) and (d) are very
similar.

Lastly, we study the PD control including all M = 16 degenerate channels
in the 'Q; and 3Q, electronic surfaces accessible from the chosen N = 10 inter-
mediate states. In Figure 3.23, we present the P, (¢ = 1,...,16) using Eq. (102)
(panel (a)) and the “exact” Egs. (107) (panel (c)), for £ = 1,...,16 different con-
trol fields, with corresponding components Q;; = Q;, (i = 1,..,10) in the
absence of “satellites,” where a completely filled diagonal indicates perfectly
selective PD control. In both cases, the completeness and the selectivity of the
transfer are adequate, but not 100% due to the fact that N # M. As before,
inclusion of the N(N — 1) “satellites” in the transfer, shown in panels (b)
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Figure 3.23 The PD of CH;l at E = 38465cm™ with N =10 and M = 16, for £ =1,...16
control fields, with corresponding components Q;, = Qi¢ (i = 1,.,10): (a) Py(tena), Using

Eq. (102), for eight channels (¢ =1,...,8) of the 'Q, and eight channels (¢ = 9....16) of the *Q,
electronic states. (b) As in (a) but including N(N — 1) “satellites” in the transfer process, as well.
(c—d) As in (a) and (b), respectively, but using the “exact” Egs. (107). Taken from

Ref. [249].

and (d) of Figure 3.23 for control fields as in panels (a) and (c), degrades the
completeness of the transfer further, about 50% with respect to the results of
panels (a) and (c), respectively; as before, the selectivity is much less affected
by the presence of the “satellites.”

6. SUMMARY

In this review we have tried to demonstrate the uniformity of such phenom-
ena as LICS, EIT, and AP via a continuum. Our focus has been on coherence
effects in situation involving (multiple) structured continua. We have also
discussed the merging of the CC and AP methods and their use in con-
trolling population transfer to multi-channel continua. We have discussed
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recent advances in coherent population trapping via LICS and in general-
ized STIRAP schemes including continua. Clearly, the research area related
to (radiation-induced) structures in continua is a very active field, which is
linked to various sub-disciplines in physics, chemistry, and material science.
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Abstract

The chapter discusses certain formal properties of field-free and field-induced
unstable (nonstationary or resonance) states in atoms and molecules which
are embedded in the continuous spectrum, and corresponding methods for
the practical solution of the many-electron problem (MEP) that accompanies
the requirement of the ab initio computation of their wavefunctions
and of measurable quantities. It synthesizes new material and commen-
tary with selected published theoretical and numerical results by the
author and collaborators, going back to Nicolaides, Phys. Rev. A 6, (1972)
2078.

Because there is a central theme that pervades the formalisms and
applications of this work, its framework has been given the generic name
of: The state-specific approach (SSA) (Nicolaides, Int. J. Quantum Chem.
60, (1996) 119; ibid, 71, (1999) 209). According to the SSA, critical to the
development of formalism which is physically helpful as well as compu-
tationally practical is, first, the choice of appropriate for each problem
forms of the trial wavefunctions and, second, the possibility of employing
corresponding function spaces that are as specific and optimal as possi-
ble for the state and property of interest. A salient feature of the SSA
is that it makes the interplay between electronic structure and dynamics
transparent.

At the core of the analysis and methods that are discussed in this Chapter
is the consistent consideration of the fact that the form of each resonance
wavefunction is W, = aW¥, + Xas (Eq. (4.]) of text). If necessary, the extension
to multi-dimensional forms is obvious. Depending on the formalism, the coef-
ficient a and the “asymptotic” part, Xgs, are functions of either the energy (real
or complex) or the time. The many-body, square-integrable, ¥, represents the
localized part of the decaying (unstable) state, i.e., the unstable wavepacket
which is assumed to be prepared at t = 0. Its energy, E, is real and embed-
ded inside the continuous spectrum. It is a minimum of the average value of
the corresponding state-specific effective Hamiltonian that keeps all particles
bound.

The frameworks used in the SSA of this chapter are either energy-dependent
or time-dependent, and engage methods that solve in a practical way the
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corresponding Schrédinger equations nonperturbatively. Both Hermitian and
non-Hermitian formalisms have been applied, using the Coulomb or the rela-
tivistic Breit—Pauli Hamiltonians.

As regards the theme of irreversible decay, the discussion examines briefly
aspects of the relevance of three time domains: (1) The regime of exponential
decay (ED), e™™, which is the regime that defines the resonance state on the
energy axis in terms of its energy, E,, and its width, T". (2) The regime of pre-ED,
which defines the degree of stability of a(f)¥, subject to interactions with
Xas(t), and (3) The regime of non-ED that starts after a duration of (normally)
many lifetimes in the ED regime.

The information on the bulk of the interparticle interactions is contained
in Wy, even though the decay properties are obtained only after input from
Xas has been added. It follows that its accurate and systematic computa-
tion is of prime importance. Instead of following procedures of brute-force
diagonalization, the calculation of W, for electronic structures is done directly,
via the solution of state-specific Hartree—Fock (HF) equations under special
orbital constraints. The practicality of this approach even for open-(sub)shell
multiply excited resonances was demonstrated in the 1972 paper, thereby
opening the way for later computations that start with state-specific mul-
ticonfigurational HF equations and tackle efficiently the MEP and elec-
tron correlation in the context of appropriate formalisms for resonance
states.

When a Hermitian, real energy formalism is adopted, the mixing of
bound-scattering components in the case of field-free resonances is com-
puted from a multichannel (in general) K-matrix formalism, with frozen-core,
term-dependent, energy-normalized HF scattering orbitals as basis sets for
the continuous spectrum. On the other hand, following our work from the
1970s and early 1980s, it is shown that starting from Fano’s 1961 Hermitian for-
malism which accounts rigorously for discrete-continuum mixing, when the
appropriate boundary conditions are imposed formally on the solution of
the Schrédinger equation in the vicinity of E,, two adjoint complex eigen-
value Schrédinger equations (CESE) emerge naturally, whose eigenfunctions
have a two-component form, while their eigenvalues are complex conju-
gate. The physically acceptable solution for a decaying state,W,, is the one
with the outgoing-wave boundary condition, for which the complex energy
is z, = E, — (i/2)". Methods have been developed and applied for the non-
perturbative solution of the corresponding state-specific CESE for both the
field-free and the field-induced cases, within non-Hermitan formalisms with
optimized superpositions of real and complex functions of real or complex
coordinates.

In summary, the discussion includes formalism and analysis contributing to
the understanding of the nature of unstable states, as well as indicative theo-
retical and numerical examples from applications to atoms and molecules, and
related comparisons with other methods, concerning prototypical problems of
autoionization, predissociation, series of isolated and overlapping resonances,
structure and spectroscopy of doubly and multiply excited states, multiphoton
ionization, field-induced polarization, etc.
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1. BEYOND PURE FORMALISM: THE IMPORTANCE OF SOLVING
EFFICACIOUSLY THE MANY-ELECTRON PROBLEM (MEP) FOR
UNSTABLE (OR NONSTATIONARY, OR RESONANCE) STATES IN
THE FIELD-FREE AND FIELD-INDUCED SPECTRA OF
MANY-ELECTRON ATOMS AND MOLECULES

... The underlying physical laws necessary for the mathematical
theory of a large part of physics and the whole of chemistry are thus
completely known, and the difficulty is only that the exact appli-
cation of these laws lead to equations much too complicated to be
soluble.

P. A. M. Dirac, 1929 [1]

The difficulty to which Dirac [1] refers in the above well-known quotation is
here interpreted as follows: Concerning the physics of atoms and molecules,
the benefits of theory must go beyond pure formalism and phenomenology
and must allow two things: First, the possibility of computing systematically
from first principles the physically relevant quantities to sufficient accuracy
compared to measurement. Second, the possibility of applying generally
applicable concepts and of facilitating the passing from the computationally
simpler to the more complex, without unnecessary discounts on the required
quantum mechanics (QM) for polyelectronic states.

The theme of this chapter focuses on the possibility of combining in a
practical and economic way essential conceptual and formal elements of
the description of unstable states (also referred to here as nonstationary, as
decaying, or as resonance states) in atoms and molecules, with computational
methodologies that handle the many-electron problem (MEP) for a variety of
electronic structures, especially of excited atoms.

These states are formed inside the continuous spectra of the total Hamil-
tonian and are responsible for phenomena such as resonances in electron
scattering from atoms or molecules, autoionization, predissociation, etc. Fur-
thermore, in this work we also consider as unstable states those states that
are constructs of the time-independent theory of the interaction of an atom
(molecule) with an external field which is either static or periodic, in which
case the effect of the interaction is obtained as an average over a cycle. In
this framework, the “atom + field” state is inside the continuous (ionization
or dissociation) spectrum, and so certain features of the problem resemble
those of the unstable states of the field-free Hamiltonian. The probability of
decay of these field-induced unstable states corresponds either to tunneling or
to ionization—dissociation by absorption of one or more photons.

The conceptual framework of the treatment of the field-induced reso-
nances of work discussed in this article follows from the one that has proven
useful for the solution of the MEP for field-free resonances. Therefore, the
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emphasis in the following sections is on the field-free case. The related for-
malism and computational methodology constitute the background for the
theory and computation of the field-induced resonances which are discussed
in Section 11.

The paper synthesizes new material and commentary with selected pub-
lished theoretical and numerical results by the author and collaborators,
going back to 1972 [11a]. Because there is a central theme that pervades the
formalisms and applications of this work, its framework has been given the
generic name of: The state-specific approach (SSA) [9, 10]. According to the
SSA, critical to the development of formalism which is physically helpful
as well as computationally practical is, first, the choice of appropriate for
each problem forms of the trial wavefunctions, and second, the possibility
of employing corresponding function spaces that are as specific and opti-
mal as possible for the state and property of interest. A salient feature of the
SSA is that it makes the interplay between electronic structure and dynamics
transparent.

The frameworks used in the SSA of the present article are either energy-
dependent or time-dependent, and engage methods that solve in a practi-
cal way the corresponding Schrédinger equations nonperturbatively. Both
Hermitian and non-Hermitian formalisms have been applied, using the
Coulomb or the relativistic Breit-Pauli Hamiltonians. At the core of the anal-
ysis and methods that are discussed is the consistent consideration of the fact
that the form of each resonance wavefunction is ¥, = aW;+X,, (eq. 1). If nec-
essary, the extension to multi-dimensional forms is obvious. Depending on
the formalism, the coefficient a and the ‘asymptotic” part, X,,, are functions
of either the energy, (real or complex), or of time. The many-body, square-
integrable, W,, represents the localized part of the decaying (unstable) state,
i.e., the unstable wavepacket which is assumed to be prepared at t = 0. Its
energy, E, , is real, and embedded inside the continuous spectrum. It is a
minimum of the average value of the corresponding state-specific effective
Hamiltonian that keeps all particles bound.

When a Hermitian, real energy formalism is adopted, the mixing of bound-
scattering components in the case of field-free resonances is computed from
a multichannel (in general) K-matrix formalism, with frozen-core, term-
dependent, energy-normalized Hartree-Fock (HF) scattering orbitals as basis
sets for the continuous spectrum. On the other hand, following our work
from the 1970s and early 80s, it is shown that starting from Fano’s 1961
Hermitian formalism [29] which accounts rigorously for discrete-continuum
mixing, when the appropriate boundary conditions are imposed formally
on the solution of the Schrodinger equation in the vicinity of, two adjoint
complex - eigenvalue Schrodinger equations (CESE) emerge naturally, whose
eigenfunctions have a two-component form whilst their eigenvalues are com-
plex conjugate. The physically acceptable solution for a decaying state,, is
the one with the outgoing-wave boundary condition, for which the complex
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energy is z, = E, — (i/2)I". Methods have been developed and applied
for the nonperturbative solution of the corresponding state-specific CESE for
both the field-free and the field-induced cases, within non-Hermitian for-
malisms with optimized superpositions of real and complex functions of real
or complex coordinates.

Finally, as regards the theme of irreversible decay, the discussion exam-
ines briefly aspects of the relevance of three time domains: 1) The regime of
exponential decay (ED), exp (— I't), which is the regime that defines the res-
onance state on the energy axis in terms of its energy, E,, and its width, I'".
2) The regime of pre-ED, which defines the degree of stability of a(t)¥, sub-
ject to interactions with X,(t), and, 3) The regime of non-ED that starts after
a duration of (normally) many lifetimes in the ED regime.

11. The need to combine transparent theory of unstable states with
practical computational methods for the solution of the MEP in
atoms and molecules

It is well known that very simple systems or simple models of polyelec-
tronic systems are very often the basis for a variety of theoretical treatments,
ranging from phenomenology to quantitative answers. For the requirements
of certain problems, such approximations may suffice. However, regardless
of how pleasing the visualization and the computational facility of sim-
ple models are, the fact is that atoms and molecules are not, say, textbook
one-dimensional systems, nor are their properties understood by simply
examining only low-lying states of, say, one- or two-electron systems. At the
end of the day, theoretical work (and of course experimental one as well!) has
to deal with real systems of arbitrary structures and to tackle the omnipresent
MEP. Any formalism, no matter how rigorous and detailed it appears to
be, whose basic structure does not facilitate the computational solution of
various MEPs involving resonance states, is limited either to descriptive phe-
nomenology (which is, of course, valuable when needed) or to special simple
cases where calculation becomes feasible.

A paradigm of such a limitation is the one concerning the rigorous appli-
cation of Feshbach’s widely cited formalism that explains the formation and
effects of resonances in nuclear reactions [2]. The faithful implementation
of this formalism, as regards the use of properly defined projection opera-
tors, to resonance states of atomic systems was first demonstrated in 1965
by O”’Malley and Geltman [3a], albeit only for certain low-lying resonance
states of two-electron atoms. The papers which ensued along these lines
for two-electron systems have explored aspects of high computational accu-
racy, e.g., Ref. [3b]. However, as the authors of those papers in the 1960s
and early 1970s pointed out, this theory-based procedure is valid and practi-
cal only for two-electron systems, since there, the target states are known
exactly, the properties of the projection operators are rigorously satisfied,
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and the computational algorithm is in harmony with the formalism. In
order to bypass the intrinsic requirements of the Feshbach scattering for-
malism as regards its extension to systems with more than two electrons,
modifications were advanced during the 1980s in terms of “quasi-projection
operators” and applied to the lowest-lying resonances of the three-electron
He™ and Li [4]. A few years after the publications of Temkin and Bhatia [4a],
Bylicki [5] penetrated into essential theoretical aspects of this problem in con-
junction with systematic computations on three-electron resonances of He™.
For example, he paid attention to the choice of orbital orthogonality condi-
tions when defining projection operators onto open and closed channels—a
practical approximation originating, as Bylicki pointed out, in the polyelec-
tronic theory of Ref. [11]. In any case, regardless of how the “quasi” Feshbach
operators are chosen, the awesome difficulties of electronic structure and of
the MEP which accompany the “Feshbach projection and quasi-projection”
methods remain [3-5]. Therefore, the direct implementation of the Fesh-
bach (P, Q) formalism for high-level computational purposes, which has
been demonstrated in low-lying resonance states of two-electron systems,
has faced practical as well as fundamental difficulties when it comes to reso-
nance (autoionizing) atomic states of various types and energies and of any
number of electrons.

In order to emphasize from a different angle the argument about com-
putation, suppose one considers one of the rigorous results of scattering
theory [6, 7], namely, that the isolated resonances in scattering cross-
sections correspond to simple complex poles of the (multichannel in gen-
eral) S-matrix. These complex poles define the complex energies at which
the equation of Schrédinger has solutions with no incoming waves and
with only outgoing waves in all channels, a result which was made
explicit in Siegert’s treatment of s-wave scattering by a short range poten-
tial [8a].

Well, even though the general formulas of scattering theory exist, one is
entitled, many decades after the establishment of the formalism, to ques-
tions such as the following: What is the physical origin of the S-Matrix
complex poles representing resonance states, and how is this reflected on
the ab initio construction of the S-matrix?: How easy is it to compute accu-
rately these S-matrix poles for, say, elastic and inelastic scattering of electrons
by arbitrary N-electron atomic states, over a certain range of energies and
for various symmetries? The answer given by anyone familiar with the field
would not be encouraging, even for isolated states, which is the main object
of the formal discussion in this chapter. For example, the electronic struc-
tures of the resonance states corresponding to the complex poles that have
to be uncovered in such a scattering-type calculation may differ consider-
ably from state to state. Furthermore, the real and the imaginary part of each
pole may differ by orders of magnitude. In addition, the possible presence of
pseudo-resonances complicates things.



Theory and State-Specific Methods for the Analysis and Computation 171

In fact, things become much more complicated when it comes to the ab
initio computation of neighboring resonances, a few of which may be over-
lapping. For example, such is the case of the resonance state spectra of
H~ for different symmetries, which is the subject of Section 7.2.

The inevitable conclusion that follows from considering the above is that,
even if all the details of formalism and of techniques of electronic structure
were understood in a practical way, reliable calculations of the S-matrix and
of its complex poles representing resonance states would be computation-
ally extremely demanding, if not impossible, even with today’s computers,
at least if the problems were approached in the way that calculations of
scattering processes have thus far been carried out.

1.2. Formalism and polyelectronic methods in the framework of the
state-specific approach

The main focus in this chapter is on two themes: On the one hand, the
discussion aims at presenting, without many formulae, certain critical char-
acteristics and properties of unstable states in general, and, in particular, of
states that are normally represented by multi-particle wavefunctions, such as
the ones that are found in the spectra of atoms and small molecules. On the
other hand, the discussion aims at demonstrating why and how it is possible
to tackle, from first principles and from a many-electron point of view, a large
number of problems that have to do with field-free and field-induced unsta-
ble states, for which reliable electronic structure calculations are, in principle,
feasible.

Only certain issues which are considered basic to the aims of the review
and to the understanding of the theory and of the computational methodol-
ogy are discussed, in frameworks which include both energy-dependent and
time-dependent analyses and methods. Of course, additional information on
formal analysis (some of which is not friendly to computational prospects),
on various theories and their implementation, on computations and on mod-
els can be found in the numerous publications that have dealt with the huge
topic of resonance states. It is hoped that many of these can be found by the
reader by studying the chapters of this volume.

As regards calculation and the necessity of tackling efficiently the MEP
for a large variety of cases, both the herein discussed formalism and the
corresponding computational methodology have been developed based on
the following assertion: Especially for excited states, it is critically impor-
tant to utilize state-specific forms of the trial wavefunctions, to analyze the
origin and contributions of the different main parts, to represent them by
different function spaces which reflect their different types of contribution
to the physics of each problem, and to optimize these functions by suitable
procedures. For this reason, the relevant formalisms and methodologies have
been named collectively the state-specific approach, e.g., Refs. [9, 10].
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The various analyses, examples and applications of the SSA which are
presented in the sections that follow, show how reliable wavefunctions of
unstable states can be obtained. These have a form which is transparent and
usable regardless of whether they describe field-free or field-induced excited
state systems of, say, 2, 15, or 30 electrons and of whether there is one or
many open channels. In this way, additional properties and good under-
standing of the interplay between structure and dynamics can be (and indeed
have been) obtained. The discussion, in conjunction with the corresponding
references, explains how the SSA has formed the framework for the formal
and computational treatment—nonperturbatively—of a variety of prototyp-
ical problems involving field-free as well as field-induced resonance states in
atoms and in small molecules.

Molecular applications have thus far involved the calculation of the elec-
tronic structure and potential energy surfaces of negative ion “compound
states” and of “diabatic states” in the continuous spectrum of polyelectronic
diatomics and triatomics and of energies and partial widths with interchan-
nel coupling of vibrational shape and predissociating resonances of diatomics.
The same principles and methodologies can be applied to many more such
cases.

A word about the field-induced case: This is concerned with problems
where the Hamiltonian includes the time-independent or time-averaged
(over a cycle) interaction of atomic or molecular ground or excited states
with strong static and ac fields, where low-order perturbation theory does
not suffice. Following the framework of the decaying state with a complex
eigenvalue that was (is) used for the field-free case, these problems are
formulated as field-induced resonance states, where the interaction mixes
the field-free states, represented by function spaces with real coordinates,
with the continuous spectrum, where the free electron(s) are represented
by orbitals of complex coordinates (Section 11). A practical, non-Hermitian,
complex-energy methodology has been developed and applied for the
nonperturbative computation of quantities such as rates of multiphoton
ionization and above-threshold ionization, double ionization with electron
pair correlation at threshold, dc-field-induced ionization and hyperpolar-
izabilities, field-induced shifts and widths of doubly excited states (DESs),
ionization control by di- or tri-chromatic fields. In addition, mention is also
made of the fact that the problem of atom-strong field interaction has also
been tackled in terms of large-order perturbation theory with complex energies,
where the computation of the terms uses function spaces that can be state
specific.

I close this introduction by making two comments:

(1) Aspects of the contents of this chapter have been placed in a historical
context, supplemented by appropriate references. Such a chronological
perspective always enhances the understanding of the significance of
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the introduction of new approaches and methods. For example, up to
the beginning of the 1970s, the published bound-state-type methods for
approximating resonance state wavefunctions had been using single sets
of bound orbitals (see Section 2 and its references). At the same time,
it was not known whether it was legitimate and/or possible to solve
directly the HF equations for complicated excited state structures with
open (sub)shells that are in the continuous spectrum. The possibility
of finding such HF solutions that are physically meaningful was first
demonstrated in Ref. [11], where valid state-specific HF wavefunctions
for the prototypical triply excited He™ “2s*2p” ?P° and “2s2p*” *D reso-
nance states were computed, subject to orbital constraints of orthogonality
and asymptotic behavior and to the satisfaction of the virial theorem,
which, in combination with computational experience, secure proper
convergence of the variational computation. Once such HF wavefunc-
tions are obtained (in modern times this is done systematically, especially
in terms of the solution of state-specific numerical multiconfigurational
HF (MCHF) equations), the computation of electron correlation and of
the multichannel continuum involves the implementation of advanced
but practical methods and the use of different function spaces (see later
sections in this chapter).

(2) The numerical results and the explanatory nature of parts of the follow-
ing sections as regards the understanding and systematic many-electron
treatment of resonances offer the opportunity for the reader to evaluate
the advantages, the limitations, and the shortcomings not only of the SSA
but also of other methods to which reference is made. This ought to be
helpful in current research on a variety of topics on polyelectronic atoms
and molecules. For example, the discussion on the direct computation
of the state-specific localized component of resonance states, ¥, explains
how such wavefunctions can be immediately practical for use in the state-
specific expansion approach (SSEA) which has been introduced as a general
method for the nonperturbative solution of the time-dependent Schrodinger
equation (TDSE) (see Chapter 6).

2. PRINCIPAL CHARACTERISTICS OF THE DOMINANT
THEORETICAL APPROACHES TO THE COMPUTATION OF
UNSTABLE STATES IN ATOMS AND MOLECULES UP TO ABOUT
THE END OF THE 1960s-EARLY 1970s

The essential features of the herein discussed analyses and methods that
have been developed in the framework of the SSA, evolved and diversified
starting from the initial arguments and results of the 1972 publication [11].
It is for this reason that in this section I recall certain facts from that period
concerning the subject of the ab initio computation and analysis of resonance
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states in many-electron atoms and molecules. Of course, for a full exposition
to the situation at that time regarding both theory and experiment, the reader
is referred to the excellent review articles of that period that are cited below.
Here, for reasons of economy, the examples which I use to refer prototypical
resonance states in small atoms. In molecules, the additional degrees of free-
dom due to nuclear motion give rise to extra phenomena, such as dissociative
attachment or predissociation. A thorough review for molecular processes
involving resonances was published in 1968 by Bardsley and Mandl [12],
while in 1973 Schulz [13] reviewed resonances in electron scattering from
diatomics mainly from the experimental point of view.

2. Aspects of concepts and methods prior to [I1]

It is unnecessary, and certainly not in the scope of the chapter, to review here
in detail the formalisms, the computational methods, and the experimental
progress that had been achieved until the end of the 1960s-early 1970s on the
subject of the resonance states of atoms and molecules. It suffices to cite the
reviews of Burke [14, 15], of Smith [16], of Fano and Cooper [17], of Bardsley
and Mandl [12], and of Schulz [13, 18]. (See also the introduction and cate-
gorization of methods in Ref. [11a].) In addition, I note that, concerning the
crucial for theory topic of resonance states of atomic negative ions (ANIs),
the extensive reviews by Buckman and Clark [19] and by Andersen [20] have
covered the period from the late 1960s and early 1970s [18] to 2003. It is worth
noting that an analysis of computational methods of scattering theory as they
were applied by the end of the 1960s, with emphasis on issues of spurious
solutions and with applications to the e + H lowest resonance in the elastic
channel, was published by Shimamura [21].

As it is clear from the aforementioned reviews, following the creation of
QM there were only a few and sporadic contributions to elements of the
physics of resonance (autoionizing) states in atoms until the early 1960s.
Indeed, the systematic research activity concerning the theory and exper-
iment on resonance states in atoms and molecules started in the early
1960s.

In the period between the 1930s and the end of the 1950s, much formal
work had been carried out in the context of research on the nuclear reactions,
where one of the main concepts was (is) that of the “compound state.” The
framework was that of scattering theory. Indeed, some of the ideas and for-
malisms of nuclear physics—e.g., “R-matrix” or “eigenchannel” formalisms,
e.g., Ref. [22], have, in more recent decades, been taken over from the sub-
ject of nuclear reactions and have been implemented appropriately for the
treatment of resonance-state problems in atomic and molecular physics, e.g.,
Ref. [23].

In the start of that early period, results that established fundamental con-
cepts in the theory of unstable states in different fields were published, on the
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one hand by Wentzel [24a] on the rate of the Auger effect, and on the other
hand by Gamow [25] and by Gurney and Condon [26] on alpha particle
tunneling. Wentzel applied first-order time-dependent perturbation theory
and derived an energy-conserving golden-rule type formula expressing the
transition from a bound wavefunction to a scattering state, the perturbation
being formally caused by the full interelectronic interaction. Gamow, Gurney
and Condon considered the (what is now standard) one-dimensional tunnel-
ing potential model. Of special interest to the present discussion is the (ad
hoc) introduction by Gamow of complex energies, whose imaginary part is
the decay rate of the unstable state.

The work of Wentzel [24a] served as reference point for the approaches
that Rice [24b] and Rosen [24c] took toward the initial understanding of the
presence of predissociating states in molecular spectra.

Thus, the essence of the description of unstable states was established in
terms of the model of bound (discrete) level with energy embedded inside a pure
continuum or, to some level of approximation, inside a highly dense series of discrete
levels. The first rigorous mathematical analysis of aspects of such a situation,
from the point of view of spectral theory, was published by Friedrichs in 1948
[27], and his treatment is referred to in many publications as the “Friedrichs
model.” Certain of its basic aims and results can also be found in the 1961
seminal work of Fano (see below).

A few years later, the strong interest in describing nuclear reactions led to
the concept of the “compound state” of the (N + 1) particle system and to
the development, over a few decades, of various treatments of resonances
in the context of scattering theory (e.g., see Refs. [2,6,7,22,23,27-29] and
references therein). Among the main theoretical results from these theo-
ries were the association of resonance states with the 7-jump of the phase
shift on resonance, the correspondence of poles of the S-matrix and of the
resolvent operator (Green’s function) to the energies and decay widths of
resonances, the recognition of characteristic Breit-Wigner resonance profiles
of scattering cross-sections and of related interferences, aspects of formal
properties of resonance eigenfunctions, the possibility of determining, in
principle, the energy positions and widths of the various resonance peaks
in cross-sections, etc.

Also in that early period of nuclear physics, Siegert [8a] showed, from a
simple argument for a short-range potential, that a resonance in the scatter-
ing cross-section is caused by a complex pole of the S-matrix below the real
energy axis, and that the concomitant resonance eigenfunction asymptoti-
cally has the form ¢*’, where k, is the complex momentum of the outgoing
particle, in harmony with the previous Gamow proposal. Extensive and ana-
lytic discussions on formal aspects of the properties of resonance states, on
their biorthonormality and on their use in expansions that are complete,
were published in 1966 by Fonda et al. [8b] and in 1968 by Berggren [28a],
and subsequently by others. An attempt to carry over to problems of atomic
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(molecular) physics (where the long-range Coulomb potential is present), a
formalism of resonance scattering involving outgoing boundary conditions
and complex energies and bypassing the use of “arbitrary joining radius R,”
was published in 1964 by Herzenberg et al. [28b].

One common conceptual denominator of the various publications on
resonance (nonstationary) states is the association of the appearance of a res-
onance with a quasi-localized single- or multi-particle wavepacket whose
energy is above the fragmentation threshold. This means that, on resonance,
there is an “inner” and an “outer” (asymptotic) component of the wavefunc-
tion, each contributing in a different way to the intrinsic characteristics of the
state and to the quantity which is measured.

For example, Eq. (3a) below, which is a consequence of Fano's elegant and
general theory of 1961 [29], expresses the fact that, on resonance, the exact
scattering state in the energy continuum is almost the same as the square-
integrable (inner) part, ¥,, with the energy dependence of the scattering state
represented by the coefficient of W,.

The concept of “inner” and “outer” regions of the resonance wavefunc-
tions can indeed be visualized and understood in terms of simple one-
particle models. It can also be written formally, as a definition, as is done,
e.g., in Feshbach’s theory [2]. It can even be stated that ¥, is an unstable
wavepacket and, as such, it can formally be expanded in terms of the
complete set of the system’s Hamiltonian. However, such models or formal
definitions do not help in practice with the solution of the MEP.

Thus, at the end of the 1950s and early 1960s, a systematic computational
scheme for many-particle systems in arbitrary states was far from being obvi-
ous and/or accomplished. Focusing on the field of atomic and molecular
physics, by the end of the 1950s the theory and the practical understanding
of how to treat systematically such transient states from a many-body point
of view were essentially nonexistent, in part because specific experimental
results requiring interpretation had not yet appeared, and mainly because no
advances had been made in combining effectively the theory of resonance
states with computational many-electron methods of electronic structure
which, at that time, were still restricted to simple applications on ground
states of few electron systems. For example, in his classic and extensive pre-
sentation of atomic structure theory, Slater, in 1960 [30], does not discuss at
all the problem of resonances (autoionizing states), while a couple of years
earlier, Bethe and Salpeter [31], in their authoritative treatise on the QM of
one- and two-electron atoms, state explicitly that they will not consider dou-
bly excited states (DESs) (i.e., states that in Helium lie in the continuous
spectrum and normally give rise to resonances) [31], p. 125.

Regardless of the degree of rigor of the principles on which they are based,
the methods used in the 1960s for the computation of field-free resonance
states had serious intrinsic and/or practical limitations, which is natural
given that the field was nascent, while the requirements are very demanding,
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especially regarding the handling of the MEP, and of situations of high exci-
tations, of multichannel mixings, of resonance states with weak binding, etc.

For example, the scattering-theory method of “close-coupling,” whose
implementation in atomic physics with emphasis on the identification of
low-lying resonances was initiated in the 1960s [14-16, 32-34], was (is)
in principle capable of providing a wealth of information as a function
of energy. However, as implemented, it was uneconomical and exhibited
very slow convergence, even for low-lying resonances of two- or three-
electron atoms, since the addition of terms for electron correlation and for
closed channels increases the computational requirements immensely. Fur-
thermore, by necessity, in order to make the overall calculation tractable,
the closed channel and target wavefunctions were not consistently accurate,
while the quantitative identification of resonances of high excitation (many
open channels) and/or of rather narrow widths was (is) essentially outside
the practical reach of the method, e.g., Refs. [14-16, 32-34].

The late 1950s and the whole of 1960s also saw the publication of meth-
ods, which were (are) based on the use of discrete basis sets (one set, without
or with a variable parameter), for the diagonalization of the Hamiltonian.
Their implementation was limited to the computation of the positions of
resonances in selected two- and three-electron systems. From the diagonal-
ization one obtains as many roots as it is numerically possible. The task is
then to identify those that correspond to resonance states (we recall that on
resonance the wavefunction is dominated by its localized component) and
to determine their energies and, perhaps in simple cases, the total width.
According to the computational experience and analysis that was reported
by the first practitioners of this method (normally called the “stabilization
method”—see below), numerical and even pictorial criteria on the behavior
of the roots of the diagonalized matrices that remain reasonably stable upon
variation of a parameter or upon increase of the number of basis functions
are used for drawing conclusions.

A brief commentary on such approaches is given in the following para-
graphs.

Already in the late 1920s-mid-1930s, owing to new findings in atomic,
molecular, and nuclear physics, there were discussions and results (experi-
mental as well as theoretical), concerning phenomena of auto-disintegration
of atoms (the “Auger effect”) and of nuclei (alpha particle decay), of electric
field-induced tunneling, of autoionization, of predissociation, of participa-
tion of DESs in radiative processes, and of resonances in nuclear reactions,
whose nature has a dynamical origin that is absent in the idealized con-
cept of the time-independent stationary state. From the need to describe
these phenomena emerged, on the one hand formalisms of resonant scat-
tering to which I have already referred, and on the other hand conceptually
simple bound state-type calculations in atomic physics, at the level of the
independent particle model of DESs in the two-electron He.
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The first such attempts in atomic physics involved simple approaches
that did not pay attention to the continuous spectrum and its formal or
computational consequences. Thus, Vinti [35] and Fender and Vinti [36],
as part of their analysis of the dispersion and absorption of He, assumed
simple orbital bound wavefunctions which they optimized variationally
and obtained energies for the He DESs 2s2p '“P° states. No concern was
expressed about the fact that these labels correspond to states that are not
discrete but, instead, belong to the continuous spectrum. On the other hand,
Vinti did refer explicitly to the problems from the requirement of orthog-
onality to all lower states of the same symmetry. These problems are real,
especially in multiply excited states of N-electron systems where the exis-
tence of near-degeneracies of various electronic structures is the rule. The
problem of dealing with orthogonality to lower states was tackled explicitly
in the work on two-electron systems in the 1960s [3], and a practical analysis
for polyelectronic excited states, which was based mainly on considerations
of electronic structure and of orbital orthogonalities, was also reported in the
SSA to resonance (autoionizing) states [11, 37b].

It is relevant to the issue of understanding the simple electronic struc-
tures of DESs to note that the variationally optimized orbital wavefunction
of Ref. [36] gave the position of the 2s2p 'P° state at 61.3eV above the
ground state, in satisfactory agreement with the accurate value of 61.1eV
that was to come in the 1960s from calculations that accounted for electron
correlation [3].

The problem of accurate (i.e., beyond the independent electron approxi-
mation) computation of such low-lying DESs in He and in H™ was taken up
in 1950 by Hylleraas [38]. Hylleraas ignored the formal and computational
role of the continuous spectrum. His method consisted in diagonalizing the
Hamiltonian matrix that he constructed from discrete basis sets. He dis-
cussed the problem of orthogonality to lower states of the same symmetry
and he argued that the sought after solution corresponded to the second
root of his secular equation for the energy. Referring to the 2s2p *P° state
he concluded that, “the existence of a second stable state of the negative
hydrogen has been proved.” He made this statement because the energy
was lower than the H n = 2 threshold by about 0.29 eV. Obviously, the inter-
pretation of this result was not stated correctly. Finding that the energy is
below the H n = 2 threshold does not mean that the state is stable, since
it can decay to the 1sep continuum, i.e, it is a resonance state. Further-
more, Hylleraas predicted that “...it is, however, doubtful whether the
2p” °P state is stable at all for H™...” Twenty years later, it was definitively
shown by Drake [39] via variational calculations that this state is in fact
a discrete state (stable against autoionization) since not only is its energy
just below the H n = 2 threshold but also because symmetry does not
allow its interaction with the continuum between the Hn = 1 and n = 2
thresholds.
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The work and conclusions of Hylleraas [38] provide evidence of the state
of affairs in 1950, as regards both formal theory and understanding of even
the simplest of resonance states in atomic physics and of possibilities of
solving reliably Schrodinger’s equation as though the problem belongs to
those of the discrete spectrum.

211. The use of discrete basis sets in the late 1950s and in the 1960s

The bound-state type of approach that was followed by Hylleraas—albeit
fraught with a couple of erroneous conclusions—eventually evolved in the
1960s into methods aiming at the calculation and identification of resonance
states from the behavior of roots of diagonalized energy matrices constructed
from discrete basis sets, as a function of a scaling parameter, or size of dis-
crete basis sets, or size of the artificial box inside which the continuous
spectrum is artificially discretized.

In fact, the diagonalization of Feshbach’s “QHQ” Hamiltonian is also
related, although this is the product of a rigorous approach based on scat-
tering theory which connects the eigenvalues of “QHQ” to complex poles of
the S-matrix [2—4].

The approach to the approximate calculation of energies of simple reso-
nance states via diagonalization of Hamiltonian matrices constructed from
discrete basis sets was introduced and pursued for many years by Holgien
in the late 1950s and the 1960s, with application to the lowest lying 'S res-
onances of He and H~ [40-43]. Holeien employed basis sets of associated
Laguerre functions with single orbital exponents (the so-called Sturmian,
hydrogen-like, functions), and a single scale parameter, which form a dis-
crete, complete set that includes the continuous spectrum of the hydrogenic
Hamiltonian. His stated aim was to investigate “how the configuration-
interaction method works with such a basis when applied to the imperfectly
quantized quasi discrete states” [41] p. 76. His approach was based on
associating what appeared as “localization” (stabilization) of roots in the
continuous spectrum with resonance states as a function of basis set size
and of variation of the scaling parameter. In this context, Perkins [44] pro-
posed an upper-bound variational method and stated “This conclusion is
applicable to calculations of Holeien, and explains the observed stabiliza-
tion of roots.” The publication of Perkins led to further investigations by
Holeien and Midtdal [45] on the lowest five He resonances of 'S symmetry.
In introducing the evolution of the subject, they wrote [45], p. 592

“.... Meanwhile, it was noticed that eigenvectors associated with the
corresponding stabilized roots apparently had vanishing overlap with
the hydrogenic ground-state wavefunction, and the stabilization ten-
dency of the expansion coefficients themselves were clearly demon-
strated against the extension of the basis [41]. This fact has later on been
stressed by other workers [46-48] ....”
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I point out that the analysis in Refs. [47, 48] and, later on, the one by Hazi
and Taylor [49] penetrated deeper into the understanding of the empirical
behavior of roots in the continuous spectrum by paying attention to the
theory of resonance scattering [2,3] and to the properties of the scattering
continuum, such as normalization and density of states.

In one way or another, the discrete-basis diagonalization methods of the
1960s attempt to provide an understanding of the behavior of roots of Hamil-
tonian matrices, in view of the picture of quasi-localization of resonance
eigenfunctions. For example, Fels and Hazi [50] write:

“....The stabilization method for finding resonance parameters may
be briefly summarized: After the choice of an appropriate basis of
square-integrable functions, the complete Hamiltonian is diagonalized
in successively larger bases. For sufficiently large basis sets, the presence
of a “stable” root indicates a resonance, and the degree of stability of that
root is a measure of the width ....”

In order to further develop and clarify the characteristics of the stabilization
method, Taylor and Hazi published a comment that includes a proposal for
the calculation of the total width [51]. An additional proposal regarding the
use of L? basis sets for the discretization of the continuum and the calculation
of widths was made by Hazi a couple of years later [52].

Even in simple systems, the pursuit of resonance states via root stabi-
lization is not without risks. For example, the difficulty with the correct
identification of the roots is reflected in the 1966 publication of Holeien [42]
where, after comparison with the then new experimental results on the
lowest resonance states of He, he corrects a serious error in his previous
work [40]. In the abstract he states that “the error lies in the incorrect root
which is associated with the state.”

Indeed, the techniques of repeated diagonalization of the Hamiltonian
on a large basis set and the search for resonance states from the numerical
features of the roots upon variation of the function space may lead to reli-
able conclusions for models or for certain cases of ground shape resonances
or of low-lying states of simple systems for which the chosen function space
happens to describe the inner part of the resonance accurately. However, it
was evident in the late 1960s that such methods had (have) certain limitations
when it comes to the MEP in complex, polyelectronic systems. For example,
for complex spectra of polyelectronic systems the root-identification criteria
may not always lead to physically correct results, even qualitatively. Thus, in
spite of careful (and computationally costly) examination, resonance states
may be missed or roots may be wrongly attributed to resonances that do not
exist.

This possibility was already mentioned above with respect to the early
calculations of Holeien [42]. Additional such evidence was reported by
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Eliezer and Pan [53], who had the serious experience with stabilization calcu-
lations of resonance states of He™. Characteristic examples from the spectrum
of He™ are discussed in Sections 2.2 and 2.3.

Another drawback was that, given that the aim is the correct detection of
those roots that exhibit behavior ostensibly expected only from wavefunc-
tions at the resonance energy, it is nearly impossible to handle the MEP for
the plethora of possible electronic structures of N-electron systems in such
an empirical way that depends on repeated diagonalizations of Hamiltonian
matrices constructed from single basis sets. Finally, as Taylor and Hazi point
out [51], the procedure that was associated with the stabilization method
did not allow, in principle, the calculation of partial widths in multichannel
continua.

21.2. Introduction of state-specific many-electron methods for the
treatment of resonance states

The theory and computational methods for the analysis and calculation
of field-free resonances in polyelectronic atoms and molecules that are
adumbrated here were initiated in 1972 [l1la] as an alternative to
the theoretical approaches mentioned above and in the review articles
[12-16, 21], for the purpose of dealing efficiently with the MEP in arbi-
trary electronic structures. A complementary discussion based on the ideas
in Ref. [11a] and on later publications dealing with various topics within
energy-dependent and time-dependent frameworks was given a few years
later [37Db].

The main argument in Refs. [11a,37] was to adopt the conceptual and
formal framework of describing the decaying states with complex eigenval-
ues, and from there to emphasize the form of the resonance wavefuction,
as is required by the asymptotic boundary conditions, and the significance
of the state-specific MEP in the localized component, ¥,, which is a square-
integrable wavefunction with a real energy, E, = <W,|H|¥;>. The essence of
the content of the initial egs. (1-4) of Ref. [11a] is the same as that of Eq. (1)
of this chapter.

The validity of the physics that adopts the point of view of decaying
states depends on the characteristics of the process of excitation-preparation.
Specifically, one must assume that the duration of the pulse of excitation
energy is much shorter than the lifetime of the unstable state. This implies
that indeed the system is prepared in a nonstationary state at t=0, i.e., in
the localized state (¥, E;), while losing memory of the excitation step. For
long-lived unstable states, this is expected to be achievable easily. For short-
lived unstable atomic or molecular states, say of the order of 107" s, this is
also achievable, in principle, via modern pump—-probe techniques with time-
delays in the range of a few femtoseconds or of a couple of hundreds of
attoseconds.
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A consistent way of pursuing the computation of ¥, could be achieved
via a direct approach that keeps track of the boundary condition of
square-integrability, i.e., of localization in coordinate space. In this direct
approach, the objective is not to diagonalize repeatedly a Hamiltonian
matrix, to obtain all the roots and to identify as resonance states those with
seeming stabilization properties. Instead, the objective of the first step is to
compute a state-specific zero order localized function space by solving, when
possible, the relevant HF (and in later years of the MCHF) equations subject
to appropriate constraints. Lack of proper convergence in such computations
implies that either there is no localized state corresponding to the chosen
configurations or the solution is numerically extremely difficult to obtain.
The function spaces for the remaining localized electron correlation and for
the asymptotically scattering channels, which are different, must then be
added and optimized via techniques that are in harmony with the formal
nature of the resonance states. The substance of these techniques is discussed
in subsequent sections.

2.2. Particular examples I: Question marks on results of calculations
on resonances of He™ and of H*

As a short supplement to the above, I recall specific results from the
period of the 1960s to early 1970s concerning the search for resonance
states in the scattering of electrons from He and from H~. This subject,
which became convenient experimentally as soon as the resolution was
improved drastically [18], is at a higher threshold of complexity compared
to that of the extensively investigated few low-lying resonance states in
the two-electron He and H~, due mainly to the multitude of possible elec-
tronic structures and couplings of the three-electron states of He~ and H*~
as excitation energy increases and to the inevitable very weak binding
(if present at all) in these systems, especially of course in H*". There-
fore, these systems, even though they have only three electrons, provide
opportunities for testing the fidelity of resonance state theories and their
computational implementation under more stringent conditions than those
normally encountered in low-lying DESs of He or of pseudo two-electron
atoms and positive ions where nuclear attraction is strong. In other words,
the success of a many-electron theory and computational approach that
may work for excited states where the attractive Coulomb interaction dom-
inates need not be a good criterion for establishing their generality and
accuracy.

Eliezer and Pan [53] reviewed the techniques and numerical results of cal-
culations on He™ scattering resonances, indicating cases of agreement, of
uncertainties and of controversies. For example, in their discussion of reso-
nances from the low-energy excitation of the two electrons to the n = 2 shell,
they pointed out that the 2°P° (19.45 eV) resonance which had been observed
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in the experiments of Kuyatt et al. [54], was missing in the “most reliable cal-
culations to-date of Burke and co-workers [55] who used the close-coupling
method,” while their own calculations a “rather poorly stabilized” root was
obtained at 19.6 eV. Hence they concluded that “the existence of this state is
unclear.” On the other hand, the calculations of Ref. [53] clearly indicated
the presence of stable roots at 57.1 and 58.2 eV, corresponding to the “2s*2p”
2P° and “2s2p>” D resonances [54]. This identification was again confirmed
quantitatively 2 years later by the SSA computations [11] and their main
wavefunction characteristics were reported by Schulz in his review [18],
p- 406.

One might think that, after the above results, the existence of these proto-
typical triply excited compound states would be recognized. However, it is
a sign of the subtlety that computations of highly excited correlated states
sometimes have, the fact that the existence of the “2s2p”” 2D resonance was
doubted in the literature of the following years. The related opposing views
constituted the impetus for the recent systematic calculations and extensive
discussion of Ref. [56], where a number of arguments and results were used
to demonstrate the reality of this resonance.

The aforementioned cases highlight the difficulties that theoretical meth-
ods had faced by the early 1970s in identifying and computing certain
resonance states in even the “simple” three-electron He . The follow-
ing two examples of three-electron systems, also from the period up to
the early 1970s, provide additional evidence that for the reliable treat-
ment of resonance states, regardless of the degree to which the effects
of the scattering continuum are incorporated (if at all) into a calcula-
tion, it is crucial to account accurately for the details of electronic struc-
tures and electron correlation in the localized (“inner”) component of the
wavefunction.

The first case is the prediction, based on a scattering formalism, by Herzen-
berg and Lau [57] of a resonance in e — He scattering at the very high energy
of 73.5eV with a width of 2.2 eV. This result, which was interpreted as orig-
inating from the implication of the exclusion principle, did not (still does
not) fit any experimental data nor any electronic structure picture. There-
fore, the validity of the theoretical model adopted in Ref. [57] remains in
question.

The second case has to do with the intriguing possibility of resonance state
formationine—H" collisions, i.e., with possible resonances of H> . The ques-
tion first arose in 1970, with the publication of absolute cross-sections for
e — H™ scattering by Walton et al. [58]. They reported a structure at 14.5€V,
which they attributed to the formation of a resonance state with a lifetime
of the order of 10~""s. This publication led to the theoretical work by Taylor
and Thomas [59] who applied the stabilization method and interpreted their
results as showing the existence of a H*~ “2s’2p” 2P° resonance state at
14.8 eV with a width of about 1eV. In addition, following the experimental
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finding of Peart and Dolder [60] of a second resonance at 17.2 + 0.35eV
with “an apparent width of order 0.4eV,” Thomas [61] analyzed the pre-
vious computational results [59] and concluded that they reveal a second
resonance state, labeled by 2p° 2p°, at 17.26 eV. These results were generally
accepted at the time. However, having carried out trial calculations in the
spirit of Ref. [11], a few years later, in two short comments [37b, p. 462] and
[62, p. 1984], strong skepticism was expressed as to the existence of states
of H* labeled by these two configurations. Our conclusion was based on the
failure of the relevant analytic HF equations to converge properly beyond
the effective charge of Z = 1.6. Even if a better calculation were attempted
(say an MCHEF one by today’s criteria), the breakdown point of Z = 1.6 is
too far from the physical Z = 1 to permit any optimism as to the valid
convergence to a square-integrable solution with energy inside the contin-
uous spectrum. Two decades later, the same conclusions were reached by
Robicheaux et al. [63] according to extensive R-matrix and configuration
interaction calculations. Furthermore, the theoretical conclusions [37b, 62, 63]
as to the nonexistence of these resonances were corroborated by the negative
experimental results of Refs. [64, 65].

The story of the calculations and results on the H*~ resonances is briefly
reviewed in Ref. [66]. The importance of this chapter is the announcement
of the reliable calculation of two complex eigenvalues of the complex-
coordinate-rotated Hamiltonian for H*~ using large and flexible basis func-
tions, a requirement that is absolutely necessary for the definitive solution of
this problem.

The computational use of complex scaling of coordinates in the Hamilto-
nian is normally called the “complex coordinate rotation” (CCR) method. A
brief reference to it is given in Sections 3.3 and 5.1, with references to related
review articles.

The two complex eigenvalues that were identified in Ref. [66] were of
S’ symmetry. Although for such a doubly negative system the hydro-
genic shell model is on shaky grounds, reasonable configurational labels
are “2p*” and “3p”” correspondingly. The first state is located at 1.43eV
above the n = 2 H threshold with a width of 1.69eV, and the second is
located at 0.46eV above the n = 3 threshold with a much smaller width,
0.29 eV. The result for the first resonance agrees with the one published
by Sommerfeld et al. [67], who also used the CCR method, but disagrees
with that of Morishita et al. [68], who calculated potential curves via the
hyperspherical coordinate method and concluded that there is no resonance
in H*~ since there was no local minimum on the potential curves. The
interesting and intriguing result of the complex eigenvalue with a width
that is larger than the energy above the threshold was commented upon
in Ref. [66] as regards its physical significance and possible experimental
observation.
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2.3. Particular examples II: Negative ion bound state just below
threshold or resonance state just above threshold?

The total energy of a ground state of an N-electron neutral atom or molecule
relative to that of an (N + 1)-electron negative ion state defines the nature
of the negative ion state. If the energy separation is large and clearly deter-
mined, then normally there is no difficulty in the qualitative characterization
of the (N + 1) state either as a bound state (E(N+1) < E(N)) or as a resonance
state (E(N + 1) > E(N)). However, if this separation is small then it poses
a serious challenge to theory and to the reliability of the corresponding cal-
culations, since accuracy is obviously of fundamental importance as regards
the understanding of the physics and of the means of observation.

A discussion of the importance of treating the continuous spectrum prop-
erly in such cases and of the difficulty that conventional methods of quantum
chemistry may have in making accurate predictions is given in Ref. [10]. Here
I recall an early example from the 1960s, having to do with the spectrum
of He™.

In 1967, Holwien and Geltman [69], based on their results from discrete
basis variational calculations, predicted that He™ has two bound nonrel-
ativistic states: The 1s2s2p *P° at about 0.033eV below the He 1s2s °S
threshold, and the 1s2p” *P at about 0.20eV below the He 1s2p *P° thresh-
old. In the 1970s, two experimental papers [70, 71] reported measurements
that were interpreted as suggesting the existence of yet another bound state,
the 1s2p” ?P. Perturbative calculations by Safronova and Senashenko [72] led
them to the conclusion that the 1s2p” 2P state is indeed bound but that the
1s2p” *P state is not. (For the 1s2p” 2P and 1s2p” *P states to be bound, their
energy must lie below that of the He 1s2p 3P° threshold, which is 20.96 eV
above the 1s? ground state of He).

The SSA analysis and calculations of 1981 [73] showed that neither of these
He™ states (1s2p” *P, 2P) is bound. Instead, they are shape resonances. In fact,
it was concluded that the nonrelativistic discrete spectrum of He™ consists
of only two states, the 1s2s2p 4P° at 19.74eV above the He ground state
and the newly found triply excited 2p’ *S° at about 59.33 eV above the He
ground state. The 1s2p” *P shape resonance was predicted to exist about
10-11 meV above its threshold [73]. This SSA prediction is in agreement with
the result of Hazi and Reed [74], which they obtained at the same time from
very large CI computations as part of a calculation of the photodetachment
cross-section, and with the very accurate laser-spectroscopic measurements
produced in 1994 by Walter et al. [75].

Needless to add that situations such as the prototypical ones referred to
above, where the state of interest is very close (above or below) its thresh-
old, are present in the spectra of other atomic and molecular systems. The
reliable quantification of their identity and properties is a theoretically and
computationally demanding task [10].
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3. FIELD-FREE HAMILTONIAN: THE FORM OF WAVEFUNCTIONS
FOR RESONANCE STATES IN THE CONTEXT OF TIME- AND OF
ENERGY-DEPENDENT THEORIES AND ITS USE FOR
PHENOMENOLOGY AND COMPUTATION

At the center of the edifice of any theory of resonances in the continuous
spectrum of a many-particle Hamiltonian, regardless of what type of process
produces their excitation, is the concept of transient wavefunction localiza-
tion in the N-particle configuration space, which takes place as the reaction
proceeds from the stationary states (reactants) at t = — oo to the stationary
states (products) at t = oc.

The formal reduction of this transient state to a time-dependent resonance
state whose initial condition is set at f =0 presupposes the normally occur-
ring situation that the duration of its preparation is much smaller than its
lifetime, in which case the assumption of decoupling between excitation and
decay is valid. Otherwise, when the time-scales of preparation and decay are
comparable, it is necessary to resolve the coherent time evolution by solving
the TDSE in the range —oo <t < 00, e.g., Ref. [76] and Chapter 6.

By making this fundamental decoupling assumption, which is intrinsic
to all theories dealing directly with unstable states rather with a scat-
tering process where —oo <t < oo, the present theory assumes the com-
putability of a square-integrable many-electron wavefunction, Wy(r4, ... ,ry),
which vanishes as any one of its coordinates goes to oo, while its energy,
Ey= <W,|H|¥,>, attains a local minimum in the space of square-integrable
functions which is inside the continuous spectrum of the N-electron system
(Operators are symbolized by bold letters).

This Wy(ry,...,ry) is assumed to be identical in two descriptions: In the
decaying state description where it represents the initial state (at t =0) of the
decay process, and in the description in terms of a scattering process as “tar-
get plus projectile,” where it represents the localized N-electron wavepacket
that is created transiently.

The present analysis focuses on wavefunction forms. To this purpose, it
suffices to consider isolated resonances. The case of overlapping resonances com-
plicates things as regards phenomenology and computation, but does not
alter the argument regarding the concepts and principles which are dis-
cussed here. Numerically accurate results for overlapping resonances in the
spectra of H™ are presented in Section 7.2.

Much of the phenomenology of unstable states and of resonances as a
function of energy was placed on firm foundations in the 1930s via the
works of Breit and Wigner (see in Refs. [6, 7]) and in the late 1950s and
early 1960s through the works of Feshbach [2] and of Fano [29], in which the
concept of channel radius is avoided. The latter two assumed the theoreti-
cal possibility of the existence of separate function spaces that are allowed
to mix through the interparticle interactions. Feshbach formally employed
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projection operators operating on exact target states, while Fano assumed
separation of the full space in terms of prediagonalized discrete and scatter-
ing zero-order basis. A complementary picture containing some of the results
of Ref. [2,29] is obtained from the time-dependent framework of decaying
states [6,11a,37].

As far as the present discussion on understanding and computing wave-
functions and properties of unstable states of polyelectronic systems is con-
cerned, the crucial point is how to define and compute ¥, and, subsequently,
how to determine its correct superposition with the function space that repre-
sents the open channels, thereby leading to the formation of resonance in the
vicinity of Ey. The practical success of this quest is dependent on the choice of
forms of trial resonance wavefunctions and of corresponding matrices that
appear in the formalism.

The fundamental argument underlying the work which is discussed in
this chapter is that, whether in wavefunction or in operator-matrix repre-
sentation, the physically and computationally appropriate symbolic form
that must transcent theoretical approaches to the understanding of resonance
states is

\Ijr - a\p(] + XaS (1)

Depending on the formalism, the coefficient 4 and the “asymptotic” part,
Xas, are functions of either the energy (real or complex) or of time.

In the following sections, I discuss basic elements of formalisms for these
three cases, i.e., the description involves either real energy, or complex
energy, or time. Their proper consideration provides insight into the formal
aspects of the QM of resonances and into the problem of how to compute
them efficiently.

3. Real energy hermitian approaches. Extension of Fano’s K-matrix,
configuration interaction theory

In Fano’s [29] formal theory of resonance states, the energy-dependent
wavefunctions are stationary, the energies are real, and the formalism is
Hermitian. The observable quantities, such as the photoabsorption cross-
section in the presence of a resonance, are energy-dependent and the theory
provides them in terms of computable matrix elements involving prediago-
nalized bound and scattering N-electron basis sets. The serious MEP of how
to compute and utilize in a practical way these sets for arbitrary N-electron
systems is left open.

Noting the fact that the exact representation of the bound (representing
the “inner region”) and of the scattering (“outer region”) components of the
superposition defining an isolated resonance state may differ formally as
well as practically from one theoretical approach to another, here I use ¥,
as the localized component of the superposition
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W, (q,E) = a(E)¥o(q) + / be(E"U(q,E)dE (2)

W,(q,E) is the stationary scattering solution of the Schrédinger equation at
each value of energy in the neighborhood of the continuous spectrum with
an isolated resonance and one open channel. The superposition consists of
two orthogonal function spaces. g stands for all the coordinates collectively.
It is important to keep in mind that, in solving for the expansion coeffi-
cients, a(E) and br(E’), the Fano-type of analysis uses standing waves (real
waves) for the description of the prediagonalized states of the continuum.
The conclusion that one may draw from the real-energy treatment [29] is
that, in the neighborhood of a resonance whose exact energy is E,, we have a
pair of critical equations, both of which exhibit the significance of (W,,E):

W,(E) ~ a(E)W¥,, for E ~ E,, (3a)

%|a(E,)|2 = 7 mean lifetime (3b)

It should be added that the exact energy of W, is defined by E, = Ej+ A,
where A is the energy shift (it can be a positive or a negative number) that is
caused by the remaining interactions involving the open channels (Eq. (11)).

Although the numerical value of A depends on how ¥, is computed, and
although it differs for each physical problem, it is normally expected that,
in most cases, when a good calculation of ¥, and E, has been achieved,
A is very small, with |A| << |Ey|. Indeed, this was computed explicitly in
the early work on DESs of Helium [3,4]. However, I point out that in the
Auger energies of inner-hole states of large atoms, where certain subshells
are relatively close to each other and there are many electrons interacting,
the value of A is much larger, as it can be inferred from the early quantitative
demonstration of the significance of the hole-filling correlations of the type of
symmetric exchange of orbital symmetry (SEOS) (Section 9). On the other hand,
not all contributions from the hole-filling correlations necessarily go into A.
As it is discussed in Section 8, some of the contributions from the states of
the continuous spectrum produce components of W, and E,. (See Section 8
and Refs. [56,77].)

The information contained in W,(q,E) refers to the energy representation.
At the value E, = E; + A, the corresponding information in the time rep-
resentation is the exponential decay (ED) distribution, ™", where T is the
rate of decay and 1/I'" = rt is the corresponding lifetime, Eq. (3b) (in atomic
units).

31.1. Profile of the rate of resonance—resonance electric dipole transitions
As the title of his paper indicates, Fano’s contribution aimed at explaining the
phenomenology of photoabsorption from a discrete state to the region of the
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continuous spectrum where an autoionizing state is located. The result was
the formula that bears his name: The Fano profile [29]. It contains the effect of
interference on the photoionization cross section that the form (2) can have
as a final state.

Since the 1960s, advances in all types of spectroscopy have been made,
especially in those using lasers. Because of them, the possibility exists of
field-induced resonance-resonance transitions in the continuous spectrum.
Komninos and Nicolaides [78] derived the general expression for the energy-
dependent cross section of the transition between two resonant states, pro-
vided the field is weak and does not affect the atomic wavefunctions and
spectrum. The profile is expressed in terms of a symmetric, an asymmetric
and a background component, and is cast in a form containing as limiting
cases the discrete—discrete Lorentzian profile and the discrete—resonance
Fano profile. The formula for the cross section published in Ref. [78]
Eq. (11) is

N 1 1 Q+ey
I(¢) ~ background — _— B + _— B’ Sy 4)
with
hw — AE G.(E E
e = w _ Gi(Ey,Ey) (4a)

r, '~ B.(E,E)

The symbols are expressed in terms of matrix elements [78]. In the limit of
a bound-resonance transition, Q reduces to the Fano g-parameter, while the
second term of Eq. (16) cancels the background term.

The theory was implemented numerically from first principles, by the SSA
methods, on the transition He “2s2p” 'P° —“2p3p”'D for tunable radiation
around 3.4 eV. It was found that the Q parameter for this transition has the
value 8.27, while the oscillator strength from the bound-bound part of the
transition is 0.0347. The initial 'P° state at 60.15eV can be reached from the
ground state 2s* 'S by synchrotron radiation.

31.2. Valence-Rydberg-continuum mixing and a unified treatment of
discrete and continuous spectra in polyelectronic atoms

Here I simply mention the application of the form (1) in its multi-state ver-
sion, in the context of real-energy scattering (reaction (K)-matrix) theory. This
subject is broad and very sophisticated from the point of view of formalism
as well as computation, and there is no room here for a detailed discussion.
The reader will be helped by the cited references. Basic results and conclu-
sions of the theory are presented in the article by Mercouris, Komninos and
Nicolaides, Chapter 6.

For the single channel case, the form (2) has been solved formally by Fano
[29]. The first numerical application for this case was done by Altick and
Moore [79].
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On the other hand, the symbolism (2) also includes the generalization
to a multi-state discrete spectrum interacting with a multichannel contin-
uous one. This case was also admirably tackled by Fano formally [17, 29],
albeit only for the continuous spectrum, without the inclusion of the closed
channels.

Along those lines, Cordes and Altick [80] also implemented multichannel
Cl theory with a basis set of hyperspherical coordinates for the determination
of properties of the He (3,3b) 'S resonance. The first CI multichannel imple-
mentation of Fano’s formalism was done by Ramaker and Schrader [81] with
application to the He (1¢%) 'S autoionizing states.

In order to unify, in the spirit of quantum defect theory, the treatment
of discrete and continuous spectra in the presence of discrete Rydberg
and valence states and of resonances, Komninos and Nicolaides [82, 83]
developed K-matrix-based CI formalism that includes the bound states
and the Rydberg series, and where the state-specific correlated wavefunc-
tions (of the multi-state W) can be obtained by the methods of the SSA.
The validity and practicality of this unified CI approach was first demon-
strated with the He 'P° Rydberg series of resonances very close to the
n =2 threshold [76], and subsequently in advanced and detailed computa-
tions in the fine-structure spectrum of Al using the Breit-Pauli Hamiltonian
[84, 85], which were later verified by experiment (See the references in
Ref. [85]).

Furthermore, spin-offs of this type of framework have found application
in the study of the effects of Rydberg series on resonances at threshold [86]
or in sensitive calculations with Rydberg series-scattering state mixing and
radiative transitions between resonance states [87]. The latter application
demonstrated the subtle effects that exist in the photoionization cross section
of Sr 5d17¢ (£ ~12) Rydberg level which is autoionizing, in agreement with
experiment [88].

In all cases, the agreement with experimental data was achieved without
any fitting of parameters for energies, matrix elements, or potentials.

3.2. Complex energy non-Hermitian approaches

As we shall see in Section 5, it is also possible to put together the substance
contained in the two equations (3a) and (3b) as one equation. This is achieved
by non-Hermitian formalisms which yield the resonance energy and decay
rate as a complex number:

.
z,=E, is (5)
The notion of complex energies in quantum physics was introduced ad hoc,
via a simple model, by Gamow [25], soon after the establishment of the well-
known Hilbert-space QM developed for the discrete spectra. This notion was

in radical departure from the Hermitian character of QM, whose normal
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structure and calculus involve stationary states and real energies, for which
time evolution is represented by a unitary transformation parametrized by a
continuous parameter, which is the time, —oo < t < +o0.

The complex energy, z,, of Eq. (5) is normally understood in the context of
resonance scattering theory as the complex pole in the Breit-Wigner ampli-
tude, or in the S-matrix, or in the “optical potential of Feshbach’s theory,” or
in the Green'’s function, e.g., Refs. [2, 6-8].

In our work, given our argument that the main emphasis as regards
computations in many-electron systems ought to be on the reliable and
systematic calculation of (¥y,E;), we have focused on the following two
approaches: In the first, it is demonstrated, by appealing to Fano’s formal-
ism [29], that Eq. (5) is an eigenvalue of the Schrodinger equation, with
all interactions present, provided the outgoing-wave asymptotic bound-
ary conditions are imposed on the real-energy scattering state of Eq. (2).
The second approach applies the time-dependent theory of decaying
states [6, 11a, 37, 89]. In either case, the form (1) remains basic.

Below, I recall relevant results from the theory of decaying states. In
Section 5, I show how the complex eigenvalue as well as the corresponding
form of the resonance eigenfunction can be extracted from Fano’s real energy
Hermitian treatment, by invoking the outgoing-wave boundary condition
that corresponds to the decaying state. In other words, the model of “dis-
crete level interacting with a continuous spectrum” [24, 27, 29] can also yield
the complex eigenvalue and the exact form of the resonance eigenfunction,
provided the physically appropriate boundary conditions are imposed.

3.3. Decaying state theory and complex poles of the resolvent

In the context of the theory of decaying states for time-independent Hamil-
tonians [6,37, 89], the time-dependent wavefunction is in harmony with the
form (1),

W(t) = a(t)Wo + Xas(t) (6)

where Xas(t) represents the products of decay, and a(t) is the amplitude of
the “survival probability,” |a(t)|?, defined as (h = 1),

1
z—H

. -1
ﬂ(t) = <\I/0|€71Ht|\1—’0> = — <‘~IJ0‘

. ‘\IJO >e dz )
2mi

spectrum

In the general case, the contour for the complex variable z = E + i surrounds
the spectrum of H counterclock-wise on the first Riemann sheet of E, in
which case it is valid for ¢ > 0 and for t < 0. However, in the case of the decay
of an unstable state of a field-free Hamiltonian, rigor implies that the fol-
lowing physically constraints must be imposed on the integration of Eq. (7):
E>0andt>0[37,89].
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Equation (7) expresses the time-dependent quantum mechanical motion
of the system to all orders. As it turns out formally and computationally,
for an isolated unstable state decaying irreversibly into a pure contin-
uum, there are three principal regions of time duration that distinguish
the behavior of |a(t)|?, e.g., Refs. [6,7,37,89,94 and chapters 7 and 9 in this
volume]:

(1) The pre-exponential decay (pre-ED) regime, in a state-specific, very small
time interval, [0,§t], where the system starts experiencing the effects
of the bound-continuum mixing, but has not taken yet the avenue of
irreversible exponential decay. Both formally and computationally for
real, many-electron systems [94a], the dependence of |a(f)|* on time in
this regime is proportional to #*, with a “stationarity coefficient” that
expresses the degree of initial stability of the state [94] and Section 4.

(2) The ED regime, where |a(t)]* = e "'. The well-known quantity of the
energy width of the Lorentzian distribution, with I' representing the
decay rate of the unstable state, acquires legitimacy in this regime.
The Fourier transformation to the energy axis of the exponentially
decaying |a(t)|*, or of a(t), reveals the corresponding complex energy
pole with which the resonance state is associated in the stationary
picture.

(3) The long-time non-exponential decay (NED) regime, whose magnitude
and physical significance (if any), depend primarily on the type of the
energy distribution characterizing the unstable state and on the magni-
tude of the ratio E/T" with respect to the energy at threshold [37, 89] and
Section 3.4.

Let us symbolize the identity operator by I= Y [n ><n| + [ |E >< E|dE.
I is a Hermitian projection operator defined in terms of the complete set
of discrete, |n>, and scattering, |E >, stationary states of the system for
each symmetry. Insertion of I into the amplitude <W,|e~™|¥,> leads to the
expansion

a(t) = Z |<Wy|n>|* e Ent 4 / |<W,|E>|* e H'dE (8)

The problem of resonance states, or of decaying states, normally involves
only the continuous spectrum, in which case the energy distribution is,
according to the above use of the Hermitian I, a real function, given by
|<W|E>|* dE = |a(E)|* dE. The explicit form of this distribution in terms of
computable matrix elements is given by Fano’s theory or by decaying-state
theory, as

T'(E)

2 1
la(E)|* = 27 ((E — Ey — A(E))? +T'2(E)/4 o
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where, the energy-dependent width and shift functions, T'(E) and A(E),
respectively, are given by

I'(E) = 27| <W,|H|U(E)>|* = 27 |V(E)|? (10)
V(E))? 1 E
A(E) =p.v. lE(— I)Sl/ dE' = - .v./%af’ (11)

p.v. stands for principal value, and U(E) is the energy-normalized scattering
function of the prediagonalized set.

The value of I'(E) is always positive, but A(E) may be positive or negative.
If the behavior of the function I'(E) is smooth and the position of the reso-
nance is far from threshold, the p.v. integration in (11) is expected to give a
value for the energy shift which is of the same order of magnitude as that of
the energy width.

From Eq. (9) it is seen that at EAE, it is the energy-dependence of I'(E)
that affects, in principle, the spectral concentration. The standard assump-
tion is that for narrow resonances I'(E) is a constant, whose value at
the exact resonance energy is I'(E,) =TI =%, where 7 is the mean ifetime,
Eq. (3b). The distribution is then an exact Lorentzian. The dependence on
energy of t in the neighborhood E = E, thus follows the Lorentzian distri-
bution, %% (h=1). On the other hand, the energy-dependence of
I'(E) (and, in general, of the self-energy of the autoionizing state, see below)
may indeed become important formally as well as computationally, and
so its evaluation is often necessary, e.g. Ref. [77]. The ED is driven by the
complex pole of |<W,(E)|W,>|* just below the real energy axis, i.e., by z,
of Eq. (5).

There is also a conjugate pole of |<W,(E)|W,>|*> above the real energy axis,
resulting from the contribution of the time-reversed state, which represents
the adjoint system. Per se, for irreversible decay processes, the time-reversed
state corresponding to the conjugate pole does not have physical mean-
ing for t > 0, since it then represents a “growing” and not a decaying state
(see Eq. (25)).

The complex energy pole and the associated complex energy distribution
result from the analysis of Eq. (7) and the constraint >0 (see Section 3.4).
Since the resolvent function, <W,| ﬁ [Wy> = <Wy|R(z)|¥,>, is analytic on the
first Riemann sheet, any of its possible complex poles, such as the normal one
of Eq. (5), must appear on the second sheet. Rearrangement of <W,|R(z)|W,>
leads to the implicit for z equation [6, 37]

Z_E0_<\I}0|A(Z)|\Il0 >=0 (12)

whose physically acceptable complex-valued solution gives Eq. (5).
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A(z) is the self-energy operator for the decaying state, given by
<¥|VR((2)V|¥y>, where R, is the resolvent for the unperturbed
Hamiltonian, Hy, and V is the perturbation operator. In terms of projec-
tion operators, if Q =|Wy><¥;| and P=1 — Q, then H, = QHQ + PHP and
V = (H-H,) = QHP + PHQ.

In other words, as discussed in Ref. [37b], the required resonance complex
pole of R(z) is the complex eigenvalue, z,, of the non-Hermitian matrix

M(z) = Hy + A(2) (13)

in a space of square-integrable functions, for which: (a) ImA(z,) < 0, and
(b) TmA(z,)| = smallest of other possible poles.

Here I may note that the above definition implies that the pole is reason-
ably isolated. If this is not the case, then, just as in the case of diagonalization
of real matrices for the discrete spectrum, the effects of mixing (interaction)
among states with neighboring (even overlapping) complex poles should in
principle acquire physical significance. An example of ab initio computation
of closely lying or essentially overlapping resonances in a real system (the
negative ion of Hydrogen), in terms of a practical method that employs the
form (13) with superpositions of real and complex functions in the frame-
work of the CESE theory is discussed in Section 7.2. The analogy is explained
below.

3.3]. From Egs. (12 and 13), to computational methods such as the CESE, the
“exterior complex scaling” and the “complex absorption potential”
methods

The matrix M(z) consists of two parts, in correspondence with the form (1).
The solution of Eq. (12) or the diagonalization of M(z) implies the accurate
construction and handling of the complex self-energy matrix A(z), which is
the same as the complex quantity in the resonance formula in Feshbach’s
theory [2a, p. 367, 2b, p. 304]. For a many-electron system, such a goal is very
difficult to achieve rigorously. Therefore, one has to search for a practical
computational method which produces the resonance wavefunction and the
corresponding complex energy.

In the article [37b] from the 1978 Sanibel conference on complex
scaling, it is pointed out [37b, p. 503] that an equivalent form to that
of Eq. (13) can be obtained by rearranging the complex, non-Hermitian
Coulomb Hamiltonian matrix, H(re”), whose complete diagonalization pro-
duces the discrete, the scattering, and the resonance states [107-114].
(As it turns out, this holds for other types of interactions as well.) The
complex eigenvalues of H(re”) are the same as the solutions of Eq. (12)
for physical resonance states. The rearrangement that was suggested in
Ref. [37b] is
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H(re") = H(r) + (e — DT + (e - 1)V (14a)
= H(r) + K(re”), K(r) = 0 (14b)

This form, which is analogous to that of Eq. (13), exhibits symbolically
the fact that only the second part, i.e., a complex operator (matrix), repre-
sents the non-Hermitian nature of the problem in a complete function space
of square-integrable functions, where the state-specific expectation value of
H(r) is the real E, and that of K(re") is the complex self-energy. Translated
into the language of function spaces, it is evident that diagonalization of
the real H(r) on a space of real square-integrable functions yields (¥,E,). It
is then necessary to find a practical way to incorporate into the complete
calculation the equivalent to the effects of the complex operator (matrix)
K(re").

One way of doing this is to focus on the choice of two function spaces on
which to project and diagonalize the total Hamiltonian, H (real coordinates).
One would consist of real functions and one would involve a complex basis
set that would represent the asymptotic part of the resonance and would
allow the contribution of the self-energy to be computed. This spirit is repre-
sented by the CESE approach which is discussed in Sections 5 and 6. E.g., see
eq. (7.7) of Ref. [37b].

Corresponding to the above idea are methods that implement the regular-
ization technique of “exterior complex scaling” (ECS), which was introduced
to atomic physics in Ref. [92b]—see also Refs. [95, 96], and which is discussed
in Section 4.3.

A method which attempts to take into account the effects of the form
(14b) via brute-force diagonalization is the “complex absorption poten-
tial” (CAP) method [193]. In essence, in this method, the complex quan-
tity K(re”) of Eq. (14b) is replaced by an artificial complex function, such
as ifr°, acting mainly in the outer region of space (B is an adjustable
parameter). The papers [193] also discuss the connection between the CAP
and the ECS methods, the essence of which is in harmony with that
of Eq. (14).

As regards the efficiency and accuracy of the aforementioned methods, it is
worth citing a recent study by Meng et al. [194], who used very large B-spline
basis sets and a complex coordinate-scaled Hamiltonian, and obtained com-
plex Stark energies for low-lying excited states of Hydrogen and of Lithium.
They compared their results with those from previous CESE computations
by Themelis and Nicolaides [187] and from CAP computations by Sahoo
and Ho [195]. In cases where there are discrepancies between the CESE and
the CAP results, the Meng et al. calculations agree with those of Ref. [187].
(Ref. [194], p. 7 and section with conclusions).

The CESE theory and methodology for states perturbed by external fields
is discussed in Section 11.
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3.4. Non-exponential decay (NED), energy distribution, and time
asymmetric dynamics

In standard QM, the reversibility in time is a manifestation of a Hermitian
(self-adjoint) system with stationary states and is reflected in the unitarity
of the S-matrix. Unitarity entails the inclusion of the contribution of time-
reversed states. In other words, for a stationary state, invariance under time-
reversal implies that if ®(g) is a stationary wavefunction, then so is ®*(g). A
major tool for deriving results in the framework of a Hermitian formalism,
explicitly or implicitly, is the resolution of the identity operator, I, on the real
axis, which is a Hermitian projection operator.

In accordance with the Hermitian formalism is the fact that the energy
distribution of an unstable state, |a(E)|*dE, is a real function. In this case, the
survival probability, P(t) = |a(t)|*, decays purely exponentially if, and only if,
the following conditions are simultaneously satisfied:

(1) The functions I'(E) and A(E) are assumed to be independent of energy
in the neighborhood of the position of the resonance. This is a valid
assumption for the normally encountered narrow resonances far from
threshold.

(2) The lower limit of energy is taken as —oo, rather than finite, contrary to
the fact of the existence of the lower bound of the energy of the mate-
rial system. Most of the formal work on P(t) assumes that the lower limit
of the energy integral is —oo and/or that the discrete spectrum does not
contribute. Nevertheless, requirements of corrections to these assump-
tions may arise when the resonance state is very near the threshold of
the continuous spectrum, in which case the time-dependent curve of P(t)
acquires, at long-times, a tail of NED [6,37], see also Refs. [86,89] and
Chapters 7 and 9 of this volume.

Until the mid-1970s, the issue of NED of unstable states had been tackled
exclusively in the context of nuclear and particle physics, either via pure for-
malism or via simple one-dimensional models. The standard approach was
to assume a model function for |a(E)|*dE. The established wisdom was that
in isolated quantum systems decaying into a purely continuous spectrum,
long-time NED is just too small to be observed, regardless of the method of
measurement.

In 1976-1978, we examined the issue of NED in the context of the real
spectra of atoms, focusing on the decay of autoionizing states [37]. Our
analysis aimed at understanding favorable conditions for observability of
NED. We pointed out that a crucial parameter is the ratio E/I", and we
introduced the idea of searching for states with threshold proximity. The
importance of this idea to the appearance of NED was actually demonstrated
in real many-electron unstable states in 1996, via the ab initio solution of the
TDSE [89b].
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In addition to the question of observability, our attention also turned to
the fundamentals of the theory of decaying states as regards the computa-
tion of P(t). Specifically, it was pointed out [37], and explained again a few
years ago [89], that, if the theory starts directly from Eq. (7), without first
introducing the Hermitian spectral resolution as in Eq. (8), then, in addition
to the constraint of E > 0, there is the constraint imposed by the singu-
lar point at t = 0, which separates, in the theory of decaying states, time
evolution for ¢t > 0 from that for t < 0. This is connected to the fact that
the real function |a(E)|*dE separates into two complex conjugate energy dis-
tributions, say a(E) and a*(E). Of the two, the physics of decay implies that
only a(E) produces the decay for t > 0. Now, the mathematical structure of
the problem of computing a(t) in terms of a(E) becomes non-Hermitian. The
assumption of the physical significance of the point t = 0, which is basic to
the definition and analysis of decaying states, adds a source term i§(t) (6 is the
delta function) in the solution of the TDSE as a boundary condition [37b, 89].
The requirement for decay is to choose the complex energy distribution
for only the t > 0 case. This breaks the unitary structure of S-matrix
QM via which the formalism incorporates the contribution of time-reversed
stationary states, and allows time-asymmetric dynamics at the quantum
level [37,89].

Both the real energy distribution (Hermitian treatment of decay) and the
complex energy distribution (non-Hermitian treatment of decay) were con-
sidered in Refs. [37,89] in connection with the problem of NED and the
quantum arrow of time. It was demonstrated that, although the complex pole
characterizing the unstable state and its exponential decay is the same for
both distributions, the quantitative result for the NED in each case is dif-
ferent. As it was stated in my Physical Review paper [89a], these facts
“raise the issue of the nature of the energy distribution in the description
of irreversibility at the quantum level, and its possible manifestation”...
[89a, p. 2].

If, in the future, it becomes possible to measure with great accuracy the
NED of an isolated unstable state, for which accurate calculations of the
same quantity could also exist within the two frameworks discussed
in this paper (real and complex energy distributions), significant infor-
mation as to the physical relevance of long-time NED should emerge.
[89a, p. 6]

A proposal for a pump-probe experiment for the possible detection of long-
time NED of an isolated unstable state has been published in Refs. [94a, 94c].
It involves the following excitation scheme:

He™ 1s2s2p ‘P° ™5 He 1s2p? ‘P " He 1s2p®P° + e where He™ 1s2p” P
labels a shape resonance 10 meV above the He 1s2p’P° threshold.
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Aspects of the theme of long-time NED and its exploration in terms of
models are discussed in the articles by Garcia-Calderon, Chapter 7, and by
Torrontegui et al., Chapter 9.

4. ASPECTS OF THE NATURE AND OF THE PREPARATION OF ¥,
AND OF ITS CONNECTION TO THE RESONANCE
EIGENFUNCTION

As I have already mentioned, when the treatment of unstable (resonance)
states in many-particle systems is attempted not in terms of model poten-
tials with, say, easily recognizable wells and repulsive regions, but in
terms of formalism that uses the exact kinetic and potential operators, it
becomes impossible to separate the total Hamiltonian into two explicitly
written parts, one providing as real eigenvalues and eigenfunctions the
“zero-order discrete spectrum” embedded in the continuum and the other
providing the continuous spectrum of the scattering states that are rig-
orously decoupled from the discrete states. Such an uncoupled form is
meaningful only for resonance states that are produced upon the inter-
action of a weak external field with the atom (molecule), in which case
both the zero-order Hamiltonian and the full perturbation can be written
explicitly.

The concomitant fundamental problem is how to understand physically
and how to define and compute the state of the system which is assumed
to be localized at t = 0. If attention is turned to features of function spaces
rather than to forms of operators, then the degree and type of mixing, due
to all couplings present in the Hamiltonian, between localized and scatter-
ing components for an assumed separation of the total function space plays
a crucial role. In addition, I emphasize that the mode of excitation of the
system under examination in the energy region of the continuous spectrum
where the resonance exists is also of paramount importance. For example, it
is a standard prerequisite for the validity of the preparation of ¥, that yields
the complex pole and the associated exponential decay that the energy width
of the well-defined excitation pulse is larger than 7/z, where 7 is the mean
lifetime of the unstable state [6, 7]. Finally, given the system “atom plus exci-
tation pulse,” the relative magnitude of the excitation matrix elements to the
assumed W, and to the scattering continuum associated with it must also be
considered.

In the following paragraphs of this section, I elaborate briefly on aspects
of the theory of resonance states in many-electron atoms and molecules that
have to do with the above comments.

Let us assume that the Born-Oppenheimer (B-O) approximation works
extremely well, although this is certainly not guaranteed for highly excited
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molecular states. Then, without loss of the conceptual generality, the formal
and computational focus is on the N-electron atomic or B-O Hamilto-
nian, which, in the nonrelativistic and in the relativistic (Dirac—Breit-Pauli),
formulation consists of one- and two-electron operators,

N N
H=) fi+) g
i=1

i>j

Since for a given symmetry, nonrelativistic or relativisticc H has only
a continuous spectrum above the first ionization threshold, it is impos-
sible to write an explicit form of a local operator of which ¥, is an
eigenfunction. On the other hand, any approximate (model) Hamilto-
nian which is separable as the sum of one-electron operators, such as
the hydrogenic or the HF, may produce discrete eigenvalues inside the
continuous spectrum. However, such models for choosing ¥, i.e., the
“exact” discrete state embedded in the continuum, are computationally
unrealistic, since the interelectronic interactions are never switched off
physically. Therefore, for the purpose of quantitative understanding, the
difficult task is how to obtain ¥, and E, that refer to an effective nonsepara-
ble Hamiltonian, H,, so as to account for all the contributions to the initial
stability of the state. This question was the main object of discussion in
Refs. [11a, 37b]. For example, in Refs. [37b, p. 461] the following statement is
written:

Equation (QHQ —E)| ¥, >= 0 (where Q is defined by Q = |V, >< W),
has the character of a self-consistent equation, like an ordinary HF equa-
tion. This is so because QHQ depends on the wave function on which
it operates, which in turn can depend implicitly on the eigenvalue E,.
Its solution is effected by successively expanding the function space
spanned by the trial ¥, and looking for a maximal square-integrable
W, still satisfying the above equation.....

In the case of a relativistic system, as a first (and useful) approximation, the
zero-order spectrum can be taken as the nonrelativistic one, with Hy defined
explicitly as the Coulomb Hamiltonian. Then, the perturbation V is also
written explicitly as the relativistic Breit-Pauli operators, and it is this pertur-
bation that turns the initially discrete state into a resonance. For example, this
type of advanced calculation, with multichannel coupling included, has been
shown to explain quantitatively the positions and lifetimes of the relativistic
levels of metastable states in negative ions [90]. However, if the more accu-
rate four-component relativistic Dirac treatment for each electron is invoked
for cases of high effective nuclear charge, then the stability against autoion-
ization implies not only the exclusion of components representing decay to
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the adjacent electronic continuum but also, in principle, the exclusion of the
mixing of positive-negative energy components that may cause dissipation
into the “positron sea.” In any case, the concepts discussed herein as to the
importance of appropriate boundary conditions on wavefunctions that can
be used in the problem of computing wavefunctions and properties of res-
onance states in nonrelativistic or in relativistic Hamiltonians are generally
applicable.

In Ref. [11a], the physical meaning and the possibility of accurate com-
putation of W, was placed at the center of the quest for a practical theory
of resonance states. Thus, in the defining equations (1-4) of Ref. [11a], the
Gamow-Siegert boundary conditions for the resonance eigenfunction, W¥,(z,)
(henceforth W,), and for ¥, (asymptotically vanishing) were considered,
together with the finite projection <W,|W,> which implies the form (1) in
the energy representation.

The development of the theory [11, 37b] used as reference point the differ-
ence between ¥, and W, in terms of the change of the boundary condition
asymptotically.

This is in harmony with the notion that, in configuration space, for all prac-
tical purposes ¥, represents the resonance eigenfunction in the inner region,
beyond which the components of ¥, connected to the open channels describe
the state.

It was emphasized that, irrespective of what type of formalism is used,
the practical and essential question is how to define ¥,, whose energy E, is
embedded in the continuous spectrum of H, how to compute it systemati-
cally in real, polyelectronic systems, and how to continue the computation
in order to obtain W, and its properties. This is because, although the phe-
nomenology resulting from resonance scattering theory or from decaying
state theory is satisfied by the mere adoption of any bound wavefunc-
tion (i.e., a model of discrete-continuum state mixing leading to a complex
pole below the real energy axis and to the concomitant ED), two important
questions remain:

(1) Does the formal definition of ¥, as a bound wavefunction have an opti-
mal correspondence with the description of the resonance state in terms
of an initially localized wavepacket?

(2) How can the computation of W, be carried out systematically for a many-
electron Hamiltonian, H?

The second question is the subject of Section 8, while a sample of relevant
applications is given in Section 7. Here, I briefly comment on the first
question.

Formally, the proximity, but not equality, between the resonance state and
W, was defined in the context of time evolution of a nonstationary state as
[94b, 37b],
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lim, o ¥ (t) > = |¥ > (15)

with
|W(t) > = exp [—(i/M)H]|Wo>, |Wo(t) > = exp [—(i/R)Ht]| ¥, > (16)

Let
u(t) = W(t) — Wo(h) (17)

By considering the infinitesimal unitary transformation such that
| | hmt~>0 u(t)| | = min/ (18)

the result which emerges is that, formally, the optimal | ¥, > must satisfy the
following relation involving the energy variance,

<¥y|(H— < H>)*|¥;> = (AE)* = min (19)

Obviously, if W, were a real stationary state, i.e., an eigenstate of H, Eq. (19)
would be zero.

The relevance of matrices of (H — <H>)? constructed in terms of
real basis functions has been invoked either in the context of time-
independent formalism or ad hoc, in analogy with calculations on discrete
states, for the computation and certain analysis of simple unstable atomic
states [91].

The time-dependent considerations of the previous paragraphs [94b, 37b]
provide a justification for Eq. (19) at a fundamental level which is based
on the notion of time-dependent stationarity of unstable states in the regime
of t ~ 0.

A generalized version of Eq. (19), suitable for complex matrices and pro-
ducing both energies and widths of resonances, has also been introduced and
applied in the framework of the present theory [37b, 92, 93]. As it was pointed
out in Refs. [37b, p. 487], “This variational principle was first given with
the Gamow functions in mind [92]. However, given the equivalence demon-
strated (in Ref. [37Db]), it is obvious that a completely analogous principle
holds for H(9).” H(0) is the complex Hamiltonian with scaled coordinates,
r — re”, see Section 5.1).

It was in response to criticism of the method proposed in Ref. [92a]
(and implemented in Ref. [93]) as regards the practical computation of matrix
elements with resonance wavefunctions that the integration technique later
called “ECS” was suggested—see Section 4.3 below. Its conceptual back-
ground is the form (1).
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41. A comment on preparation of time-dependent nonstationary
states with initial state W, and of energy-dependent stationary
states in the form of Eq. (2)

Given the normal formulation of QM in terms of stationary states, includ-
ing the case of resonances in the continuous spectrum (see the superposition
wavefunction of Eq. (2)), and the corresponding expressions which are mea-
sured on the energy axis, the question arises as to how easy it is to prepare
unstable states in polyelectronic atoms and molecules and to observe their
time-dependence. The answer involves more than one components. The
most frequently mentioned is to consider the magnitude of the lifetime
(provided, of course, that it is known) relative to the duration of the exci-
tation process. Obviously, if the former is much longer than the latter, the
concept of a decaying state is valid.

However, a related issue that has to be addressed is the fact that, in
the energy representation, there are only stationary scattering states in
the continuum. So it is important to explore and understand the compo-
nents of the excitation mechanism which lead to the preparation of the
decaying state, rather than of the stationary state, Eq. (2). Obviously, one
parameter is indeed the duration of the excitation interaction. At the same
time, of fundamental significance is the magnitude of the excitation matrix
elements to the components of the wavefunction in the form of Eq. (2).
Their knowledge implies a quantitative understanding of the interplay
between the characteristics of the interaction and the electronic structure and
spectrum of the atom.

The following examples of photoabsorption into the continuous spectrum
demonstrate the argument: Consider the interaction of two atomic ground
states, the He 15 'S and the Be 15°2s” 'S state, with photons in the vicinity of
60.1 eV for the former and of 125 eV, and slightly above, for the latter. For the
sake of this discussion, I will not consider electron correlation (see Sections 8
and 9).

In the first case, the energy corresponds to the position of the doubly
excited resonance state, He “2s2p” 'P°. The energy-dependent, stationary
state description of the excitation is

hv ~ 60.1eV
—_>

He 1s* 'S W(E) = | a(E)2s2p) + f deby(e)(1sep) | P°.

0

For a given duration of the photon pulse, the probability of raising the
system to the bound component (2s2p) or to the scattering component
(1sep), in the vicinity of E = E;, depends on the magnitude of the electric
dipole-coupled matrix elements, |<1sz|r|252p>|=|<1s|r|2p>| X | <1s|25>|
and |<1s2|rllsap>| =|<1s|rlep>]| x |<1s|1s>]|. I point out that the orbitals
(15,25) are obtained from their own state-specific potential and, therefore,
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are not orthonormal to the HF 1s orbital of the ground state. This implies
that even in this independent electron description with state-specific HF
functions, the overlap |<1s|25>| is finite rather than zero, and the double
excitation is allowed even without the addition of correlation configura-
tions, see Section 9.3. In fact, even before electron correlation is considered,
because of the large magnitude of | <1s|r|2p>|, the excitation by a short pulse
of the (2s2p) component (representing the unstable state) is expected to be
considerable but, of course, not exclusive, since the direct ionization matrix
element, |<1s|rlep>| x |<1s|1s>] is also important. The preceding conclu-
sions do not change when electron correlation is included in the computation
of the wavefunctions of the initial state and of the localized W¥,. In other
words, this is a case where a pulse in the range of femtoseconds or shorter
can excite the unstable state (“2s2p”) with high probability, but the scatter-
ing components,lsep, are also simultaneously excited and contribute to the
quick formation, via the Coulomb interaction, of the stationary superposi-
tion. For the first ab initio computations of the time-dependent excitation
and decay of this resonance state and of the time-resolved formation of its
profile on the energy axis, the reader is referred to Refs. [171b, 171c].

The second case chosen above, that of Be, is even more characteristic of the
decisive role that is played by the excitation matrix elements in preparing
overwhelmingly the unstable state, which now is an inner-hole autoionizing
state. Specifically, since the binding energy of the 1s electron in Be 1s°2s 'S
is about 123.7 eV [149a], the absorption of a photon with, say, hiv = 125eV
or slightly higher, gives rise to the following two possibilities of ionization to
the same continuum, whose probability amplitudes interfere to some degree.

(1) Preparation of an inner-hole unstable state:
hva125eV

Be 1s2s* 1S=—="5 [Be" 1s2s” 2S+&p]'P°, where ép~1.3 eV and the
autoionizing state, Be" 1s2s” 2S, whose width is 0.023 eV [149a], decays
to Be™* 1s’'S by emitting an s electron of energy 96.2 eV [149a].

(2) Double electron ejection from the valence shell:

Be 15%28% 'S 22PN [Bett 142 S+(e’s,ep)] 'P°, where the sum of the
energies of the two electrons, (¢'s + ¢p), is equal to 125 eV—[E(BeEZ) -
E(Bej252)] A 97.5eV.

In the vicinity of the energy of the unstable state, (“1s2s*”), the stationary
state is the superposition [a(E)(1s2s®) + [ de’sbe(e")(1s%€'s)].

0
The excitation matrix elements for the processes (1) and (2), for each
value of the free-electron energies, involve all four electron coordinates, even
without electron correlation—see Section 9.3. These are (squared),
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(1) |<1s2s8°[1528*> |* x |<1s|r|ép>|* ~ |<l1s|r|ep>|>.

(2) |<1s*|18*> * x | <1s|e's>|* x |<1s|r|ep>]* ~ 0

The zero for case (2) is caused by the squared overlap, | < 1s|¢’s > |*>, where
the two orbitals are essentially orthogonal. It follows that, upon photoexci-
tation by a pulse in the region of photon energies above 125 eV (and before
the next channel opens), Be will be driven exclusively to the unstable state of
Be*, the ('1s2s”) 2S.

4.2. Formal and quantitative properties in the pre-exponential
decay regime of duration [0, 5t]

The assumption of the preparation of the localized wavefunction¥, at t = 0
is of paramount importance to the theoretical-mathematical description of
decaying (resonance) states. It is only then that notions and observations
such as irreversible fragmentation of unstable states or interference effects in
transition processes involving the continuous spectrum can be understood
conceptually and quantitatively.

For example, when a spectroscopic measurement is carried out along the
energy axis that covers the energy continuum of stationary states and an
isolated resonance peak is observed having a particular profile, it is through
the Feshbach-Fano formalism of bound-scattering mixing in the continuum
that its details can be explained in terms of coupling matrix elements. In
other words, without the complete formation over an energy range and rig-
orous analysis of the spectral peak (profile) on the energy axis in the region
of (Wy,Ey), no accurate description of a resonance state in terms of its exact
position, E,, and of its rate of decay, I, can be deduced from an energy mea-
surement. The most characteristic example is the detailed description of the
asymmetric peaks in photoabsorption experiments which was introduced by
Fano [29].

In this section, I turn my attention to the question of what happens from
the point of view of time when the description refers to a very short time
duration, [0,8], just after the point t = 0 at which W, is prepared and before
ED (which corresponds to the complex pole in the resolvent that constitutes
the definition of the resonance state on the energy axis), starts. Of course,
this question has clear meaning when the combination of the characteristics
of the unstable state and of the corresponding excitation process justify the
assumption of the distinct preparation of W, at t = 0, which is the point in
time that the mixing with the adjacent continuum starts.

I'will refer to three themes. Two of them have already been investigated in
terms of the ab initio solution of the TDSE for real, many-electron unstable
states of atoms. The third is, admittedly, rather speculative and is awaiting
measurement or detailed computation.
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(1) The first theme refers to the computation of the survival probability,
lat))* = |<Wole ™ |¥y>|?, Eq. (7), in the time domain t ~ 0. Given its
computational advantages, the SSA has allowed the calculation of related
quantities, from first principles, of three different types of unstable states
with different structures and lifetimes: The He~ 1s2p” *P shape resonance,
the Ca KLM3d5p *F° Coulomb autoionizing state, and the He™ 1s2s2p *P} ,
metastable state which decays via spin-spin interactions [94a].

(2) The second theme refers to the recent demonstration, from first prin-
ciples, of the time-dependent formation of the photoabsorption Fano
profile of the He2s2p 'P° resonance, i.e., of the time-resolved dynam-
ics of the formation of a stationary state in the region of a resonance
[171b, 171c].

(3) The third theme has a hypothetical element, in that no quantitative
results exist yet. In this case, the assertion is made that, upon the initi-
ation of the discrete-continuum level interaction at t = 0 and during the
pre-ED period, [0,6t], a time-dependent progression of energy shift is also
initiated and accumulates from the value zero at t = 0, when the initial
value of the energy is E,, to the final amount A, which is the energy shift
of the energy-dependent resonance or of the decaying state theories, in
which E, = E; + A.

Theme (1): The appearance of the variance (AE)* in Eq. (19) is a princi-
pal result of the consideration of the t — 0 limit of the decaying state. In
addition to the possibility of using it as a computational constraint, e.g.,
Ref. [91], its significance has to do with the nature of unstable states. Because
of this, in Ref. [94a] it was named the stationarity coefficient. This quantity,
together with the conventional quantity of the mean lifetime correspond-
ing to the ED regime, constitutes an intrinsic property of each unstable
state.

The stationarity coefficient, (AE)?, emerges formally upon the expansion
in series of the time evolution operator, e, as the coefficient of * in the
first-order expansion of |a(f)|*. Specifically, |a(t)]* ~1 — (AE)*#* + .... In fact,
this easily derived formal, and model-independent, result, i.e., the #* - depen-
dence for a time interval [0,6¢], was first verified and quantified in real
many-electron systems in 2001, via the ab initio solution of the TDSE for the
unstable atomic states mentioned above, for which it was found that indeed
it characterizes the regime of pre-exponential decay of |a(t)|* for [0,8¢] of the
order of decades to hundreds of atomic units of time (1 a.u. = 24.2 as) [94a].
The magnitudes of (AE) differ considerably from state to state. For example,
for the He™ 1s2p”*P state it is 1.9 x 1077, while the lifetime is about 5200 a.u..
For the Ca KLM3d5p °F° state, the magnitude of (AE)* is 1.1 x 10~°, while the
lifetime is about 1450 a.u. [94a].

Theme (2): The assertion as to the physical significance of the pre-ED
period, [0,8t], is supported by the recently obtained, from the ab initio
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solution of the TDSE, time-resolved formation of the resonance (Fano) profile
in doubly excited and in inner-hole states, within short periods of a few thou-
sand attoseconds [ 171b, 171c, 76]. For example, figure 3 of Ref. [171b] shows
the various phases of the formation of the resonance photoionization profile
as a function of time (in the hundreds of atomic units) upon excitation of the
He ground state by a laser pulse of 60.1 eV (which is the position of the res-
onance). Specifically, after about 450 a.u. the profile is essentially symmetric,
meaning that the effects of interference from the discrete-continuum mixing
are still weak and far from being complete. The completion of the build up
of the stationary state in the neighborhood of (¥,,E,) takes about 4000-5000
atomic units of time. Its characteristics (Fano g parameter, energy position
and width), agree with those that are known from energy-dependent theory
and experiment [171b].

These results imply that, since the complete description of the resonance
state must account for all the effects of interaction and of interference
before it can be recognized as such on the energy axis, it is indeed pos-
sible to time-resolve a short period of stationarity before the exponential
decay starts, during which the unstable state acquires its observable intrinsic
characteristics.

Theme (3): I now make the following assertion, the essence of which
first appeared in the discussion of Ref. [11a] (see quotation below) and
continued with the analysis presented in Ref. [94b]: Assume that the excita-
tion interaction leads the system overwhelmingly to |¥, > att = 0. Given the
existence of the pre-ED period [0,5t], one may assume that this time duration
represents the preparation stage for the complete formation of the stationary
resonance state, since it is the subsequent ED and the corresponding complex
pole that ought to define the resonance state in the energy representation. In
other words, the variance (AE)* expresses the degree of stability (instability)
of the initially (f = 0) localized state, |¥, >, upon mixing with the adjacent
continuum, and the assertion is made that it is during this short period, that
the energy shift, A, acquires cumulatively along the time axis its final con-
stant value, so as to have the subsequent ED with a mean lifetime t = 1/T
and an exact energy, E, = E; + A.

Accordingly, if the contribution to the total shift, A, at each point of time

St
in the range of [0,5t] is v(t), then A is of the order of [ v(t)dt. Presumably, v(t)

0

is proportional to (real) <a(t)W,|H|X(t)>, evaluated at each ¢t in the pre-ED
period [0,6t]. When the state has entered into the ED time regime, v(t) should
go to zero for t > §t, and remain so for all ¢ in (§¢,00). It is in the ED regime
that the state is recognized as a resonance on the energy axis, whose intrinsic
properties are E, and T".

The above assertion could be tested via ultra fast, time-delay, pump-probe
experiments which would measure the energy of the probed resonance as
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it is being “dressed” by the continuum for a very short period of time after
the preparation of (¥, E,). It first appeared as a descriptive hypothesis in
1972 [11a], at a time when it was unthinkable to consider the ab initio solu-
tion of the TDSE or the measurement of hyper-short time-resolved processes.
I quote:

Furthermore, due to the coupling with the continuum, the initial energy
suffers a shift A which in principle ought to be time (energy) depen-
dent. One may then imagine that for t ~ (0,5t) the energy changes by
small increments ¢(t) until an extremum is reached at which %t) ey =0,
[e(t') = 0], and the state of the system is in the resonant state |¥ > with
energy E....

[11a, p. 2084]

A complementary result which is along the spirit of this speculative descrip-
tion as regards the significance of the stationarity regime of t~0 was pub-
lished a few years later [94b] in terms of (AE)* and of the concepts expressed
via Egs. (15-19).

43. Exterior complex scaling

Equation (1), and the fact that W, represents the bulk of the characteristics of
the state and of the interparticle interactions, imply that the optimal route to
the calculation of the total ¥, = aW¥, + X, goes through a two-step procedure,
each step requiring the application of specific methods and correspondingly
appropriate functions spaces. Following the picture of decaying states, the
first step is the direct and state-specific calculation of ¥, containing the
information from the interaction inside the main volume. This is followed
by a different type of calculation of X, in the presence of ¥,, leading to the
determination of the total V,.

This idea is at the root of the ECS technique for the regularization of matrix
elements between resonance wavefunctions, which was written explicitly in
Ref. [92b] (see Eq. (20) below) and was used in Ref. [95] for various poten-
tials. The name ECS was later given by Simon [96], who proposed the same
scheme for handling difficulties with the calculation of molecular resonances
in the B-O approximation.

Specifically, in Ref. [92b], in response to earlier criticism by Bransden as
to the validity of our proposed variational method for resonances [92a, 93],
we commented on certain properties of resonance states, emphasizing that
what is important is to have a consistent definition of matrix elements. We
focused on the argument that the essence of the difference between the
resonance function andW¥, lies in the change of the boundary conditions
asymptotically [11,37]. Thus, given a wavefunction calculation of any type
in a finite region of configuration space of radius R, it was argued that matrix
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elements could still be defined consistently provided the following regu-

larization procedure for the resonance wavefunction is followed (eq. (3) of
Ref. [92b]),

R

/ wzdrszzdr+!wzds (20)

all space 0

where the contour C is defined based on the intrinsic characteristics of the
resonance and R < Res < oo.

In Ref. [92b] we wrote: “Construction (20) shows that, as the resonance
width tends to zero, the contour integral is brought to the real axis and
the integral | is finite on the real line because it is taken over bound
states...”

The ECS technique has attracted interest and has found applications in
a number of areas. For example, it has been used for the calculation of
resonances in molecular states with finite barriers [95, 97], or for the solu-
tion of numerically demanding scattering problems [98], or for the solution
of the TDSE via grid methods [99]. It has also been invoked for practical
connections to the CAP method [193]-see discussion in Section 3.3.

1l space

5. THE FORM OF THE RESONANCE EIGENFUNCTION AND THE
COMPLEX EIGENVALUE SCHRODINGER EQUATION

When remonstrating Gamow in the library, I went so far as to express
doubt whether Gamow wavefunctions, with their infinite norm, could at
all be regarded as solutions of a Schrédinger equation. Pauli happened
to overhear this rather wild statement: “They are certainly solutions” he
interjected, “but whether they are allowed in quantum mechanics, this
is questionable”. Gamow looked at us with an expression of wonder
in his face: “But my solution,” he said, “just represents a damped reso-
nance process; the exponential increase at large distances has a simple
interpretation, and after all I get the decay constant and an improved
Geiger-Nuttal law. What else do you want?”. “Anyhow,” Pauli con-
cluded as he went away, “it was great fun to see the flood of papers
your theory let loose.”

[100]

As first proposed by Gamow [25] via a model for alpha particle decay (tun-
neling of the so-called “shape” resonances), and later again by Siegert [8a] in
the context of scattering theory, the complex eigenvalue is the result of the
physical notion of a wavefunction with only an outgoing component. The
corresponding complex eigenfunction of the time-independent Schrodinger
equation is not square-integrable and does not belong to Hilbert space.
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On the other hand, Fano’s theory [29] has a Hermitian structure where
only real energies appear. At the same time, it contains all the information
regarding the problem of mixing of bound and scattering components of
resonance states. So the following question arises: Where is the complex
eigenvalue and how can one extract it from Fano’s formalism together with
the corresponding form of the resonance eigenfunction?

This question was answered some time ago in Ref. [101], where we showed
how the corresponding complex eigenvalue Schridinger equation (CESE) is
derived via the appropriate consideration of boundary conditions. The con-
comitant results justify the computation of resonance states in terms of
non-Hermitian, complex-energy formalism via the use of superpositions of
square-integrable real and complex functions.

Specifically, instead of solving the problem of uncovering the resonance
state by using the appropriate superposition of ¥, with stationary scatter-
ing wavefunctions for each value of the energy in the continuous spectrum,
this description is achieved directly in terms of the CESE. The CESE is
obtained after the boundary conditions on the Fano scattering function,
W(E), have been changed from those of a standing wave to those of an
outgoing wave only. The first such derivation [101] involved short range
and Coulomb potentials, together with a corresponding variational princi-
ple. Subsequently, the same idea was applied for the understanding of the
creation of resonance eigenfunctions in the LoSurdo-Stark problem as well as
of the necessary coordinate transformations that render these eigenfunctions
square-integrable [102].

The crucial idea is the imposition of the appropriate asymptotic bound-
ary conditions on the real-energy scattering wavefunction in order to render
it a resonance eigenfunction. To this purpose, let us return to Fano’s stand-
ing wave approach. In order to solve for the expansion coefficients, a(E) and
be(E'), in Eq. (2), Fano followed Dirac’s method ([103a] and section 50 of
Ref. [103b]), whereby inverting (E — E’) along the real axis of the continu-
ous spectrum introduces an unknown function, A(E), which is determined
by the boundary conditions. Thus, he obtained the real function

E—E, — A(E)

ME) — 2(B) = =i,

1)
The reality of Z(E) in Eq. (21) is the manifestation of the time-symmetric,
Hermitian structure of the theory. On the other hand, it was shown [101] that
A(E) becomes imaginary if the outgoing boundary conditions are imposed on
the asymptotic form of W,(E), whereby the problem becomes non-Hermitian
and time-asymmetric, and described by two adjoint CESEs, one of which
corresponds to the physically relevant solution of the decaying state.
Specifically, suppose, for the sake of simplicity in the symbolism, we con-
sider the case of a short-range potential. Using the asymptotically standing
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wave scattering function of the free particle which enters in the antisymmet-
ric N-electron wavefunction U(E) of Eq. (2), u,_..(r;E) ~ ./ fk sin (kr + §), it is

possible to rearrange the asymptotic form of the Fano solution into the form
(energy and momentum are real, E = 1k?),

W, (E) ~ —\/zVa(E) |:(1 — @> e <1 + @) } (22)
2k in i

where N = (kr + §) and A(E) is to be determined by the boundary conditions
which we impose.

The form (22) is the sum of an incoming (¢~") and of an outgoing (¢™)
wave. For t > 0, the outgoing wave corresponds to a decaying state and the
incoming wave to a “growing” (unphysical for t > 0) state. In order for only
one or the other to survive, A(E) must take one of the two values:

ME) = —im, for outgoing wave boundary condition (23a)
A(E) = +im for incoming wave boundary condition (23b)
From Egs. (21 and 23) it follows that, corresponding to the real energy which

results from the Hermitian treatment, there exist two conjugate complex
energies:

r

For M(E) = —in,E —> z, =E, — iE (24a)
) .r

For ME) = +in,E -z, = E, + 15 (24b)

Furthermore, since for E=E, the coefficient a(E) has the value a(E,) =
— ) = , the asymptotic forms for the two solutions at the energy
E, are the complex functions

2 .
v (z) ~ —kel(k"”) k. = v/2z,, decaying state for t > 0 (25a)
\ 7k,

2 S
v (z) ~ | ¢ ~iGrH) e = | /2z%, growing state for t > 0 (25b)

The above results show how, from Fano’sHermitian (time-symmetric) treat-
ment of discrete-continuum level interaction, which is based on the real-
energy Schrodinger equation and the scattering stationary-state normaliza-
tion

HV, (E) = EV,(E), <¥, (E)| ¥, (E)>=48(E — E)) (26)
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it is possible to extract two adjoint, non-Hermitian CESEs, whose solutions
have the form (1), with asymptotic boundary conditions given by Egs. (25).
In other words, Eqgs. (23-25) reflect the fact that the Hamiltonian describing
a decaying system is not self-adjoint, due to the special asymptotic bound-
ary conditions. Instead, there are two adjoint solutions which are different
functions and produce conjugate complex energies.

Note that, on resonance, the forms (25) are the traveling-wave-equivalent
of the standing wave real function, with the same normalization factor. The
new insight is that the discrete-continuum interaction which is taken into
account in the Fano treatment turns the momentum into a complex number
with physical significance, while the two solutions correspond to the two
directions of time. Of these, only one is physically acceptable as a decaying
state, namely the one with outgoing wave conditions:

(H — z,)¥(r; z,) = 0 CESE with outgoing wave conditions (27)

A basic characteristic of (27), which is in harmony with the implicit char-
acter of Eq. (12), is that the solution of (27) depends on the complex
eigenvalue.

In conclusion, it was shown that from the Hermitian treatment of res-
onances on the real energy axis [29], two adjoint CESEs emerge, having
as complex eigenvalues z, and z' of (24). This is achieved by separat-
ing the form obtained by Fano using standing wave asymptotic bound-
ary conditions into the sum of two forms corresponding to incoming and
outgoing-wave boundary solutions. Considered separately, each solution is
a manifestation of nonunitarity, brought about by the fact that there is a cut of
(E — H)™! on the real axis, or, equivalently, by the fact that, when the TDSE
is employed for the description of resonances, there is a singularity at t = 0
which in fact adds a source term, ié(t), on the TDSE ([37b], eq. (3.4)). Only
the solution of Eq. (27) is acceptable since its adjoint state is unphysical
fort > 0.

51. Norms, attenuation factors and the Dykhne-Chaplik
regularization in terms of complex scaling

Crucial to all types of computation is the possibility of defining and com-
puting consistently matrix elements. According to standard QM, for the
stationary scattering state of real energy, W(q,E,t) = W(q,E)e ', the norm is
equal to one for all times:

<UO|¥ (> = // U*(q,E)e™ W (q,E)e *dgdE = 1 (28)

On the other hand, the following norms are obtained when considering the
pair of the adjoint complex wavefunctions with asymptotic behavior (25).
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(1) If the solution for the decaying state is used, then the particle-number
probability is not conserved since decay takes place (i.e., the system is
open). This is seen by assuming the form of the time-dependent reso-
nance eigenfunction to be defined in terms of its complex pole (24a) and
of the requirement of satisfying the TDSE:

W(q,2,t) = W(gz)e ™t >0 (29)

Then,
/ W (g2, ), 0dq = (exp [z — 2,)it]) / W (4,2)0(q,2)dq
=t i)z (30)

Le., there is time-dependence for this norm. Therefore, the form (29)
is, indeed, in harmony with the assumption that a consistent definition
of the resonance (decaying) state must be associated with exponential
decay.

(2) The second type of norm is the one that has to show conservation for the
whole (closed) system, just like the conventional norm (28) does. Follow-
ing the line of argument about the correspondence between the solution
on the real energy axis and the two adjoint solutions in the complex
energy plane, it is evident that the norm which conserves the number
of particles in the whole system must involve both the decaying state
and its adjoint, ¥*(g,z7). In this case,

/ [9'(q,2 D] W (.2, )dg = (exp [(z, — 2)it]) / V(9,2 (q,2)dq
= [ wazvaz (31)

which is time-independent. Hence, it is the use of the two adjoint eigen-
functions, which are characterized by the conditions of Eqs. (23-25), that
produces a constant norm for the whole system.

Equation (31) shows a characteristic feature of the resonance wavefunc-
tions, namely that the integral over radial space (not over the spherical
harmonics), involves the square of the function itself and not of its absolute
value. However, due to the asymptotic behavior (25a), the integral (31) (as
well as the one of Eq. (30)), is infinite, since the integrant goes like ¢*”, where
a is the imaginary part of the complex momentum of the free Gamow orbital.

The lack of square-integrability of W(g,z,), recognized of course by Gamow
and his contemporaries, reduced for many decades the possibility and/or
the interest in tackling problems of resonance states (in conjunction with
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the requirements of the many-body problem for real systems), in terms of
methods that would employ such trial functions.

Kemble, in his 1937 book on QM (section 31 of Ref. [104]), briefly discusses
this issue, wondering about the possibility of defining a new norm by intro-
ducing the attenuation factor e™". In his study of formal aspects of resonance
functions, Berggren [28a] examined this possibility systematically, following
earlier work by Zel’dovich [105] on the subject of regularizing the divergent
integral by using the above attenuation factor.

In fact, a simple and practical solution to the norm problem was provided
in 1961 by Dykhne and Chaplik [106], who obtained the result of Zel’dovich
by extending integration into the upper half of complex coordinate plane,
i.e., by changing r to re”. This reference was first cited and brought to the
attention of the community of researchers in complex scaling in 1980-1981 by
Nicolaides et al. [101], as soon as we discovered it. Dykhne and Chaplik used
the s-wave short-range potential model and concluded that, upon the above
transformation, “in spite of the fact that the wave functions vanish at infinity,
the energy values are complex because of the non-Hermitian character of the
Hamiltonian in V” (the volume of integration).

The above statement from [106] contains the essence of the theory and
computations in terms of scaled, non-Hermitian Hamiltonians with complex
coordinates that started a decade later. It is remarkable that the simple, one-
page paper of Dykhne and Chaplik was not cited in the literature discussing
the early developments of the theory of complex scaling of Hamiltonians,
until 1981 [101].

Indeed, in the early 1970s, complex scaling of coordinates, r— re”,
was used in a mathematical context and language which analyzed
the spectral properties of the non-Hermitian Coulomb Hamiltonian
H(re”) = e T+e "V in the Hilbert space of L? functions [107, 108]. It
was shown that, for the “dilatationally analytic” Coulomb Hamiltonian,
the complex eigenvalues of H(re”) correspond to the second sheet com-
plex poles of the resolvent, normally associated with resonance states, while
the discrete states appear as poles on the real energy axis. Soon after-
wards, this mathematical result attracted the attention of theoretical chemists
and physicists, mainly because of the conceptual simplicity that it entails.
Of course, the MEP remains. The practical computational problem is how
to diagonalize H(re”) in the complete Hilbert space of states of polyelec-
tronic systems. The CCR method which ensued has to do with finding
the complex eigenvalues of H(re”) by following the convergence of the
“f-trajectories” [109, 110]. Although the initial mathematical results con-
cerned the Coulomb operators, empirical evidence with calculations of the
Stark resonances suggested that the use of H(re") is relevant for other types
of potential which are not dilatationally analytic [111,112]. Thus, since its
introduction in the 1970s, the CCR has become a practical computational
tool for the computation and analysis of resonances in a variety of simple
Hamiltonians.
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For reviews of the CCR and its applications, and of various aspects of
the theory of resonances in general, the reader could consult [113,114] and
articles in the volume on “Resonances” edited by Bréandas and Elander [115].

6. COMPUTATION VIA THE CESE SSA. MANY-BODY EXPANSION
AND PARTIAL WIDTHS WITH INTERCHANNEL COUPLING

In spite of its conceptual simplicity, the CCR method, i.e., the repeated direct
diagonalization of H(re”) on a single function space of L* functions and
the corresponding identification of stable complex roots, is not capable of
producing partial widths, with or without interchannel coupling. This was
recognized since the first applications to two-electron atoms started in the
1970s. For example, it is stated explicitly in the review published in 1983 by
Ho [113a].

Furthermore, and most important, the CCR method is not suitable for the
solution of the MEP, just like the direct diagonalization of H(r) on a single
set of basis functions is not a practical method for solving the Schrodinger
equation for even the ground states of polyelectronic atoms or molecules
(More discussion is given in Sections 7 and 8.)

The facts to which the above two paragraphs refer, suggest that, at least
concerning the use of square-integrable functions for the calculations of res-
onance states, alternative theories are needed. Indeed, the CESE-SSA, whose
basic elements and characteristics are reviewed here, is structured so as to
allow the practical and efficient computation of the MEP in electronic struc-
tures, the multichannel continuum and partial widths, and, in general, the
production of easily usable wavefunctions that contain the information that
is relevant to the state and property of interest.

For example, as regards efficiency, a comparison between the method of
CCR and that of the CESE-SSA was published in Ref. [116], concerning the
three-electron He™ 2s2p® *P resonance state and the resonances of the sys-
tem “Hydrogen atom plus magnetic field.” The results show that the CESE
method is much more efficient.

In addition, as it will be seen below with unique results on the resonance
spectrum of H™ (Tables 4.2 and 4.3), it is also very accurate for even the
most subtle and difficult to handle cases of interelectronic interactions in the
continuous spectrum.

Furthermore, the CESE approach was proven convenient and very efficient
when r;- dependent basis sets are used. Specifically, Bednarz and Bylicki
[117] published results of their computations on the He 2s” 'S resonance,
where they followed the CESE procedures with explicitly correlated basis
functions. In explaining their work, these authors pointed out that “...one
should realize that the r;- dependent basis functions are not capable of
repairing the slow radial convergence of the CCR method.”
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According to the CESE approach, one of the main computational bottle-
necks regarding the implementation of the CCR method, namely the need
to diagonalize directly and repeatedly H(re”) on a space of functions con-
structed from a single basis set, is bypassed by using trial functions of the
form (1). Without going into the background, I mention that the form of the
trial complex wavefunctions is guided by the arguments given previously
as regards the significance of ¥, by results that are discussed in Ref. [37b]
as to the invariance of certain matrix elements with respect to complex scal-
ing, and by the derivation of the CESE where the emphasis is on asymptotic
boundary conditions.

In the CESE approach, the coordinates of the Hamiltonian are real. Special
attention is given to the accurate, state-specific, single- or multi-state calcu-
lation of ¥,. Complex coordinates are used only in certain orbitals of the
function space, which is chosen appropriately so as to follow the two-part
form of the resonance eigenfunction discussed above. We have called these
orbitals “Gamow orbitals.” They may be chosen to have particular forms in
harmony with the corresponding open channels, or they can be expanded
in standard forms, such as the one of Slater orbitals, albeit with a complex
coordinate. Specifically, in the case of one-electron decay, the simplest ver-
sion of the SSA square-integrable resonance wavefunction for an N-electron
atom is (¥ symbolizes collectively the real coordinates of the bound orbitals),

V(ry-1,0") = a(0)W(r) + Z Bu(@)un(rn-1,07), (32)

n

pr=re @) + Y 1BO) =1 (32a)

The complex functions u,(ry_1,0*) are properly symmetrized products of
basis functions that have real coordinates for the bound part of the chan-
nel and complex coordinates for the outgoing particle in that channel. They
are optimized at different values of # with respect to variation of parameters.

The use of the form (32), in the single- or in the multi-state version, for
the solution of the CESE, has been applied in the context of the SSA to a
variety of problems. Its extension to problems involving the interaction with
external fields is discussed in Section 11.

One of the useful consequences of the CESE approach, in conjunction
with the related many-electron analysis, is the fact that it solves in a simple
way the problem of computing partial decay widths, without or with inter-
channel coupling. In order to see this, I draw from the theory published in
Refs. [ 37b, 101, 118-121].

Even though the computation of ¥, has not been discussed yet, let us
assume that a state-specific HF solution, ®y¢(r), of a configuration with
energy in the continuous spectrum of a polyelectronic atom, has been
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obtained. Then, it is possible to write a symmetry-adapted cluster expan-
sion corresponding to the exact resonance wavefunction of Eq. (32) in the
symbolic form:

V(ry-1,0") = ®pe(r) + q’ﬁ}(”Nfl)U + q’;ﬁ(”z\/fz)ﬂ + (1)1;2(1’1\,73)‘[ + ... (33)

The symbols ®;(ry-1), Prr(ry-2), Pip(rn_s), etc., stand for the HF configura-
tions with one, two, three, etc. electrons missing from the initial one.

o, m, t...stand for the corresponding correlation functions of one, two,
three, etc. electrons. They are symmetry-adapted and so they correspond
directly to observable exit channels, if they are open. The dominant ones
are the single and, especially, the pair correlations. However, for inner-
hole states, depending on the subshell where the hole is made, the relative
importance of higher order correlations increases [122], and of course, if
energy is high enough, there is probability for more than one electrons to be
emitted.

The coordinates in all the HF configurations with bound electrons are real.
The coordinates of the electrons in the correlation functions are real, r, or
complex, p*, depending on whether they belong to the space of W, thus con-
tributing to the stability of the wavepacket, or whether they are variables
for the Gamow orbitals of the open channels through which decay takes
place. Each correlation function has, in general, both the “localized” and the
“asymptotic” components. For single electron emission it is sufficient to a
good approximation to keep the first three terms of Eq. (33). Thus, I write
symbolically for the single and pair correlation functions,

g — O'loc(rl) + Uas(pr) (343)
T — nluc(rler) + nas(rllp;) (34b)

In the above orthogonal separation into localized (loc) and asymptotic (as)
correlations, o,(p;) is zero for closed channel resonances (the so-called
Feshbach resonances). This term is non-zero and physically significant in
the cases of open channel resonances (the so-called shape resonances), see
Section 8.3.

The two-electron 7 functions are the most significant contributors to the
real as well as to the imaginary parts of the resonance energy for the normal
cases of autoionizing states. The m,,(r1,0;) part is responsible for the Auger
rearrangement of two correlating electrons in the presence of all the others.
To a good approximation, each 7, and therefore each m,(r1,0;), can be cal-
culated independently of all the others. This constitutes the “independent
channel approximation.” However, once this part of the calculation is done,
the whole wavefunction can be put together, and from a total diagonalization
the final results for energies and partial widths, which include interchannel
coupling, are obtained.
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Specifically, by diagonalizing an appropriately constructed non-Hermitian
Hamiltonian matrix and by producing the final solution in the form of an
expansion over configurations with complex coefficients,

W, =aW+ Y bX, (35)

the partial widths to all orders of interchannel coupling are given by
= 2tm (Y awHXs ), T = 36
Yi=— P o [HIX> |, —Z%‘ (36)

The wavefunctions X, represent the open channels. They are obtained as
symmetry-adapted products between localized core functions of real coordi-
nates and channel-dependent complex orbitals that are square-integrable.

The method expressed in terms of Egs. (35 and 36) has also been applied
to prototypical cases in atoms and molecules, such as,

e The computation of the five partial widths in the nine-electron
Ne* 1s2s*2p° 2S Auger state (about 870.3 eV above the Ne ground state)
[118, 119].

e The computation and analysis of partial widths in a series of doubly
excited autoionizing states in He and in He™ [120].

e The ab initio calculation of the partial widths of the predissociating 2>~
excimer state of HeF which decays via radial and rotational couplings
(computed from first principles), to the repulsive X*T* and 1°I1 states
[121].

7. TWO EXAMPLES OF RESULTS FROM THE APPLICATION OF THE
CESE APPROACH

The possibilities of test, and the scope and scale of the first applications of the
Hermitian and non-Hermitian methods that we were developing in the 1970s
for the computation of resonance states, were seriously limited in that period
by lack of access, in Athens, to the necessary decent computational facilities.
Progress on the computational front became more comfortable in the 1980s
and 1990s. In addition, two young scientists, namely Yannis Komninos and
Theodoros Mercouris, started collaborating with the author on such prob-
lems. It thus became possible to work on formalism and applications more
efficiently. As regards the application of the CESE-SSA, which is how the
results that follow were produced, when the memory and speed of the acces-
sible computers increased we were able to use reasonably flexible expansions
and to acquire better numerical experience about the choice, the sizes and
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the optimization of the function spaces for the two parts of Eq. (35), a¥, and
Z biX;s’

' The previously published results which are quoted here are:

(1) The energy and partial and total widths of the Ne* 1s2s’2p° 2S Auger
state. The results are taken from [118, 119].

(2) The resonance spectrum of H . The results are taken from [123] (see
also [124]).

These results were obtained in different time periods using different types of
function spaces and of optimization, which, in general, depend on the system
under examination. The reader will find the details of the calculations in the
original papers.

71. The energy and decay widths of the Ne™1s2s*2p°® 2S Auger state

This is a nine electron system, which autoionizes into the following five avail-
able open channels: 1s — 2p® 'D, 1s — 2p” 'S, 1s — 2s2p° P°, 1s — 2s2p' P° and
1s — 25> 'S. As written symbolically, each of these electron rearrangements
is represented by the corresponding “asymptotic” symmetry-adapted pair
function, m,(r1,05).

The total energy of this state is calculated as 870.3 eV, in very good
agreement with experiment [118]. The achievement of such accuracy has
been possible exactly because of the emphasis on the separate, state-specific
calculation of ¥, by methods of the SSA [9, 10, 122].

As regards the autoionization widths, Table 4.1 contains the CESE results
and the results of two previous theoretical ones that were obtained at
some level of approximation using real-energy methods [125, 126]. The
experimental ones are the ones quoted in Ref. [125].

The calculations of Ref. [118, 119] still remain the only ones in which com-
plex scaling and square-integrable complex functions have been employed
for the determination of the complex eigenvalue and its breakdown in its
partial widths, without and with interchannel coupling, of an inner-hole
resonance state of a system with many interacting electrons.

We point out that since the structure of the CESE-SSA is such that it
requires well-defined matrix elements and computations that are practi-
cal and economic, its first-principles implementation has been extended to
prototypical cases, such as the determination of partial and total autoion-
ization widths in series of high-lying DESs [120] and Section 9.4, and of
partial widths with interchannel coupling for the predissociation of excimer
molecules [121].



Theory and State-Specific Methods for the Analysis and Computation 219

Table 41 Auger partial and total widths (in 1072 a.u.) for the Ne 1Is hole state. The CESE
results from [118] are without interchannel coupling and those from [119] include interchannel
coupling

Theory Experiment
CESE [126] [125] As quoted in
Ref. [125]
Transition  [118] [119] Hartree- “Transition
Fock State”
basis set  basis set
1s-2p*'D 0.560 0.565 0.493 0.606 0.550 0.604 £+ 0.06
1s-2p*'S 0.048 0.040 0.077 0.095 0.083 0.089 £ 0.009
1s-2s2p P> 0.029 0.032 0.049 0.101 0.070 0.063 £ 0.006
1s-2s2p 'P°  0.154 0.165 0.137 0.195 0.150 0.174 £ 0.017
1s-28*1S 0.044 0.043 0.049 0.060 0.045 0.060 £ 0.006
Total 0.835 0.844 0.805 1.057 0.898 0.990 £+ 0.099

7.2. The complete resolution of the resonance spectrum of H™.
Unperturbed and perturbed series, overlapping, “loner,” and
“shape” resonances

The normal difficulties that are associated with the MEP originate from the
number of electrons, the complexity of excited state electronic structures and
the possible strong mixing of the open channels. This was the case with the
example of the Ne* Auger state.

On the other hand, extreme theoretical and computational difficulties may
also be caused in cases of resonance states whose fundamental cause is the
very weak binding and the concomitant enhancement of the significance of
the details of interelectronic interactions, regardless of the number of the
system’selectrons. In such cases, it is difficult to identify and to compute
with accuracy the correct Wys. For example, investigations of such cases in
resonances of He™ have been reported in Refs. [127, 128].

It is easily understood that weak binding is likely to appear in states of
ANIs. Except in few cases where the electrons occupy the same space, as in
the case of the previously discussed, almost unique, “2p>” *S° resonance of
H*" with its relatively large width (Section 2.2), resonance states of ANIs are
likely to have small to very small widths as one of the electrons is distancing
itself from the others—provided there is some physically significant transient
binding.

These two facts, namely weak binding and resonances with extremely
small widths, constitute serious tests for the theory and the methods of
locating resonances, and of identifying and computing reliably the main
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spectral characteristics that originate from the correlated motion of the elec-
trons. For example, there are electronic structures of resonances of ANIs
where it is necessary to compute Wys that are very diffuse. Indeed this is
the case of the resonance states of H™, which are discussed below, where the
Wys were computed up to about 8000 a.u..!

The widths of many of the resonances of H™ that were calculated by the
CESE method go down to 1 x 107® — 1 x 10~ a.u., which is orders of magni-
tude smaller than the values of widths which have been computed by other
methods.

The work and analysis reported in Refs. [123,124], took the scope and the
accuracy of the theory and computation of electron-atom (molecule) scat-
tering resonances to an unprecedented level for the standards of the field,
in order to achieve the first definitive resolution and interpretation of the
spectrum of the complex poles representing the resonance states of H.

Specifically, in Ref. [123], the identification of 76 H™ resonance states of
'P°, 'D° and 'F° symmetries up to the n = 4 threshold, was reported, with
widths down to about 1 x 107® — 1 x 107'? a.u., depending on symmetry and
threshold. In Ref. [124], 70 states of 'S and 'D symmetries, and 83 states of
*P° symmetry were identified, having widths down to about 1 x 10~ a.u.

The results were classified according to the predictions of the model of
“dipole resonances” [129], and it was found for the first time that, for
this special dipole potential, there are unperturbed as well as perturbed
series, in analogy with the Rydberg spectra of the Coulomb potential in
atoms and positive ions. For the unperturbed series, the agreement with
the predictions of Gailitis and Damburg [129] as to the relationship of
the extent of the outer orbital and of the energies and widths of states
is excellent. On the other hand, there are also perturbed series, which
result from interchannel coupling and the remaining electron correlation.
One of the effects is the existence of overlapping resonances on the real
energy axis, of “loner” states (i.e., not belonging to any series), and of shape
resonances.

As is well-known, the two-electron system ¢ + H has been attracting
theoretical attention for decades, with a large number of reports on the
identification and nature of its resonances. Hence, it is possible to com-
pare the CESE results of Ref. [123,124] with those published by other
groups, who applied large scale R-matrix methods [130-132], or the CCR
method [133-136], or specially improved close-coupling methods [137], or
implementation of Feshbach’s formalism. The related references are cited in
Refs. [123,124] and below.

This comparison shows that the combined results of all previously applied
methods since the 1960s, had identified only 35 resonances for the 'P°, 'D°
and 'F’ symmetries, 32 resonances for the 'S and 'D symmetries, and 13 res-
onances for the *P° symmetry, with only very few cases having a level of
accuracy comparable to that of the CESE calculations. The limited number of
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those resonances uncovered before the CESE results of Ref. [123,124] could
not provide definitive conclusions as to the nature of the resonance spectra in
H™, regardless of the level of accuracy of the calculated positions and widths
that were available then.

In order to support the above, it suffices to recall here only a subset of the
results that were published in Refs. [123,124]. To this purpose, I chose the
resonances of H™ in the energy region below the n = 3 threshold, for the
'P°, 'D° and 'F’ symmetries. The CESE results [123] are listed in Tables 4.2
and 4.3, together with those obtained from large scale computations using
the R-matrix method [130-132], or the CCR method [133-136].

Finally, needless to add, I point out that the same CESE approach can be
applied for the calculation of the details of the resonance spectra correspond-
ing to various thresholds of He, Li*, etc. In fact, such calculations would
be much simpler than the ones in H, since the presence of the Coulomb
attraction would reduce the conceptual and computational requirements.
Indeed, except for very high-lying DESs (see Sections 9.4 and 9.5), a per-
centage of the resonances in He, Li*, etc., below the low-lying thresholds
can also be computed reliably by methods such as the CCR and standard
basis sets.

8. THE STATE-SPECIFIC CALCULATION OF V¥,

In Section 4, I discussed aspects of the formal meaning and significance of
W,. Here I turn to the essence of the SSA as regards the computation of W,.

8.1. Simple arguments regarding the significance of the SSA to
problems in polyelectronic atomic and molecular physics

Over the many decades of the development and the implementation of meth-
ods for the computation of bound electronic structures and/or of properties
associated with the continuous spectrum (e.g., resonances), the standard
approach has been the use of formalisms that in practice utilize a single
set of orthonormal basis sets for the calculation of relevant matrices, wave-
functions, etc. (e.g., Gaussian or Slater functions, or B-splines, etc). However,
regardless of the level of sophistication of the formalism, when it comes to
the solution of MEPs or of difficult problems such as the ones discussed in the
previous sections, this approach has serious practical limitations regarding
both efficiency and interpretation.

The argument of the SSA is that forms and state-specific function spaces
do matter in a critical way, and that it is advantageous to develop or adopt
formalism that can be implemented in terms of optimized function spaces,
whether in numerical or analytic form, or both [9, 10, 122] and references
therein.



Table 4.2 Energies and widths of H™ 'P° resonances below the n = 4 threshold, as identified from the implementation of different theories for

field-free resonances. The number in brackets, x, implies multiplication of the preceding number by 10~*

R matrix CCR CESE

Pathak et al. [130] Ho [133] Lindroth [134] Bylicki and Nicolaides [123]
State —E (a.u) I (a.u.) —E (a.u.) I (a.u.) —E (a.u.) I (a.u.) —E (a.u.) I' (a.u)
(1) 0.0371305 1.245[3] 0.03717945 1.0336[3] 0.03718 1.03 [3] 0.0371794 1.03428 [3]
(2) 0.034289 1.80 [5] 0.03429405 1.83 [5] 0.03430 1.84 [5] 0.03429397 1.8328 [5]
3) 0.032324 2.25 [4] 0.0323525 2.44 [4] 0.03235 2.4 [4] 0.032350629 2.4152 [4]
4) 0.032192 8.0 [6] 0.0321985 7.7 [6] 0.03220 7.7 [6] 0.032198287 7.9216 [6]
(5) 0.0316025 0.031613 5.95 [6] 0.03161 6.6 [6] 0.031613080 5.958 [6]
(6) 0.0315535 4.65 [5] 0.031562 3.15[6] 0.03156 2.2 6] 0.03155516 2.716 [6]
(7) 0.0313515 0.0314975 6.47 [5] 0.03150 6.3 [5] 0.03149750 7.550 [5]
(8) 0.031349759 8.718 [7]
9) 0.0313115 0.031315 1.2 [4] 0.03132298 1.13866 [4]
(10) 0.0313045 0.03131 1.5 [5] 0.031304250 1.1694 [5]
(11) 0.031282674 2.86 [7]
(12) 0.0312645831 2.614 [7]
(13) 0.0312627480 2.5110 [6]
(14) 0.031260682 9.4 [8]

(15) 0.0312535114  3.24[8]
(16) 0.03125293164 5.788 [7]
(17) 0.0312511519 1.054 [8]
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(18)
(19)
(20)
(21)
(22)
(23)
(24)

0.03125067253
0.03125053534
0.0312503765
0.0312501542
0.031250120
0.0312500159
0.0312500172

1.338 [7]

9.50 [9]
3.80 [9]
3.10 [8]
3.41[9]
1.341[9]
1.81[8]
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Table 4.3 Energies and widths of H'D° and 'F° resonances below the n = 3 threshold, as identified from the implementation of different
theories for field-free resonances. The number in brackets, x, implies multiplication of the preceding number by 10~*

R matrix CCR CESE
Pathak et al. [130] Odgers et al. Bhatia and Ho [135] Ho [136] Bylicki and Nicolaides [123]
[132]
State —E (a.u.) I (a.u.) —E (a.u.) I (a.u.) —E (a.u.) I (a.u.) —E (a.u.) ' (au.) -—E(au.) I (a.u.)
1 DO
1) 0.0594095 2.755[4] 0.05943 2.645[4]  0.059431007 2.49901 [4] 0.059430923 2.4991 [4]
2) 0.0555997787 2.6768 [6]
3) 0.055556101835 3.3034 [8]
1 FO
(1) 0.056558 5.5 [6] 0.056875 0.0565588 5.02 0.0565587519 5.0068 [6]
[6]

(2 0.05565771162 5.5402 [7]
3) 0.05556643170 5.972 8]
4) 0.055556720982 6.408 [9]
5) 0.0555556809 6.8 [10]
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For example, consider the following two cases:

(1) Suppose one is interested in computing the 10th, say, excited state of
s-symmetry of Hydrogen. One way, which is obviously not the recom-
mended one, is to follow the expansion approach in a basis set, say
Gaussian or Slater or “Sturmian” orbitals, and diagonalize the hydro-
genic Hamiltonian. A huge basis set will be needed in order to reach
a high level of accuracy for the energy as well as for the wavefunction
of the tenth root of the diagonalized matrix. This is certainly an ineffi-
cient way of solving the problem. Furthemore, if one wants to use the
resulting wavefunction for further analysis and calculation of proper-
ties, this approach becomes seriously uneconomical and lacks physical
transparency.

On the other hand, the state-specific way is to solve directly for the
eigenvalue and eigenfunction of the 10th state, something which is of
course practical since the Schrédinger equation is solved exactly in the
case of hydrogen.

Therefore, in this simple and easily understood example, one wave-
function, computed analytically or numerically, is equivalent to an
expansion over a basis set which mathematically has to be infinite. The
choice is obvious.

(2) Let me repeat the above argument, using the hydrogenic Hamiltonian
with complex coordinates, which is the hallmark of the CCR method.
According to mathematical analysis [107, 108], the poles of the hydro-
genic H(re”) are real and correspond to the discrete spectrum below
threshold. As 6 increases from zero, these poles must remain at their
initial positions on the real energy axis.

Now suppose we want to obtain the ground state energy of Hydrogen—
(let alone the energy of the 10th excited state). According to the CCR, which is
a characteristic example of the use of single basis sets for the diagonalization
of matrices, in order to obtain the single number that is trivially known from
the exact solution, one would have to diagonalize an infinite (in principle)
matrix in some complete basis set.

Instead, Nicolaides and Beck [37b, p. 506] considered the exactly solv-
able problems of the harmonic oscillator and of hydrogen and found that
in fact, a single function can diagonalize H(re”). This is the rotated function
of the unrotated solution, i.e., [H(r¢?) — &,]¢,(re?) =0, for each state |n >
and real ¢,. (The proof is straight-forward). In fact, we stated two “theo-
rems” that are basic to the development of the practical implementation of
the CESE-SSA [37b, p. 505], since, in practice, they allow the difficult elec-
tron correlation calculations to be done only once on the real axis, and then
continue the computation in the complex energy plane where the Gamow
orbitals are optimized until the complex energy is stabilized.
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Theorem 1: The (normalized) N-electron, M-nuclei function W¥,(f) =
Wy (re”,Re”) will leave the expectation value E, = <W,(0)|H(0)|¥,(0)> invari-
ant under rotation in the #-plane.

Theorem 2: For a Coulomb Hamiltonian, in an actual configuration-
interaction -type calculation with one-particle square-integrable, ana-
lytic functions as basis sets, all overlap, one- and two-particle integrals
remain invariant under transformations of the type u(r) — e*?u(re”),
U(R) — €°/*(Re").

In the above, R symbolizes the nuclear coordinates considered as variables.
Such possible calculations, where no B-O approximation is applied, might
be more attractive nowadays than 30 years ago.

As an example, and in support of the above arguments, I quote from [37b]:

...we diagonalized the hydrogenic H(re") in a basis set of ten unrotated,

real hydrogenic functions, |ns >, i.e., we obtained complex eigenvalues
10

for the expansion Y a,(0)|ns >. As 6 increased, the coefficients a,(6), n >
n=1

1, increased rapidly in magnitude and the width of the ground state
was larger than typical resonance widths after 6 > 4°. [Of course this is
wrong, since the width of a discrete state is zero]. This shows the origin
of the slow convergence of the coordinate rotation method, where up
to now only fixed, large basis sets have been used. Le., an arbitrarily
chosen set of square-integrable functions may be a good representation
on the real axis, but in the 6-plane they need not.

[37b, p. 506]

If the one-electron problem exhibits such difficulties when, instead of the
state-specific solution, which is this case is known exactly, the expansion in
a basis set is adopted, one can immediately understand that things become
much more complicated or impossible for a number of MEPs if states and the
related matrix elements are to be obtained in terms of methods that depend
on the use of basis sets that are common to all parts of the system under
investigation.

8.2. The direct HF or MCHF solution as the zero-order
approximation to .

The MEP in resonance states of many-electron atoms (molecules) compli-
cates things not only computationally but also conceptually and formally.
For example, the resonance state is in the continuous spectrum, with an
infinity of lower states of the same symmetry. Its localized part, ¥, and
its energy E;, do not obey rigorously a variational minimum principle to
all orders. Instead, in a variational calculation, what one expects is a cor-
rect convergence to a local energy minimum, secured by the anticipated
localization of the state. In addition, there are complications from possible
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near-degeneracies with other resonance states of the same symmetry, and, of
course, from the mixing of scattering components.

In certain extreme and rare cases, such as the one of the H™ dipole res-
onances, it was necessary to create the function space of the W, states
out to very large radial distances by adding judiciously extended bound
functions [123,124]. However, this is not the way to the systematic solution
of the MEP.

The proposal and demonstration in Refs. [11,37] was that, given the cor-
respondence decaying state <> resonance state, the MEP of the field-free
polyelectronic Hamiltonian, H, for the computation of W, is best solved
by adjusting and adapting formalism and advanced computational methods
that were in the process of being developed in the 1960s (and are still used)
for the lowest-lying discrete states.

Accordingly, instead of expecting to obtain ¥, say from a somehow iden-
tifiable root of a diagonalized H matrix constructed from a large basis set of
orthonormal functions or B-splines, W, for an isolated state was computed
directly in the form

lyg == CD() + X]oc (37)

®, stands for the state-specific HF or MCHF solution. X, stands for
“localized” correlation and represents those parts of the one-, two-, three-,
etc., electron correlation function space that contributes, together with @, to
the stability of the state, e.g., Refs. [9-11, 37,56, 77,122,128,138, 139].

One of the advantages of the state-specific calculation of ®ycyr is that
this wavefunction accounts in an efficient way for the self-consistently
adjusting major correlations that contribute to localization, including a few
that incorporate parts of the open-channel continuous spectrum, which
we have named the “open-channel-like” (OCL) configurations [56,77]—see
below.

Indeed, apart from the fact that the dominant electronic structure fea-
tures are exhibited directly and reliably, the use of a state-specific ®yicur
helps convergence in the overall calculational scheme of resonance states
immensely. For example, we have published a number of papers where it
is demonstrated that only a few self-consistently optimized configurations
can provide accurate descriptions of W, for polyelectronic resonance states
of various structures. Such state-specific calculations show that, quite often,
there is significant dependence of the zero-order orbitals and their electron
correlation on symmetry and on spin couplings. An example from simple
structures is relevant here. Unpublished results [140] on the He (2s2p)”'P°
resonances show that the HF solutions give the averages for the HF orbitals
as <r>,, = 3.45 a.u. for *P°and 4.43 a.u. for 'P°, a rather large difference. For
the total HF wavefunctions, <r;,> = 5.21 a.u. for *P°and 4.67 a.u. for 'P°.
When the @ wavefunctions (a few configurations) are used, the expec-
tation value reflecting angular correlation, < cos ©,>, reveals a qualitative
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difference: —0.37 a.u. for the *P° state (the two electrons are, on the average,
at opposite sides of the nucleus), and 0.03 a.u. for the 'P° state.

The differences that are noted above imply that if an electron-correlation
calculation were carried out using the same basis sets for the wavefunc-
tions of these two spectroscopic terms, then the size requirements would be
very large, simply in order to correct for the inadequacy of the zero-order
wavefunctions.

The sensitivity of properties to the numerical level of accuracy at the zero-
order approximation, which is evident from the above example, constitutes
an additional reason for the slow convergence of methods that use a basis set
common to various terms of the same configurations, let alone of different
configurations.

In contradistinction, a SSA calculation, by obtaining state-specific zero-
order orbitals and corresponding optimized correlation configurations,
immediately reduces the magnitude of calculation while increasing consid-
erably its accuracy. Specifically, the calculation of X, involves the proper
construction of symmetry-adapted configurations consisting of MCHF and
of virtual orbitals, and their variational optimization, separately (if needed),
and via the minimization into a local minimum of the total energy, E,,
using orthonormal or nonorthonormal configuration-interaction techniques
[9, 122].

In view of the existing publications to which the reader may refer for exten-
sive discussions and applications of Egs. (1 and 37), here I focus briefly on
the following three points.

(1) For many cases, the task of computing ®cyr correctly requires consider-
able care. For example, it requires stability and high numerical accuracy
for large radial distances, the satisfaction of the virial theorem (which
is a condition of localization), as a guiding tool for accepting the solu-
tion that has converged into a local energy minimum, the attention to
the major features of the radial characteristics and of the satisfaction of
asymptotically vanishing boundary conditions, the satisfaction of proper
orbital orthogonalities, the inclusion of nearly-degenerate and OCL con-
figurations, the application of appropriate orbital rotations, etc. Related
discussions can be found in Refs. [9, 10, 56,77,127,128].

(2) In current times, it may seem that the calculation of highly excited atomic
states via the solution of the numerical MCHF scheme is as straight for-
ward as it is for ordinary ground or low-lying discrete excited states, in
view of the existence of published computer programs such as the one of
Froese-Fischer ([141] and later versions). This is not so, except for some
of the cases of well-localized states, as are the normal Auger states, and it
certainly was not the case in the early 1970s when [11] was published. For
example, in 1978 Froese-Fischer [141], in the preface of her publication,
writes: “...Since bound states in the continuum interact most strongly
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with continuum states, a multi-configuration calculation for such states
cannot be performed with this program.”

The possibility of state-specific HF computation of even difficult cases
of resonance states and the development of theory in the spirit of Egs.
(1) and (37), was first demonstrated in Ref. [11], by applying the analytic
HF method of Roothaan [142a] through the slight modification and judi-
cious use of the computer program written by Roos et al. [142b]. At that
time, HF theory for multideterminantal structures with many-open sub-
shells, where new vector-coupling coefficients and Lagrange multipliers
enter, had been applied only to low-lying discrete states. The only previ-
ous HF calculations on states that are in the continuous spectrum, albeit
without any theory or computations of electron correlation and of scat-
tering contributions, were those of Bagus [143] for certain ns-hole states
of the single determinantal Ne-like and Ar-like ions.

The publication of Ref. [11a] reported reasonably accurate calculations
of the (¥, E,) of the then challenging lowest triply excited resonances
with open (sub)shells of He~, the 2s*2p’ 2P° and '2s2p” 2D states, as well
as of inner-hole states of larger systems, such as the F'1s*2s2p® 2S autoion-
izing state, which is characterized mainly by hole-filling correlations that
correspond to the mixing of the valence configuration with channels of
Rydberg and scattering orbitals of s and of d symmetry.

Since 1972, this approach has been understood better as regards the
computation of both @, and Xj,., and has been applied to various
problems involving different electronic structures, from resonances in
negative ions to open (sub)shell Auger states, e.g., Ref. [144]. One such
improvement has to do with the fact that, starting in the mid-1970s,
upon the appropriate adaptation of the code published by Froese-Fischer
[141], the SSA for atomic structures has been using the numerical MCHF
method for the calculation of ®,.

In cases of lack of convergence or of false convergence, which are often
distinguished because of the appearance of an unlikely orbital with pos-
itive energy, or of oscillatory solutions or of “solutions” for which the
orbital becomes overextended, etc, care must be exercised, as already
mentioned. When proper convergence is absolutely impossible, judg-
ment must be exercised as to whether the resonance exists at all, since
there is no localization at this level. For example, for cases such as the
high-lying dipole resonances of H™ which were discussed in Section 6,
it is certain that the HF or MCHF equations cannot converge to a bound
solution.

(3) The strategy of initializing the calculation of autoionizing states with
a state-specific MCHF wavefunction allows the major configurational
features of, say, a multiple excited state, to emerge clearly and quan-
titatively, while the MCHF energy is reasonably close to E,. A class of
configurations that are very useful, and many times absolutely necessary
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components of ®ycyr, are the OCL-type [56,77]. Their presence accounts
for a part of the contribution from the continuum of a lower lying
threshold which does not destroy the square-integrability of the zeroth-
order function. For example, for the resonance in He~ whose label is
2p® 2D°, such an OCL configuration is the MCHF (2s2p)°P3d’ 2D°, which
incorporates part of the open channel [He(2s2p)*P° + ed] >D".

The computational “phenomenon” of the OCL MCHEF configurations
can be understood from formal considerations as follows, [37b, p. 463]
and [77].

Suppose we consider a hydrogenic or a HF solution to an electronic struc-
ture that labels an autoionizing state. Let the symbol for this zero-order
wavefunction be ¢, with energy &,. Either from Schrédinger or from Wigner-
Brillouin perturbation theory, the expansion of the exact function shows that
there are integrals of the form [ =JE=<HdE over the continuum. So there
is a singularity at &, = E. If we exclude a small part of the continuous

spectrum around, &, say & = §, as a principal value integral, the wave-
£9—9
. . . 2
function remains square-integrable because the terms [ ="=C4E and
—o0

S/ '<V’”El+“§>‘sz are finite. A converged MCHF solution means that essentially
g0+4

the effect of the continuum comes from contribution of integrals such as
the above. Convergence becomes generally easier as the effective nuclear
charge is increased, even though a number of channels may still remain open.
When the solution is achieved, the correlating virtual bound orbital having
the orbital angular momentum of the open channel has picked up just the
portion of the channel which contributes to the stability of the wavepacket.

The above situation is more easily achieved when the mixing of correlating
configurations is relatively weak, or when the potential seen by the elec-
tron is enhanced by the angular momentum barrier, or when the effective
nuclear charge is strong. For example, this is often the case with calcula-
tions of inner-hole Auger states if the hole is such that there are no strongly
mixing configurations corresponding to core-electron rearrangements. This
is why researchers in modern times, who have been using more recent ver-
sions of Froese-Fischer’s code [141], find HF or MCHEF solutions for Auger
states satisfying such criteria, evidently without serious difficulties.

On the other hand, if for some type of electronic structure it is impossible
to obtain valid convergence of the state-specific MCHF equations because
of the presence of correlating configurations whose structure corresponds
to open channels, then the calculation of ®cyr and of ¥, should exclude
them. For example, this is the case of He™ 2s2p” 2S which interacts with the
[He(2s”) + &s] 2S continuum. Their effect is then incorporated from principal
value integrals over purely scattering function spaces.
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8.3. The division into “Feshbach” and “shape” resonances in
polyelectronic atoms and molecules

Since the 1960s, it has become customary among many researchers studying
and/or discussing resonances to divide them into two categories: 1) “Shape”
or “open channel” resonances and, 2) “Feshbach,” or “closed channel” reso-
nances (e.g., see the reviews by Burke [15] and by Buckman and Clark [19]).

In general, this division is guided by criteria of energy: When the picture
of scattering of a particle from a target is adopted, then, if the resonance state
can be associated, via an assumed criterion, with a scattering channel which
is open (i.e., accessible) energetically, then it has been considered appropriate
to name it “shape” (i.e., it follows from the “shape” (i.e., characteristics) of
the scattering potential), or “open channel” resonance. On the contrary, if
the channel to which the resonance is attributed as a result of its coupling is
energetically closed, the name “Feshbach,” or “closed channel” is used.

In addition, when it comes to problems involving electronic structures,
the two categories are understood in terms of those configurations that label,
in zero order, the (N + 1)-particle resonance state and the N-particle target
states.

In order to illustrate the above, I recall a simple example: When elec-
trons scatter elastically off the Be 1s2s” 'S ground state, a shape resonance
of *P° symmetry can be formed, to which the zero-order configurational
label of 15’28’ p 2P° is assigned, e.g., Ref. [19]. The symbol P represents
the open channel orbital of p symmetry, whose phase shift at a partic-
ular energy reveals the presence of a resonance. (As regards its charac-
teristics, it may resemble, up to a point, a bound 2p orbital, since this
is the nearest empty one. However, in general, for negative ion states of
atoms and molecules, given the lack of an attractive Coulomb potential
and the complexity of open (sub)shell structures, the a priori assignment
of the orbital of the extra electron of shape resonances to easily identifi-
able empty orbitals of the target state loses credibility). On the other hand,
upon inelastic scattering of electrons by Be 1s°2s” 'S, a negative ion reso-
nance state labeled by Be™ 1s*2s2p” 2D can be prepared, with an energy
below that of the Be 1s°2s2p °P° state and decaying into the 1s*2s” 'S + ed
continuum. Therefore, it can conventionally be considered as a Feshbach
resonance, where the closed channel is represented by the Be 1s*2s2p >P°
threshold.

At certain periods of the development and application of resonance scat-
tering theory to atoms and molecules, the notions of “Feshbach” and “shape”
resonances have occasionally been elevated to the level of an important issue.
Characteristic discussions as to the relative merits of theoretical methods and
as to the relevance of this issue can be found in the literature on doubly
and triply excited resonances of the prototypical three-electron system,
He, e.g., Refs. [4a,4b,5b,11b,56,73,77]. For example, normally, if the
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scattering theory of Feshbach is followed, which is based on the choice of
a unique projection operator, P, in the asymptotic region, then, use of the
projection operators P and Q = 1 — P may not allow the recognition of a
shape resonance in a particular problem, since the open channel to which
the resonance belongs is, in principle, projected out of such a computation.

The purpose of this subsection is to point out that the theoretical and
computational relevance of this division is rather particular to certain low-
lying structures and that, at least in multiparticle systems, it may lose
validity, especially when open subshell electronic structures are involved
where spin and angular momentum couplings acquire importance as to the
nature of resonance states. In particular, the delineation between the con-
cepts “Feshbach” and “shape” is not very useful or meaningful when the
(N + 1) resonance state is associated with multiply excited threshold states
of the N-electron atom (molecule), and/or when coupling takes place when
two target channels are energetically very close and the energy of the res-
onance state is in between. This ambiguity is absent when the resonance
states are treated according to the present theory, since the concept of tar-
get states is not even raised (as it is in a scattering theory framework). In
fact, the information about the neighboring thresholds and corresponding
channels is contained in the components of ¥, such as the OCL con-
figurations which I mentioned earlier. For example, in a publication on
triply excited resonances of He™ and in the context of this issue, we have
written:

This approach renders the question of “Feshbach” vs “shape” resonance
without computational or physical significance. Consideration of a
nearby threshold enters only for establishing whether it contributes
to the width or not. On the other hand, if the desire exists, it is still
possible to understand the character of the state under examination
by analyzing the major configurations in conjunction with the energy
results.

([77b, p. 3586])

In other words, once the SSA for the computation of resonance states accord-
ing to Egs. (1 and 37) has been adopted and the computation of the ¥yand E,
of interest has been carried out, the concomitant knowledge of the configu-
rational constitution of ¥, reveals the dominant character of the resonance in
terms of the coupled thresholds, while the exact energy, E, = E; + A, shows
its position relative to these thresholds. More discussion and SSA results on
this issue can be found in Refs. [11,56,77,127,128, 144].

As examples of the use and analysis of state-specific ¥, to this purpose,
and of comparisons with earlier results and conclusions, I refer to the proto-
typical triply excited resonances of He™ with all three electrons in the n = 2
or n = 3 shells, [56,77b], and to the He™ 1s2s2p *P° resonance [4a, 4b, 77a].
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The latter one is one of the earliest cases which attracted attention and was
discussed in the context of “understanding” resonances in terms of “Fesh-
bach vs shape.” Specifically, the He™ 1s2s2p *P° resonance, is found between
the He 1s2s S and the 1s2s 'S thresholds at 19.8 and 20.6 eV respectively,
and decays to the [(He 1s2s *S)ep] and [(He 1s” 1S)e’p] channels. Because
of its position and its zero-order electronic structure, certain publications
focused on the accurate computation, the nature and the classification of this
resonance, e.g., Ref. [4,5,77a].

Our work, [77a], demonstrated the efficiency and transparency that come
with the SSA computation of ;. In particular, it was demonstrated that
just a two-term, properly coupled, state-specific He~ MCHF wavefunc-
tion, computed as 0.995(1s2s2p) —0.099(1s*2p) with energy —2.1503 a.u.,
which is below the energy of the He 1s2s 'S threshold at —2.14597 a.u.,
reveals the dominant Feshbach character of the resonance, with smaller
parts that can be expanded in terms of the wave functions of the open
channels [(He 1s2s 3S)ep] and [(He 1s? S)e’p]. Starting with this fact and
including additional localized as well as scattering function spaces, the SSA
results showed that, in essential agreement with experiment, the resonance is
revealed via a broad, non-Lorentzian peak in the inelastic electron scattering
cross-section, and is characterized by E, = 20.26eV and I' = 0.60 eV [77a].

Finally, I bring to attention the fact that, in constructing and carrying
out the solution of the MCHF equations for such open (sub)shell systems,
the choice of interelectronic spin and angular momentum coupling is of
paramount importance in obtaining those state-specific MCHF solutions that
can provide the proper zero-order descriptions of the Wys of highly excited
resonances [56,77,127,128]. For example, I quote from our publication on the
He™ 1s2s2p ?P° resonance [77a]:

In computing ¢ and later X, we chose the coupling to be in the n=2
shell, where the interactions are greatest. The more common [six refer-
ences] coupling between the 1s and the 2s electrons, He™ (1s2s)*!S2p *P°,
is less desirable for computational reasons. On the other hand, in
order to establish correspondence between the physics of the scatter-
ing experiment and the 7 =2 coupling, one can develop the 1s2s2p *P°
configuration as a linear combination of (1s2s)'S2p and (1s2s)’S2p with
coefficients +/3/2 and —1/2, respectively. The presence of the 1s’2p
component prevents an energy collapse and allows for a proper con-
vergence, in analogy with the better known case of the HF solution for
the He 1s2s 'S state.

([77a] p. 1867)

A more extensive analysis concerning the interpretation of the components
of W, for a more complex situation, namely the He™ 2s2p” 2P triply excited
resonance, is given in section VI of Ref. [77b].
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8.4. Calculations of state-specific Wys and of the corresponding
potential energy surfaces of negative ion resonances and of
diabatic states in molecules

The calculation of Wys of resonance states that are based on the separation
(37) hinges on the capacity of first producing a valid state-specific HF or
MCHEF solution, or approximately so. Once this has been accomplished, use-
ful conclusions may be drawn already at this level and, of course, it becomes
possible to proceed with the computation of those parts of X, that are
deemed important for the problem under investigation.

It is in this spirit that a priori constructed and calculated “diabatic” molec-
ular states crossing a vibrational or an electronic continuum were obtained
in Refs. [138, 145]. The direct state-specific calculation avoids, in the first case
the coupling towards predissociation and in the second case the coupling
towards autoionization.

Specifically, in Ref. [145] state-specific HF calculations allowed the under-
standing of formation and the consequences of excited states in the tri-
atomic molecules HeH,, NeH, and ArH,, which are formed transiently in the
dissociative continua of the ground state.

Similarly, the computation of a prototypical diabatic state, the
He; lo,10? 22; valence state, and its energy curve that crosses as a function
of the internuclear distance the Rydberg series Hejlagnog, n=234,..,
and the ionization threshold into the (He" 1(rg2 12; +¢&0,) continuum, was
reported in Ref. [138]. This computation resulted from the state-specific
methodology that is described in Ref. [146], in which ®pcye is obtained
numerically by the use of the code published by McCullough [147].

Finally, the SSA and methodology for the computation of the electronic
structures with electron correlation of states of diatomic molecules [138, 146]
was applied to the elucidation of resonance state problems in the spec-
trum of the negative ion He, [139]. Specifically, it was determined that
the He, (lo10,27,15;) “®, state is a “Feshbach” resonance, lying below
the parent He, (105101,27[”) T, and (1ag21cru18g) 3A, excited states, and
autoionizing into the continuum of He, (10;10,,1nu) °I1, by the two-orbital
rearrangement 2,16, — 1m,&68, or 1m,ey, (in o,7,8,9,y ... notation). Further-
more, it was recognized that the localized solution for the (1051@,1631%) ‘I
state ought to give rise to a shape resonance above the He, (10;1@188) A,
state.

9. UNDERSTANDING THE ELECTRONIC STRUCTURES OF
RESONANCES AND THEIR EFFECTS ON SPECTRA IN THE
FRAMEWORK OF THE SSA

One of the important benefits of the SSA has been the possibility of justi-
fying and understanding, through formalism and advanced many-electron
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calculations, properties of various types of autoionizing states by establish-
ing and analyzing just the localized Wys, where the zero-order description
is obtained by solving numerically the MCHF equations with the appropri-
ate for each problem configurations. By the word “appropriate” I mean those
self-consistently-obtained bound configurations whose superposition allows
an optimal and economic zero-order description of the resonance wavefunc-
tion and at the same time secures proper solution and convergence to the
correct local energy minimum.

As examples, this section discusses briefly four subjects where, in con-
junction with suitable theoretical support, consideration of just the Wys has
provided quantitative as well as semiquantitative general understanding of
the nonrelativistic MEP in a variety of autoionizing (Auger) states across the
Periodic Table and of the interplay between their electronic structures on
the one hand, and energy, photoionization or autoionization spectra on the
other.

91. Effects of “hole-filling” electron correlations

The calculation of the &y or of the ®ycyr representing the zero-order
description of W,, normally has one or more inner holes below the highest
occupied orbitals, except when it describes a negative-ion shape resonance
above the ground state of the neutral atom or molecule. If, for reasons of
convenience, a single configuration is used to label the state, then it fol-
lows that those electron correlations where the electron rearrangement is
such that the hole is filled, play a dominant physical and computational
role. The same holds with possible structures where there are more than
one holes. We have named these correlations “hole-filling.” Normally, they
are dominated by symmetry-adapted pair correlations. However, as energy
and subshell near-degeneracies increase in certain states of medium to heavy
atoms, the relative importance of electron correlations among three and four
electrons also increases [122].

The reliable computation of the contribution of the hole-filling correlations
together with other types, is quite a demanding MEP. On the other hand,
in the past even advanced calculations on, say, Auger states, did not even
consider them, with the result that serious discrepancies between theory
and experiment remained, a situation which was corrected via calculations
that applied methods of the SSA [148, 149b]. For example, more than 25
years ago, the abstract of Ref. [148] reads “We show that the large dis-
crepancies between single- and multiconfigurational Dirac-Fock calculations
and experiment recently obtained for certain binding and Auger energies
of Ar, K, Kr, Rb, Sr and Xe, can be removed by including easily computed
(SEOS) correlations.” (The SEOS correlations constitute a subset of hole-filling
correlations).

The fact that hole-filling correlations are important is associated with either
strong off-diagonal interactions, or with new couplings of the hole(s) with
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valence electrons, or with heavy mixings from near-degeneracies, or with all
three. This occurs regardless of the size of the atom or of whether the state is
discrete or autoionizing [122] and references therein. The result is that they
most often constitute an important component of the total wavefunction and
so they leave conspicuous signs on spectra.

In this context, the discussions in Refs. [149b, 122, 148, 150] (and in
their references), present quantitative results as well as summaries of argu-
ments regarding the a priori recognition and computation of those parts of
Wys which influence in an essential way the preparation and the con-
sequences of resonance states during photoabsorption by polyelectronic
systems. This type of understanding has also allowed the deduction of sim-
ple rules as to types of configurational mixing that affect spectra the most.
For example, if a 5p electron in the actinides (say Uranium) is sent to the
continuum by photoabsorption, the SEOS pair correlation df <> pg alters the
single-particle picture significantly. The radials of the occupied orbitals 5p,
5d and 4f or 5f are either of the HF or, more appropriately, of the Dirac-Fock
type, while the g orbital is virtual [148].

The rules for the a priori recognition of electron correlations in excited
states (in addition to those of the ground state), that affect signifi-
cantly the photoionization and autoionization spectra have been listed in
Ref. [150].

A recent investigation by Kucas et al. [151] verified the exceptional
significance of SEOS correlations of the type 4p°4d"! < 4p°4d"'4f in the
photoexcitation and emission spectra of isoelectronic sequences.

9.2. “Collective excitations” related to “giant resonances”
in photoabsorption

Because of strong electron correlations, mostly connected to the hole-filling
type, it is possible to have exceptional cases whereby photoabsorption transi-
tions to the continuum into which inner-hole autoionizing states are embed-
ded, have an unusually large probability within a certain energy range. This
possible phenomenon was first discussed in atomic and molecular physics
during the 1960s and 1970s from different points of view, and with different
interpretations, some of which borrowed the language and formalism from
other fields [152] and references therein.

In the work of Ref. [152] we adopted the arguments of the SSA and
assumed that electron correlation for highly excited inner-hole states can
be understood from the many-electron analysis of the wavefunctions in the
form of Eq. (37). Specifically, we adopted the language of superposition of
configurations, assuming, for the sake of simplifying the formalism, that the
main interacting correlation configurations are represented by bound func-
tions. We then showed that there is a direct connection between electronic
structure and the dynamics of excitations for which oscillator strength is
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reduced drastically from the single electron excitations and is concentrated
exclusively on a narrow range of the spectrum. This may be understood
in terms of conditions that connect configuration-interaction mixing coeffi-
cients of the excited state (resonance) wavefunction, let us here call it v,
to photoexcitation transition amplitudes to each of its components [152]. To
first order, the principal condition is, (Eq. (11) of Ref. [152]),

Er — E, _ <¢r|D:|¢i>
<¢R|H|¢n> <¢11|DZ|WI‘>

(38)

where D is the zth component of the electric dipole operator, |1; > is the ini-
tial state, and the matrix elements can be understood from the approximate
form of the total (correlated) wavefunction of the resonance state:

wK = aR|¢K > +Zan|¢n >

The |¢, > may contain contributions from the scattering continuum of the
same channel. We concluded that “it is reasonable to expect that in reality
these optimum conditions cannot be satisfied exactly and thus physical spec-
tra must contain some single-particle excitation character even in regions
where the spectrum is characterized mainly by a single, strongly absorbing
peak” [143, p. L262].

9.3. Properties of multiply excited states

The topic of multiply excited states (MESs) has attracted both experimental and
theoretical interest over the last few decades. In a series of publications, we
have produced results of SSA calculations for a variety of MESs, based on the
analysis and computations of their Wys. By the word “multiply” I mean not
only the normally examined DESs of He-like systems (Section 9.4), but also
novel structures where three or four electrons occupy higher-lying subshells
[153-156] and references therein.

The MESs offer opportunities for challenging investigations concerning
the correlations of electrons, the difficult to determine details of the MEP,
and the interplay of structure and dynamics. In the context of the first step
of the SSA, which concerns the efficient computation of electronic structure
features and of electron correlation according to the form of Eq. (37), it has
proven possible since 1972 to reduce the magnitude of computational prob-
lems, to produce quantitative results for properties, and to acquire physical
insight of general validity. As regards the latter, I cite two related themes:

9.3.1. Nonorthonormality in photoabsorption and autoionization
The first theme is the significance of nonorthonormality (NON) between sep-
arately optimized state-specific wavefunctions of the form of Eq. (37). One
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of the effects of NON is the allowance of multielectron radiative transitions
when no correlation is included, contrary to recycled statements in the lit-
erature. In other words, according to rigorous electronic structure theory,
the transition matrix elements are always integrals over N-electron coordi-
nates. Hence, transition matrix elements to multiply excited resonance states
even with only HF wavefunctions that are specific for initial and final states
need not give a null result, provided the orbital symmetries are such that
the dipole selection rule is satisfied, e.g., Ref. [153]. In fact, in many cases,
computation with just state-specific HF wavefunctions provides a semiquan-
titative and economic way of predicting the radiative probabilities of such
transitions.

As an example of the above, let me consider the one-photon, three-electron
transitions from the n = 2 to the n = 3 shell in Carbon,

C 12252 2p2 3P 2P 10205 3p%3 D0, 3P0, 38°
for which the transition energies are computed to be approximately 50.7 eV
(Dr), 51.8eV (°P°) and 52.0eV (°S°). No experimental measurements exist.
In the late 1980s, this three-electron excitation was cited by other
researchers as a heuristic case to argue that, “as far as we can tell, a multiply
excited state such as 3p? is virtually inaccessible by single-photon absorp-
tion.” Yet, small-size (for reasons of economy) SSA calculations show that
the state-specific HF result, which is of course obtained from an indepen-
dent electron model with no electron correlation, produces nonzero values
for the probabilities of the three transitions. Furthermore, the order of magni-
tude of the HF transition probabilities is the same as that from computations
that include some part of electron correlation. Specifically, the results of
the SSA calculations for the oscillator strengths, using only approximate
wavefunctions for the Vs, are:

HF HF plus electron correlation:

P 3D’ 0.99 x 10°* 0.88 x 107*
P —=3p° 0.58 x 107* 0.16 x 107*

P38 0.76 x 107* 094 x10°*

In other words, a result which in another kind of theory that uses a single
basis set would appear as a high-order correlation effect (e.g., I recall that
algorithms such as the Random Phase Approximation cannot handle multi-
electron transitions), in fact it is a zero-order effect when computed according
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to the SSA. The significance of this conclusion lies both in the simplicity of
the calculation and in the physical insight that it provides.

Obviously, NON plays a similar role in the calculation of autoioniza-
tion matrix elements. For example, see [127, 155] for its contribution to the
understanding of the mechanism of autoionization.

9.3.2. Regularities in electronic geometries and spectra

The second theme is the discovery of the existence of remarkable regularities
that are common to classes of doubly, triply, and quadruply excited states, in
specific total angular momentum and spin symmetries. For example, for the
intrashell state of lowest energy, there are regular series for the DESs which
shows that the two electrons on the average tend to the linear geometry as
the two-electron threshold is approached. For the three-electron case, it is
the equilateral triangle geometry that is reached. And for the four-electron
case of °S” symmetry, it is the tetrahedron geometry that is approached at the
four-electron fragmentation threshold [154] and references therein.

Here, I focus on the results of the most complex case, that of the quadruply
excited states in Be of °S’ symmetry. In Ref. [154] we found via theory and
its implementation in terms of correlated wavefunctions obtained by solv-
ing the MCHF equations for the intrashell configurations, regularities in the
geometry of electron distribution and in the energy spectrum.

(1) Geometry: As a result of the mixing of many intrashell configurations
with self-consistently obtained orbitals, the average angle between the elec-
trons opens up as the manifold quantum number, n, increases, tending to
that of a tetrahedron. Specifically, for n = 2, where the wavefunction is essen-
tially the HF 252p3 >S°, the interelectronic average angle, <6;,>,1s 99.5°. As n
increases, the state-specific wavefunction has been calculated at the MCHF
level for the lowest root of an expansion with all n; =n, =n; =n, =n con-
figurations [154]. For n = 3, the main configuration, 3s3p®, has a weight of
0.90, while <6;,> = 103.3°. For n = 6, the wavefunction is highly corre-
lated, having the MCHF composition of 0.77 (6s6p°) + 0.48 (6s6p6d*) + 0.23
(6s6f6d%) — 0.28 (646f6p*) + 0.13 (6p6d6f*) — 0.11(6f64d%). Now, the average
angle has already opened to <6;,> =106.0°, while the character of the wave-
function exhibits a broad distribution over orbital angular momenta, with
main configuration, (6s6p?), having a weight of only 0.59. In this case, doubly,
triply, as well as quadruply excited correlation configurations with respect
to what appears as the main label, i.e., the (nsnp®) configuration, contribute
to the wavefunction significantly. As n increases further, there is a shift of
configurational weights, towards the intrashell configurations other than
the (nsnp?).

(2) Energy spectrum: For these intrashell states of the lowest energy, as
energy increases the energy spectrum becomes clearly a simple function of
the quantum number of each manifold, 7, having the same (hydrogenic)
form with those of analogous doubly and triply excited states (C is essentially



240 C.A. Nicolaides

constant):

nn—1)

<r,>2

E, = —A, (39a)
and since computations showed that <r,>~n? and that A, varies slowly
with <r,>,

1
E, = _Cﬁ’ for large n (39b)

In other words, two results from the physics of the hydrogen atom, the 1/n?
dependence of the energy spectrum and the <r,> ~ n? proportionality,
were shown to be valid also in special classes of quadruply excited states.
The same result holds for classes of doubly and triply excited states. For
example, in Ref. [156]. we demonstrated quantitatively for the first time the
existence of a “hyper-ridge” for triply excited states in Li, with the following
property: As the three-electron fragmentation threshold is approached, the
ion core and the three electrons tend to lie in a plane, with equilateral trian-
gular geometry, and with the average values for the electron radii satisfying,
<n>=<rn>=<rn>.

I emphasize that the geometrical-dynamical properties mentioned above
have emerged from analysis that is based on first-principles quantum
mechanical considerations and calculations. The common feature of these
MESs is that they represent situations where, for each value of #, the inter-
electronic correlations are maximal, regardless of the number of electrons.

A descriptive analysis of triply excited states of *S” symmetry whose geo-
metric assumptions depend on the findings in Ref. [156] can be found in
Ref. [157]. For recent theoretical work on quadruply excited states of Be, see
the paper by Poulsen and Madsen [158]. For experimental progress in the
study of “hollow” states of Be, see the Letter by Hasegawa et al. [159].

9.4. Series of DESs of H™ and of He. Electron correlation and the
classification according to the (F,T) scheme of quantum numbers

The research on the formal and quantitative understanding of MESs that was
briefly described in the previous subsection started with theory and results
on DESs. In this subsection I discuss properties of such states in H™ and in
He that are deduced solely from the computation and analysis of the local-
ized component, ¥,. In the next subsection, results from the computation of
partial and total widths from the CESE method are also discussed.

In 1983, Fano [160] published a review on aspects of the physics of DESs
with emphasis on their analysis in terms of hyperspherical coordinates. In
this framework, his attention was mainly towards descriptively connecting
features of the DESs with Wannier’s threshold scattering “law” for two elec-
trons, which is obtained from classical mechanics. Fano also referred to the
pioneering work of Herrick and Sinanoglu [161, 162] on the classification



Theory and State-Specific Methods for the Analysis and Computation 241

of DESs according to new quantum numbers, (K,T), derived and applied
within the hydrogenic model from group-theoretic (algebraic) analysis. He
commented as follows:

The initial Herrick- Sinanodlu paper appeared unrealistic in projecting
the Hamiltonian on a single hydrogenic ((N,n) manifold. .. thus recover-
ing any hybridization of radial quantum numbers and related aspects
of correlations. ... However, the numerical work is now understood to
have actually included some of this hybridization whereby the close
approach of eigenvalues E(K,T) to observed levels no longer need cause
surprise.

[160, p. 119]

A reading of Fano’s paper under the prism of quantitative knowledge
for DESs of high excitation (e.g., experimentally verifiable numbers for
their positions, partial and total widths and excitation probabilities), sug-
gested to us that such an understanding was a desideratum. Therefore,
we embarked upon a research program for the investigation of such prob-
lems in terms of appropriate state-specific calculations of electronic structure
and of electron correlation. The results have been published in a series of
papers by Komninos and Nicolaides and their graduate students Chrysos
and Themelis, e.g., Refs. [120, 163-168], and include analysis of correlated
wavefunctions for different symmetries, energies and corresponding reg-
ularities, oscillator strengths to the states of the “Wannier two-electron
ionization ladder” (TEIL), autoionization widths, geometrical location of the
two-electrons, a new classification scheme for high excitation, etc.

For example, by computing the correlated wavefunctions up to very high
quantum numbers, i.e., up to the manifold N = 25 [166-168], it became clear
that a new classification scheme, based on the (F,T) quantum numbers, is
much closer to the accurate description than the (K,T) scheme is, as the two-
electron threshold is approached, i.e., as the relative importance of electron
correlations increases.

After an experience of a 2-3 years period with the ab initio SSA compu-
tations of high-lying DESs of the TEIL category, up to about the N = 10
manifold, e.g., Refs. [163-165], Komninos and Nicolaides turned to the exam-
ination of the goodness of the (K,T) scheme as a function of the excitation
energy, since it was evident that the effects of electron correlation and of
configurational mixing ought to become more significant as threshold is
approached. The result of this search was the introduction in 1993 by Komni-
nos et al. [166] of the F number, as a combination of N and K, neither of which
is now a good number. Specifically, F is defined by F = N — K — 1 where K
goes from —N — 1 —Tto N — 1 — T in steps of 2.

The breakdown of the “goodness” of the numbers N and K (but not of T)
has to do with the increased relative importance, as the excitation energy
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(i.e., as N) increases, of electron correlations beyond those included in the
hydrogenic intrashell “doubly excited symmetry basis” (DESB) of Herrick
and Sinanoglu. Having recognized this fact, we stated explicitly that the
cause of the breakdown of the (K, T) representation is to be found mainly in
the importance of double excitations from the near-degenerate hydrogenic
manifold [166, p. 405]. Furthermore, we proceeded with the implementation
of practical computational methods for the calculation of correlated wave-
functions and energies of TEIL states of 'S and 'P° symmetry as a function of
excitation up to the manifold N = 15.

Eventually, wavefunctions for more than one roots for each N were com-
puted and analyzed. E.g., one of the results in Ref. [168] was obtained via the
ab initio computation of the angular probability density, p(6:,), for states in
the range of the N = 10-25 manifolds, and shows explicitly how the angle
between the two electrons opens towards 180° as excitation increases.

“.... Another result in Refs. [167, 168] for the DESs of 'P°symmetry is
that, among the four lowest states of each manifold, in all cases in H™
and in most cases in He, the three are of the intrashell type and one is of
the intershell type with (F,T) = (0,0). The lowest intrashell states and the
lowest intershell states exhibit a wide angle geometry tending to 180° as
N — o0....”

[167]

Other consequences of the goodness of the F number are mentioned in
Refs. [167, 168].

One of the keys of the initial Komninos—Nicolaides work was the recog-
nition that the state-specific MCHF orbitals for these DESs were repre-
sented almost exactly by natural orbitals that can be obtained from bases
of hydrogenic orbitals [166]. Therefore, for very high excitation where the
state-specific MCHF method breaks down numerically, one can use diago-
nalization with judiciously chosen hydrogenic orbitals in order to produce
results whose accuracy is expected to be very good [166-168]. Once this
fact is realized, the approach of using CI with hydrogenic functions has
the advantage that the use of the exact hydrogenic functions makes it feasi-
ble to carry out computations with systematically chosen singly and doubly
excited configurations, while excluding open channels of states of Rydberg
series and of scattering continua.

The computation of these CI wavefunctions and their projection of the
suitably constructed wavefunctions in the (K, T) (DESB basis) and the
(F, T) representations are discussed and demonstrated in Refs. [166-168]. It
is important to note that whereas the DESB vectors are the same for all Z, the
FT ones are not. The quality of the (F, T) classification scheme depends on
the system, and the theory of Ref. [166-168] permits its investigation via ab
initio numerical calculation.
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I close by quoting the conclusions from [168] on the 'P° DESs in H™ and
in He:

(1) The (E, T) scheme expresses the character of the DESs much better than
the (K, T) scheme, in both the intrashell, T = 1, and the intershell, T=0,
cases, for H™ as well as for He.

(2) In H™, where the relative importance of electron correlation is greater, the
deterioration of the (K, T) classification is rapid for all four states. In con-
trast, the purity of the (F, T) scheme for the lowest intrashell state (i.e., the
TEIL state (F, T) = (1, 1)), and for the lowest intershell state (F, T) = (0, 0),
remains very high and stable up to N = 25. This is probably due to the fact
that, for the lowest energy states the CI calculations usually incorporate
a larger part of the electron correlation.

(3) For He, the difference between the (K, T) and the (F, T) purities of the four
states increases more slowly than for H™ as N increases. It is interesting
that there appears a maximum of purity at low N for the three higher
intrashell DESs, both with the (K, T) scheme and with the (F, T) scheme.

Finally, it is worth pointing out that the F number of the (F,T) scheme was
recently recognized as being significant in the classification of complex spec-
tra of DESs in He. Specifically, it was utilized appropriately by Jiang et al.
[196a] and by Eiglsperger and Madronero [196b], in order to provide expla-
nations of experimental photoionization cross-sections for DESs in He and
of corresponding theoretical results. For example, in their abstract, Jiang et al
state “The fact that all spectra are dominated by principal Rydberg series
is explained by the observation that the quantity F = N — K, representing
angular motion, is an approximate quantum number for a large fraction of
states...” [196a, abstract].

9.5. Series of DESs of H™ and of He. Regularities in their
wavefunctions, energies and decay widths

The SSA allows calculations and quantitative analysis of DESs of polyelec-
tronic systems irrespective of their symmetry and of the nature of their
inner core. Such situations constitute MEPs which are rather difficult-if not
impossible- to solve within the framework of hyperspherical coordinates
reviewed by Fano [160]. A prototypical such system which is amenable to
economic computations is the three-electron negative ion, He™, in states that
are labeled by configurations with one electron in the 1s shell. For example,
the DESs '1sn¢* of He can be recognized as the three electron analogue of
the DESs 'n¢* of H . The 1s orbital screens the outer electrons while produc-
ing effects of spin-coupling that are expected to diminish as the quantum
number nincreases. I stress that the labels "1sn¢* or 'n¢” imply correlated
wavefunctions that are dominated by the intrashell configurations at each
manifold #.



244 C.A. Nicolaides

In this context, I recall two sets of results on properties of the TEIL states
of 25 [165] and of *P [120] symmetry.

In the latter case [120], the previously unknown TEIL states of the
He '1sn¢” *P and of H 'n¢* *P systems were studied from first principles
within the SSA, and the results for n = 3 — 8 were compared. These had to
do with their wavefunction constitution, the energies, the widths, the partial
widths, and the trends of energetics and of decay dynamics as # increases.
For information and analysis, the reader is referred to [120]. Here, I can
mention two related conclusions:

(1) When the total width is broken down into partial widths, the closest
threshold contributes the most to the decay dynamics.

(2) Upon analysis of the correlated wavefunctions, it becomes clear that, for
both the He "1sn¢* *P and the H 'n¢* *P systems, up to n = 5 the dom-
inant configuration is the np®. For higher n, the principal weights shift
to nd* and to higher ¢2. In fact, analysis showed that the probability of
finding a given value of £ peaks at £,,,, = *2/n [120].

2

In the former case, our results were the first ab initio quantum mechanical
predictions, and they were verified by the experimental resonance spectrum
measured by Buckman and Newman [169]. By computing conditional prob-
abilities, it was explicitly demonstrated [165] for the first time that as energy
increases, the two-electrons in the '1sn¢% 2S intrashell states of He™ that have
the lowest energy in each shell reach the two-electron ionization threshold
with the Wannier geometry of r; = r, and 6, = 180°.

Table 4.4 lists the theoretical predictions for the positions of the
He ™ 1sn¢* 2S TEIL states [165] and the experimental energies [169] which
confirmed them (in eV). These are calculated with respect to the two-electron
ionization threshold of 24.588 eV.

Table 4.4 Theoretical and experimental energies (in eV) of the He™ "1sn¢* 2S TEIL
states, measured from the two-electron ionization limit of 24.588 eV. The numbers
in parenthesis give the experimental uncertainties

n Theory, SSA [165] Experiment [169]
3 2.156 2.137 (10)

4 1.180 1.153 (10)

5 0.745 0.738 (10)

6 0.511 0.508 (10)

7 0.375 0.371 (10)

8 0.287 0.281 (10)

9 0.227 0.201 (10)

10 0.184
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Table 4.5 Comparison of total energies (in a.u) of the TEIL states He™ sn¢* 2S and
H™ 'n¢? 'S, according to the SSA of Ref. [165]. For He™, the He™ 1s energy is subtracted.
As n increases, they converge toward each other, in accordance with intuition that the
spectra are dominated by the correlations of the two outer electrons

n He™ '1sn¢* 2§ H 'ne* 'S
3 —0.07923 —0.06927
4 —0.04337 —0.03997
5 —0.02738 —0.02595
6 —0.01877 —0.01814
7 —0.01378 —0.01344
8 —0.01056 —0.01035
9 —0.00835 —0.00823
10 —0.00677

Table 4.5 compares the total energies (in a.u) of the He™ '1sn¢* 2S TEIL
states with those of H™ 'n¢* 'S. The wavefunctions are correlated according
to the SSA to these DESs. For He™, the He"1s energy is subtracted [165].
The results are quantitative and demonstrated what is expected intuitively,
namely, that as threshold is approached the behavior of the pair of electrons
in the two systems is similar and that the energy spectra tend to converge to
each other.

10. THE USE OF ¥,s AND OF SCATTERING WAVEFUNCTIONS IN
THE SSEA FOR THE SOLUTION OF THE TDSE

The possibility of obtaining compact and usable square-integrable wave-
functions Wys that represent the localized part of the resonance states
accurately, has been critical in developing and implementing the SSEA
for the solution of the polyelectronic TDSE [76,170,171], and Chapter 6
of this volume by Mercouris et al. This is because, for polyelectronic
atoms and molecules the resonance states are always present in the
continuous spectrum and may cause critically important contributions.
Therefore, as the continuous spectrum is being probed experimentally
more efficiently and accurately, the ability of accounting computation-
ally for the time-dependence of multielectron excitations or of the
coherent creation and decay of autoionizing (Auger) states becomes
necessary.
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1. FIELD-INDUCED QUANTITIES OBTAINED AS PROPERTIES OF
RESONANCE STATES IN THE FRAMEWORK OF THE CESE-SSA

11.1. The MEP for field-induced quantities

During the past three decades or so, steady advances in the technology of
production of strong dc- and, especially, ac-fields, and in the concomitant
spectroscopies for atoms and molecules, have provided the impetus for the
development of new and effective theories for treating the problem of matter-
field interaction beyond “lowest order perturbation theory” (LOPT). The
literature on the multifarious subject of the formalism and calculation of phe-
nomena and properties resulting from the interaction of atomic (molecular)
states with strong fields is extensive, and, of course, it is outside the scope of
this article to review it. A useful background for the material to which I refer
below can be obtained from the well-written book of Faisal [172] and from
the 1988 conference volume on “Atoms in Strong Fields” [173].

Of interest here are the effects of static electric and magnetic fields and
of cycle-averaged interaction with ac-fields. I do not discuss the theme of
interaction with time-dependent pulses, for which the theoretical require-
ment is the proper time-dependent solution of the polyelectronic TDSE
(see Chapter 6).

The essence of the theoretical and computational problems that have to be
solved can be understood and formulated as follows:

Assume that the strength of the external field does not exceed the forces
inside the atom, and that therefore, the notion of atomic states and electronic
structures is still valid, albeit perturbed. In general, the characterization of
the field strength is done relative to the binding strength of the state(s) with
which it interacts. The new total Hamiltonian is H = H 4 V, where V rep-
resents the atom-field interaction operator(s). Now, the ensuing MEPs are
field-dependent and the level of their formal and computational complexity
and difficulty is often much higher than that of the field-free cases.

For example, the interaction engages all states of electric dipole-allowed
symmetries from both the discrete and the continuous spectrum, each
of which contributes to some degree (from significant to negligible), to
the properties under investigation. Indeed, special physical importance is
acquired by the infinitely degenerate continuous spectrum, since the strong
perturbation inevitably couples it, directly or indirectly, to the initial state.
For dc fields, the coupling leads to energy shift and to electron tunneling,
normally seen as energy broadening, as a function of field strength. For
ac fields, apart from the energy shift, transitions to and within the con-
tinuous spectrum also occur, via absorption of one or more photons. As
frequency tends to zero, ionization is conceived as tunneling whose magni-
tude is strongly dependent on the field strength. In general, the magnitudes
of the measurable quantities depend on the parameters of the field in relation
to the system of interest.
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One direction of theoretical research for going beyond LOPT that has
attracted attention, albeit with applications thus far only to one-electron
systems, where, of course no electron correlations (i.e., the effects of the two-
electron operators in H), exist, is the possibility of going to high order and
of summing the full perturbation theory (PT) series by some technique. The
book [172] and the articles by Silverstone and by Silverman and Nicolaides
in Ref. [173] discuss such approaches, via which both energies and ionization
rates can be obtained.

It must be stressed that most of the published high-order PT calculations
that have obtained field-induced energies and widths are based on methods
that are limited intrinsically to one-electron atoms. One exception is the for-
malism published by Silverman and Nicolaides [173, 174], which is based on
matrices that can be constructed for many-electron systems as well. How-
ever, although the method has been successful not only with the normally
studied ground state of hydrogen but also with some of its excited states, no
calculations on a many-electron system have been carried out yet.

The alternative to trying to go beyond LOPT via the calculation of higher
order terms of the PT, is the possibility of implementing nonperturbative
methods, which, provided that they use sufficiently accurate function spaces,
are equivalent to the all-orders PT.

With the aim of computing tunneling rates induced by strong static
electric fields and of multiphoton transition rates induced by strong ac fields,
Reinhardt and coworkers [111,112,175-177] carried out the first nonper-
turbative calculations in the framework of the CCR method. Their calcu-
lations were carried out for the dc-field induced tunneling of the n=1, 2
states of Hydrogen and of the 'P° shape resonance of H™, and for the ac-
field induced few-photon ionization of the n=1 state of Hydrogen. As
regards the ac-field problem, the papers by Chu and Reinhardt [176] and
by Maquet et al. [177] justify the semiclassical use of the time-independent
interaction Hamiltonian. In particular, by invoking Shirley’s [178] basic work
on ac-fields interacting with atomic spectra, they explain how, by using a
“Floquet” formalism, a symbolic form of the atom—field Hamiltonian in the
dipole approximation that is averaged over a cycle can be written in terms
of the field strength, with the presence of creation (4! )-annihilation (a,) oper-
ators allowing for the book-keeping of the construction of the field-dressed
Hamiltonian matrix.

The “Floquet formalism” is reviewed in Chapter 2 by Atabek et al.

In analogy to the field-free problem, the “Stark CCR” and the “Floquet
CCR” methods have serious limitations with respect to the MEP. The way
out was proposed in the late 1980s, when ideas and the general methodology
of the SSA for the field-free resonances that solves state-specific CESEs were
adapted so as to achieve the nonperturbative solution of problems of interac-
tion of strong dc-and ac- electric fields and static magnetic fields with atomic
(molecular) ground or excited states in terms of non-Hermitian formulations,
e.g., Refs. [103,179-190].
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Following the analysis and justification of the CESE-SSA, the Hamiltoni-
ans for the ac field and the static electric and magnetic fields have real and not
complex coordinates. However, the trial function space is partitioned accord-
ing to the form of Eq. (35) (see below). Hence, the resulting non-Hermitian
Hamiltonian matrices have a different form than that of the standard “Stark”
or “Floquet” CCR matrices. As a consequence, the field-dressed CESE-SSA
can be, and has been, applied efficiently to polyelectronic problems in terms
of many-electron methods. Again, state-specific complex eigenvalues are
obtained, with the effects of ac-field interaction assumed to be averaged over
a cycle. The real part of the field-dependent complex eigenvalue includes
the field-induced energy shift, from which polarizabilities and hyperpolar-
izabities can be obtained. The imaginary part represents the decay rate into
the continuum, either via tunneling or via ionization by absorption of one or
more photons, or via both.

The subject is broad and open as regards computational possibilities
and applications, and so the reader is referred to the original papers.
Below, I simply outline certain formal procedures and quote some results as
examples.

11.2. The CESE-SSA to the ab initio calculation of states
interacting with strong electric static or ac-fields

Let us consider the static electric field problem, for which the perturbed
Hamiltonian is (in a.u.),

N
H=H+) #F (40)
i=1

The spectrum of this operator is unbounded and continuous. Yet, because
of the existence of the discrete or of the resonance states of the field-free H,
what happens is that at their positions there is high spectral concentration,
in direct correspondence with the problems of decaying states and of the
mixing of discrete-continuous spectra, elements of which were outlined in
Sections 3-6. In other words, we have to do with a decaying state problem
in which the clearly defined initial discrete, ®,, or autoionizing, ¥,(E), states
(they are eigenstates of H), mix via V with the continuous spectrum. The
perturbation changes the asymptotic boundary conditions for the acceptable
solution of the Schrédinger equation, and produces a CESE, in analogy with
the resonance state problem discussed in Section 5. The form of the resonance
eigenfunctions for the linear potential and procedures for its regularization,
were treated in Ref. [103].

The same concept holds when the time-independent Hamiltonian for the
ac-field interaction is considered, only that now, there is also dependence on
the frequency and on the electric dipole excitations-de-excitations caused by
the a, and a’ operators.
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In the CESE procedure, the coordinates of the Hamiltonian (40) are left
real. The total function space is formally divided into two multi-dimensional
parts of N-electron wavefunctions, say Q and P, not necessarily orthonormal
between them. The Q space is fixed by considering judiciously the elec-
tronic structure and spectrum of the system under study. The P space is not
completely fixed. It contains parameterized configurations with real as well
as complex orbitals representing contributions from the multichannel high
Rydberg and scattering states. It is the variational optimization of this space
via the diagonalization of the matrix

H- | Hoo Hor

H [ e pr} (41)

that allows the tuning of the concerted effect of field-induced state mixing
and of electron correlation, and leads to the determination of the width and
shift of the perturbed state. H is diagonalized repeatedly with respect to
changes in the nonlinear parameters in the basis set of the P space and in
the rotation angle, until the root having the maximum overlap with (¥, E)
is stabilized. It should be noted that due to difficulties of numerical ori-
gin, resonances induced by very weak fields are not calculable in this way,
since the widths become very small exponentially. Instead, in such cases
the calculation can be based on a golden rule-type formula, even within the
semiclassical approximation [187].

The case of the ac field is treated in an analogous way. Following the
discussions in Refs. [176-178], the N-electron Hamiltonian for a one-color
linearly polarized field of field strength F, (1 a. u. = 5.14 x 10° V/cm) and
of frequency w (see [188, 189] for calculations with two and three colors), is
chosen as (h = 1).

F, «
H,=H+ oo a, — > Zzi(a’: + o) (42)

For the study of the interaction that causes single-electron ionization (two-
electron ionization has also been computed [190]), the trial wavefunction is
constructed in terms of symmetry-adapted MCHF and correlation configu-
rations that are grouped into two parts:

Q:{Wi(ry);n} (43a)

P {X,(ry-1,0)m) = (W) ® (p")in) (43b)
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The index j assigns electronic wavefunctions with bound orbitals whose
coordinates are real. The index n denotes the photon states. This book-
keeping number ranges, in principle, from —oo to 400, changing in units
+1. In practice, its maximum value determines the number of the “pho-
ton blocks” and of the angular momenta states in the continuous spectrum.
The X;(rn-1,0*) denote the open channel states represented by the symmetry-
adapted product of the bound core wavefunctions, W;(ry_;), with complex
L* Gamow functions, £{(p*), which are normally chosen as (more flexible
forms are possible),

Radial of e¢ = r"e™", p* = re™® (44)

The number of angular momenta for ¢¢ depends on the problem, and its final
choice is made by following the convergence of the overall calculation. For
the systems that we have studied, ¢ ranges from 0 up to about 10.

Given the basis (43 and 44), it is straight forward to obtain the form of the
matrix elements of H,, Eq. (42). The corresponding complex Hamiltonian
matrix has the form

A+ 20l
\Y

[
<+ <
S
=

(45)

<l <

14
vV A-20l

(=}

where A contains the free-atom matrix elements within the same photon
N
number, and V is the matrix of the interaction operator, —%2 3" z(ef + ).

The photon states differ by £1.

The complex eigenvalue problem is solved iteratively by the method
explained in Refs. [181, 182]. The parameters (a,0,), 0<0<mx/2, of (44) are
varied until stability in the result of the eigenvalue is observed.

The solution, namely the complex eigenvalue of the field-induced reso-
nance state, is a function of the frequency and strength of the field. For
normal cases where there are no serious field-induced near-degenaracies, it
is connected smoothly to the unperturbed energy Ey:

2(0F) = B+ AwF) ~ TTF) (46)
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The final form of the field-induced complex eigenfunction is the superposi-
tion

W(ry1,0") = Y @) Wira)in >+ Bu@)X(rvop’)in > (47)

jn

Projection onto scattering states provides additional information concerning
the continuous spectrum, such as the understanding of “above threshold ion-
ization” (ATI) in the presence of a dc field [183] or of angular distributions of
the emitted electron.

There have been many applications of the CESE-SSA to the solution of pro-
totypical problems created by the interaction of strong static and dynamic
fields with discrete or autoionizing states. The reader may consult the
references. Here, I mention only three types as examples.

11.2]. Static and dynamic polarizabilities and hyperpolarizabilities

From the expansion of A(w,F,) in Taylor series for as small values of F, as
computationally possible, it is possible to obtain cycle-averaged quantities
corresponding to measurable polarizabilities and hyperpolarizabilities, of
ground, excited and autoionizing states, e.g., Refs. [182, 186]. Specifically, the
computed energy shift for atomic states is written as

1 1 1
A(static) = —Eod-f - Eyl—“ﬁ - a(SFﬁ - (48a)

1 — 1 _
Alw) = _Z_Ia(w)(FO cos wt)? — 4—!)/((1))(130 coswt)t — ...

1 1 1
S (5) F - 7@ (g) P (48b)

The expansion coefficients are then obtained via least-squares fitting. This
procedure can be (and has been) implemented directly to the ab initio calcu-
lation of the frequency-dependent polarizabilities and hyperpolarizabilities.

As an example, I bring the problem of computing these quantities for the 'S
ground state of the negative ion of Li. Such a four-electron system is challeng-
ing not only because of the 2s* <> 2p” near-degeneracy in the 'S state but also
because its wavefunction is relatively diffuse while the ionization (detach-
ment) threshold is only 0.617 eV and so the continuous spectrum acquires
increased importance.

By the end of the 1980s, state of the art methods of quantum chemistry,
such as coupled cluster, configuration interaction, fourth order perturbation
theory (MP4), second-order polarization propagator (SOPPA, multiconfigu-
rational linear response (MCLR) etc., had been applied to the calculation of
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the static polarizability of Li~. In spite of the magnitude of such calculations,
there was considerable disparity in their results. This fact was pointed out by
Agren et al. [191] and also by us, Table 1 of Ref. [182]. There were no results
for frequency-dependent polarizabilities, and this was rectified by the work
of Agren et al. [191] as well as of Nicolaides et al. [182] whose results were
published at about the same time.

The calculations of Agren et al. employed the MCLR theory and exact
full configuration interaction and are of much larger scale than those of the
CESE-SSA. Yet, the agreement between the two sets of results is very good.
For example, for v = 0.02a.u. Agren et al. give a(w) = 1208 a.u. (Table III of
Ref. [191]), while our result was 1098.5 a.u. (Table 4 of Ref. [182], a difference
of 9%. On the other hand, I point out that the results of Agren etal. [191] go
only up to about w = 0.022a.u,, i.e., the frequencies reach up to the detach-
ment threshold of Li~, whereas it was possible for the CESE-SSA calculations
to cover the continuum of Li + e as well, producing results in the range of
frequencies 0.000 a.u. < @ < 0.102 a.u1..

Furthermore, our CESE-SSA work dealt with the much more diffi-
cult problem of nonlinear polarization, and produced the first static and
frequency—dependent results for the hyperpolarizability, y (w), for the same
range of frequencies. As far as I know, our results on y (w) of a polyelectronic
negative ion [182] are still the only ones in the literature.

A Dbrief description of the wavefunctions used in the CESE-SSA cal-
culations is as follows: The first step is to obtain a reliable initial state
wavefunction, with a good description of the asymptotic region. Our Li 'S
ground state wavefunction contained 43 terms, of which the zeroth order
was obtained numerically at the MCHF level as

wMCHF 47y — 0.939(15225%) + 0.360(1522p?)

whereas the remaining correlation vectors were obtained by minimizing
the total energy as a function of the nonlinear parameters of the analytic
correlation orbitals [9]. The total energy thus obtained is E, = —7.455364 a.u.,
and compares well with the configuration interaction result of Weiss [192],
—7.4553 a.u..

The 15*2s %S and the 1s*2p 2P° state-specific wavefunctions were included
in the many-electron, many-photon (MEMP) matrix (Eq. (45)), as the two Li
thresholds. The coupling of the initial (ground) state, ¥, through the dipole
field and the corresponding excited configurations were as follows:

v, L 1s%2sel, £ =0,1,..... 10, g€ = 1" exp (—are™™)
o =parameter, /2 <6 <0

v, 5 1s*2pes 'P°, 1s* 2pep 'S, 'P, ' D, 1s*2ped 'P°, 'D°, 'F°
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It is stressed that the nonperturbative MEMP CESE-SSA calculations have
shown that it is important to include in the continuous spectrum many
partial waves. This necessity can be easily handled by the MEMP CESE-SSA.

11.2.2. Dependence of the ionization rate on the phase difference

of a dichromatic field
The structure of the formalism of the MEMP theory outlined above, allows
the easy computation from first principles of the effects of polychromatic
fields with commensurate frequencies. This type of information is useful for
the quantitative understanding of possibilities of control of ionization as a
function of the parameters of the fields. For example, for a weak dichromatic
field, we have demonstrated that the ionization rate, I', has the following
dependence on the relative phase ¢ [188, 189] and references therein. For
even harmonics, v = (2k)w,,

I' = A+ Bcos(2¢) + Ccos® (2¢) + . .. (49a)
and for odd harmonics, w = (2k + 1)w,,
I' = A + Bcos(p) + Ccos®(¢) + ... (49b)

The coefficients A, B, C, ...are quantities that depend on the field strengths
and on the frequencies, and constitute the components of the rate that cor-
respond to the interference of paths to the ionization continuum of various
orders.

1.2.3. AC-field-induced stabilization of resonances and destabilization
of discrete states

Since the theory can handle all types of electronic structures (and not just
those of ground states), it has been applied to doubly excited resonances in
order to demonstrate the effects of field-induced coupling between bound
and resonance states, i.e., the variation of the real and the complex poles of
the field-free resolvent as a function of ac- or of dc-field strengths [184].

Specifically, we considered the spectrum of H™ at about 10eV above the
ground state, where the discrete state 2p° *P, at 10.195 eV, and the resonance
state

“2s2p”°P° at 9.74 eV exist. The width of the “2s2p”?P° state is due to the
Coulomb interaction with the H [1s + ep] channel. Using the methods dis-
cussed in the earlier sections, and without large wavefunction expansions,
this width was found to be 6.5 meV, in agreement with previous theoretical
and experimental investigations. The energy difference between the states is
AE = 0.457 eV, which corresponds to radiation of 27 100 A. The two states
are allowed to interact via a tunable ac—field, on- and off- resonance with the
transition frequency. By truncating the hydrogen thresholds to n = 1 and
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n = 2, we solved the fully coupled problem with the following 15 scattering
channels mixing with the two DESs either through the atomic Hamilto-
nian or through the electric dipole operator: (1sep, 2pes, 2sep, 2ped) °P°,
2ped D’ (1sef, 2sef, 2ped) °F° (1ses, 2ses, 2pep) °S, 2pep P (1sed, 2sed,
2pep) °D.

The results of the ac-field calculation showed that indeed there is a phys-
ically detectable transfer of width as a function of frequency and strength of
the field. On the transition frequency (v =~ 0.0165 a.u.), and for intensity of
1.4 x 107 W/cm?, the discrete state has a width of 0.20 x 107° a.u., while for
intensity 5 x 10° W/cm? the width becomes 1.30 x 10~* a.u.. On the other
hand, for a small range of intensities the autoionizing state is stabilized by a
factor of two [184].

Finally, when the “2s2p” *P° autoionizing state interacts only with the dc
field, its width starts widening only after the strength becomes larger than
3.5 x 107* a.u. > 1.8 MV/cm. This is an order of magnitude larger than that
which was found necessary in the CCR calculations of Ref. [175] to initiate
the broadening of the 'P° shape resonance.

12. CONCLUSION AND SYNOPSIS

Atoms and molecules and their ions have both discrete and continuous
energy spectra. Inside the otherwise smooth continuum of free electrons or
of free nuclei, a number of spectroscopies reveal the presence of structures
(“peaks”), whose profile within a narrow energy region may be symmetric
or asymmetric. Depending on the experimental arrangement and the type
of measurement, as well as on the theoretical framework for their treatment,
such states have been (are) called either “resonance,” or “autoionizing,” or
“predissociating,” or “compound,” or “Auger” states. The point of view that
permeates this chapter is that the basic understanding and the possibility of
ab initio computation of their properties and of their impact on dynamical
processes at the quantum level can be understood in energy-dependent or in
time-dependent frameworks where they are treated as “decaying” (unstable)
states.

In the same spirit, problems that involve the cycle-averaged interaction
of static or ac fields with atoms and molecules in the ground or in excited
states have been formulated and solved here within a time-independent,
stationary-state framework, as problems of field-induced decaying (unstable)
states.

The discussion of the previous 11 sections included introductory-historical
remarks that are related to the work described here, and focused, on
the one hand on certain aspects of formal properties of field-free and
field-induced unstable states (mainly Sections 3-5, 11), and on the other
hand, on the theory and methodology for the systematic computation and



Theory and State-Specific Methods for the Analysis and Computation 255

use of their wavefunctions in many-electron atoms and small molecules
(mainly Sections 6-11). A minimum of energy- or of time-dependent for-
malism was used, starting with the arguments in the 1972 paper [11] (see
also [37,92,101]), where the picture of the decaying state was invoked for
the description and computation of properties of autoionizing states in
many-electron atoms and molecules.

In presenting the “why and the how” of the work reviewed here, empha-
sis was placed on the significance of identifying and implementing the
appropriate forms of basic equations, the fundamental one being Eq. (1).
For example, I discussed the importance of the term a\¥, both in the energy
(Sections 3-11) and in the time domain (Sections 3-5) and the importance
of handling in practical way the asymptotic behavior of the term Xas
(Sections 3-7, 11).

In both the energy-dependent and the time-dependent frameworks, it was
demonstrated that it is of paramount importance to be able to understand
quantitatively the state-specific nature of the localized component, ¥,. For
example, for atoms and diatomics this has been demonstrated on prototypi-
cal systems, via systematic construction and optimization under constraints
of many-electron wavefunctions, whose zero-order approximation is com-
puted directly either from the HF or the MCHF equations, that are specific to
the assumed zero-order electronic structure of the unstable state. In this con-
text, in several sections of this review, I pointed out that, as regards excited
electronic structures, the approaches which were (and still are) followed
before the introduction of the ones described here [9, 10, 11], i.e., diagonaliza-
tion approaches that use single basis sets for computations either on the real
energy axis or in the complex energy plane (e.g., the “CCR method), are lim-
ited in practice when it comes to solving the MEP in arbitrary, open (sub)shell
electronic structures representing different levels of energy excitation.

As regards the theoretical framework, the form of the resonance eigen-
function according to Eq. (1) constitutes a reference point. Eq. (1) is
related to time-dependent analysis (Eq. (6) and subsequent discussion) or to
Hermitian K-matrix computations that depend on real values of the energy
(Sections 3.1.1 and 3.1.2 and Chapter 6) or to computations that depend on
complex energies and non-Hermitian constructions (Sections 3-7, 11). As
regards the computational framework, Eq. (1), is implemented in terms of
wavefunctions of the form of Egs. (32, 35, 37, and 48).

For example, this form is in harmony with the superposition of energy
states in Eq. (2), whose coefficients have been obtained formally by Fano [29].
Although, for the solution of particular problems involving unstable states,
we have implemented, in conjunction with the methods of the SSA, the real-
energy, Hermitian, CI in the continuum formalism that characterizes Fano’s
theory, e.g., Refs. [78, 82-87] and Chapter 6, in this chapter I focused on the
theory and the nonperturbative method of solution of the complex eigenvalue
Schrodinger equation (CESE), Eq. (27).
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Specifically, I demonstrated formally, as it was first done in 1981 [101],
how the CESE is obtained by first invoking Fano’s solution, where all
quantities are given in terms of computable matrix elements, and then by
applying the physically necessary outgoing-wave boundary condition that
characterizes the decaying states. By understanding the meaning and sig-
nificance of the form of the CESE state-specific solution (Section 5), it is
possible to carry out advanced nonperturbative computations in the complex
energy plane with square-integrable functions of real and of complex coordi-
nates, by invoking the 1961 regularization technique of Dykhne and Chaplik
r — re” [106] (see Sections 5-7, 11 and Tables 4.1-4.3). In the state-specific
CESE approach, only the “Gamow” orbitals are complex, representing the
outgoing ¢{— dependent waves. The coordinates of the Hamiltonian are
real.

The continuous spectrum is also present, both in physical processes and
in the quantum mechanical formalism, when an atomic (molecular) state
is made to interact with an external electromagnetic field of appropri-
ate frequency and strength. In conjunction with energy shifts, the normal
processes involve ionization, or electron detachment, or molecular dissoci-
ation by absorption of one or more photons, or electron tunneling. Treated
as stationary systems with time-independent atom + field Hamiltonians,
these problems are equivalent to the CESE scheme of a decaying state
with a complex eigenvalue. For the treatment of the related MEPs, the
implementation of the CESE approach has led to the state-specific, non-
perturbative many-electron, many-photon (MEMP) theory [179-190] which
was presented in Section 11. Its various applications include the ab ini-
tio calculation of properties from the interaction with electric and mag-
netic fields, of multiphoton above threshold ionization and detachment,
of analysis of path interference in the ionization by di- and tri-chromatic
ac-fields, of cross-sections for double electron photoionization and photode-
tachment, etc.

The overall methodology of theoretical analysis and computational imple-
mentation that characterizes our work has been given the generic name of
the SSA. The crucial idea in the SSA as applied to unstable states is the
following: If, in conjunction with suitable computational methods, attention
is given to the form of the resonance wavefunctions which is dictated by the
concept of decaying states and outgoing-wave boundary conditions, and to
the state-specific choice and optimization of the relevant function spaces, the
accuracy of the description of all types of electronic structure increases con-
siderably. At the same time, there is significant reduction of the complexity
of the MEP to a size which is economic and physically transparent for sys-
tems with many electrons and with arbitrary electronic structures. Such facts
allow the consistent understanding of the interplay between properties or
processes and major features of electronic structure and of the multichannel
continuous spectrum in N-electron atoms and small molecules.
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In the framework of the SSA, the basic difficulties of the MEP are present
in the localized component, ¥,, which in molecules can also represent a
diabatic state. As it was argued in Ref. [11] and was further expanded in
subsequent publications cited here, the W, for electronic structures can be
computed directly via methods of open-(sub)shell polyelectronic theory that
until the early 1970s had been restricted to ground states or to a few low-
lying excited discrete states. Specifically, it is possible as well as economic
to start the overall computation by computing directly the state-specific zero
order localized wavefunctions of various electronic structures as solutions
under special constraints of HF or of appropriately constructed multicon-
figurational HF (MCHF) equations. The electronic structures solved directly
via the MCHF equations may label “shape” or “Feshbach” resonances. (This
standard categorization loses meaning in highly excited states where there is
more than one relevant nearby thresholds).

To the bound HF or MCHEF solutions, the remaining of the interelectronic
interactions contributing to the stability of the state are added variationally,
and so is obtained the square-integrable wavefunction, ¥,. Examples of the
practical use of the W;s were given in Sections 2.2, 7-10, and in Tables 4.1, 4.4,
and 4.5. On the other hand, for resonance states that are transiently bound
extremely weakly, such as the series of the “dipole resonances” in H™, there
are no HF solutions. In those rare cases, appropriate alternatives have been
followed as regards the optimal choice of the trial ¥, (and of Xas), allowing
an essentially complete (the first of its kind) resolution and understanding of
the resonance spectra of this three-particle system [123, 124], Section 7.2, and
Tables 4.2 and 4.3.

The contribution of the open channels is then taken into account by
appropriate methods that employ different function spaces, symbolized
here by X, (as=asymptotic) (Eq. (1)). These methods are based either
on K-matrix theory and numerically computed scattering orbitals for
atoms and diatomics (real energy-dependent) (see [17, 29, 79-87]), or via
diagonalization of the non-Hermitian matrices of the CESE-SSA for field-free
or field-induced resonances.

The numerical results which are listed in Tables 4.1-4.5 were obtained
from nonperturbative, time-independent calculations. Tables 4.1-4.3 contain
results of energies, partial, and total widths that were obtained by the herein
discussed non-Hermitian CESE-SSA. Tables 4.4 and 4.5 contain only the real
energies corresponding to the (W,E,) of the present theory (For partial and
total widths of such series of DESs see [120]).

In addition, several examples of application were cited. These include phe-
nomena such as, ac field-induced stabilization of resonances, or long-time
NED and its relation to issues of irreversibility at the quantum level, or the
profile of photoabsorption cross-sections for resonance to resonance tran-
sitions, or the time-dependent coherent excitation and multichannel decay
of multiply and inner-hole excited states, or aspects of the physics of the
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pre-ED regime, or the time-dependence of the formation of the profile of
the photo-excitation cross-section, or properties of doubly and of multiply
excited states, or linear and nonlinear frequency-dependent polarizabilities.

In conclusion, the discussion, the results, and the accompanying refer-
ences of this chapter have documented, explained, and justified a set of
formalisms and methods that can be used for the ab initio computation of
time-independent and time-dependent polyelectronic wavefunctions and for
the quantitative understanding of basic quantities connected to a variety of
field-free and field-induced unstable states (resonances) in the continuous
spectra of atoms and molecules.
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Abstract

We review recent results on quantum reactive scattering from a phase space
perspective. The approach uses classical and quantum versions of Poincar-
é-Birkhoff normal form theory and the perspective of dynamical systems
theory. Over the past 10 years the classical normal form theory has pro-
vided a method for realizing the phase space structures that are responsible
for determining reactions in high-dimensional Hamiltonian systems. This has
led to the understanding that a new (to reaction dynamics) type of phase
space structure, a normally hyperbolic invariant manifold (or NHIM), is the
“anchor” on which the phase space structures governing reaction dynam-
ics are built, e.g, it is the classical analogue of the chemists notion of the
“activated complex” and it is essential for the construction of a surface that
divides reactants from products which has the “no-recrossing” property for
trajectories and minimal flux. The quantum normal form (QNF) theory pro-
vides a method for quantizing these phase space structures through the use
of the Weyl quantization procedure. We show that this approach provides
a solution of the time-independent Schrédinger equation leading to a (local)
S-matrix in a neighborhood of the saddle point governing the reaction. These
results can be obtained for any dimensional system for which an accurate
normal form can be computed, and it does not require numerical solution
of the Schrédinger equation or the generation of any classical trajectories.
It follows easily that the quantization of the directional flux through the
dividing surface with the properties noted above is a flux operator that can
be expressed in a “closed form.” Moreover, from the local S-matrix we eas-
ily obtain an expression for the cumulative reaction probability (CRP), which
is the essential ingredient for the computation of microcanonical reaction
rates and thermal reaction rates. Significantly, the expression for the CRP can
be evaluated without the need to compute classical trajectories. This is a
by-product of the quantization of classical phase space structures that gov-
ern “exact” classical dynamics. The quantization of the NHIM is shown to lead
to the activated complex, and the lifetimes of quantum states initialized on the
NHIM correspond to the Gamov-Siegert resonances. We apply these results
to the collinear nitrogen exchange reaction and a three degree-of-freedom
system corresponding to an Eckart barrier coupled to two Morse oscillators.
We end by describing some further challenges that are topics of current
research, but where some preliminary results are known: corner-cutting tun-
neling, state-to-state reaction rates, the flux—flux autocorrelation function
formalism, and the convergence of the QNF. We emphasize that this dynami-
cal system, phase space approach to quantum reactive scattering through the
QNF provides a completely new approach to the computation of the relevant
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quantum scattering quantities (e.g., CRP, resonances) which shows promise
in leading to computationally efficient methods for “high-dimensional”
systems.

1. INTRODUCTION

Over the past 50 years the computation of quantities describing quantum
reactive scattering processes has been a topic of great interest in the chem-
istry and physics community, see the Perspective article of Miller [1] for
background and history. The interest in this topic continues to grow as a
result of the need to include quantum effects in order to understand the
behavior of certain biomolecules and molecular materials [2]. These con-
temporary applications are concerned with “large systems,” and quantum
mechanical calculations are notorious for their consumption of computa-
tional resources as the number of degrees of freedom (DoFs) grows. As noted
in Ref. [3], the Nobel Prize winner Walter Kohn has identified the problem
as the exponential wall of difficulty when one tries to perform numerical cal-
culations in the traditional manner using the rules of quantum mechanics.
In this review we discuss a new (phase space) approach to quantum reactive
scattering that allows us to bypass the traditional computational difficulties
for certain types of physically relevant quantities.

Our purpose here is not to review the entire field of quantum reactive scat-
tering. That would be a huge task that is beyond the scope of this review.
Rather, we begin by describing the standard quantities that are computed
to describe quantum reactive scattering processes and the issues associ-
ated with their computation. Our description follows the excellent review
of Miller [4].

The quantity that contains a great deal of detailed information about a
particular quantum reactive scattering process is the S-matrix. The S-matrix,
{Sn,,n(E, )} as a function of total energy E and total angular momentum J,
can be obtained by solving the Schrodinger equation with scattering bound-
ary conditions. From the S-matrix state-to-state differential scattering cross
sections can be computed as follows:

Guyens (0, E) = 1Q2ik,) " S @ + 1)), (6)S,,.1,(E, )P, (1)
]

where n, (n,) labels the reactant (product) rotational and vibrational states,
6 is the scattering angle between the relative velocity vectors of reactants
and products, m, (m,) is the projection of total angular momentum onto the
relative velocity vector of the reactants (products), and & (9) is the Wigner
rotation matrix.
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For many chemical reactions a sufficient description is provided by the rate
constant, either the canonical rate constant characterized by the temperature,
k(T), or the microcanonical rate constant characterized by the total energy,
k(E). These rate constants can be obtained using appropriate averages of
the state-to-state differential cross sections. This averaging process yields the
cumulative reaction probability (CRP):

NE) =) QI+1) Y 1S,n(EDF, )
]

np, ny

which is used to compute the microcanonical and canonical rate constants,
as follows:

K(E) = [2mhp(E)] ' N(E), ®G)
k(T) = [2whQ,(T)] ! / " dEe N (E). )

where g = (kT)™', p, is the density of reactant states, and Q, is the reactant
partition function.

Miller has pointed out [4] that if one is interested only in the rate,
then solving the Schrodinger equation to obtain the S-matrix from which
the state-to-state differential scattering cross section (1) is computed, and
then subsequently averaged to obtain the CRP (2), is an extremely inef-
ficient process in the sense that a great deal of the detailed information
obtained through the computation of the S-matrix is “thrown away” in
the averaging process. Instead, Miller [4] discusses a direct way to com-
pute NV(E), or k(T), i.e., a method that avoids first computing the S-matrix,
that is also correct in the sense that the expressions for N(E) or k(T) are
exact, i.e., no approximations are involved. These expressions are given as
follows [4]:

N(E) = 27h T (a(E—H)fEP,), )

KT) = Q(T) ' Tr (e*ﬂff IA—“PV> ) )

where H is the Hamilton operator, Fisa flux operator, P, is the long time limit
of the quantum mechanically time-evolved Heaviside function, and Tr( - )
denotes the trace operation. Schatz and Ratner [5] point out that there are
three possibilities for the use of Egs. (5 and 6) for computing rates. The first
is to evaluate the trace of the operators in a basis, the second is to develop
semiclassical theories for the rate constants [2, 6], and the third is to use
the expressions to develop a version of quantum transition state theory [7].
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An alternative approach is to express Egs. (5 and 6) in terms of a form of
flux—flux autocorrelation function [8, 9], and we discuss this approach in
some detail in Section 6.3. A recent survey of methods for computing reaction
rates is given in Ref. [10].

Our approach is firmly rooted in phase space, both the classical and
quantum theories. The classical phase space theory forms the “skeleton” on
which our quantum theory of reactive scattering in phase space is built. The
classical theory of reaction dynamics in phase space is reviewed in Section 2.
Certainly there has been earlier work on classical reaction dynamics in phase
space. In particular, we note the seminal work of Pechukas, Pollak, Child,
and McLafferty from the 1970s and early 1980s on two DoF Hamiltonian sys-
tems [11-18] where the notion of a periodic orbit dividing surface (PODS)
was introduced. The PODS bound a two-dimensional dividing surface (in
the three-dimensional energy surface) having the “no-recrossing” property
and minimal flux. This work did not generalize to more than two DoFs. The
generalization has required a new concept—the notion of a normally hyper-
bolic invariant manifold, or NHIM. This was introduced in the study of phase
space transport in Hamiltonian systems with three or more DoFs in Ref. [19]
and was subsequently used in the study of chemical reaction dynamics in
Ref. [20]. For a d DoF Hamiltonian system, the NHIM has the structure of a
2d — 3 dimensional sphere in the 2d — 1 dimensional energy surface (so for
d = 2, the NHIM has the structure of a one-dimensional sphere, or periodic
orbit). Conceptually, the NHIM is a fundamentally new dynamical object. It
is a manifold of “saddle-type stability” that exists in phase space. In Section 2
we discuss in more detail why this is the mathematical manifestation of the
chemists notion of the activated complex. Later, it was shown in Ref. [21] that
the NHIM played the role of the PODS for systems with three or more DoFs
in the sense that the NHIM is the boundary of a dividing surface having the
“no-recrossing” property and minimal flux.

This approach to phase space reaction dynamics for three or more DoF
Hamiltonian systems did not receive a great deal of applications through-
out the 1990s. One reason for this was that there was not a computational
method for realizing NHIMs in specific Hamiltonian systems (with three
or more DoFs). This changed as a result of the work in Refs. [22, 23]
where it was shown that the classical Poincaré-Birkhoff normal form the-
ory could be used to compute a coordinate system where the NHIM
could be realized, along with a variety of associated phase space struc-
tures. Software was developed that enabled the computation of the classical
(CNF) and quantum normal forms (QNF), and this allowed the realiza-
tion of these phase space structures in specific examples." This enabled

! The software, along with documentation, is freely available for download at
http://lacms.maths.bris.ac.uk/publications/software/index.html.
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the application of this approach to classical phase space reaction dynam-
ics to HCN isomerization [24], computation of the volume of points in an
energy surface corresponding to reactive trajectories (the “reactive volume,”
[25, 26]), and a realization of Thiele’s [27] notion of “gap times” and reaction
rates [28].

The generalization of this approach to the quantum setting has been
carried out in Refs. [29-31]. The essential tools that make this possible are
a quantum mechanical generalization of the classical Poincaré-Birkhoff nor-
mal form (described in Appendix A.2) and the Weyl quantization procedure.
This firmly establishes a phase space approach to quantum mechanics. Our
development and understanding of classical phase space structures asso-
ciated with reaction dynamics is essential because one sees precisely their
quantum mechanical manifestations. For example, in the classical setting
the normal form is integrable in a (phase space) neighborhood of a partic-
ular saddle point that is relevant to the reaction of interest (in a way that
we precisely describe in Section 2). This property is manifested quantum
mechanically by yielding a Hamilton operator in QNF that factors into sepa-
rate one-dimensional problems that can be solved exactly. This, in turn, gives
rise to a block diagonal local S-matrix that can easily be computed and ana-
lyzed. This is described in some detail in Section 4.1. This is a significant
result because the implication is if the relevant QNF for a system can be
computed, then regardless of the size of the system, the local S-matrix can be cal-
culated. In other words, our approach leads to an expression for the S-matrix
that does not require a solution of the Schrodinger equation. In Section 4.1 we
show that the classical flux through a dividing surface in phase space hav-
ing the no-recrossing and minimal flux properties is directly related to the
quantum mechanical CRP. We apply this approach to computing the CRP for
the collinear nitrogen exchange reaction in Section 4.2 and coupled Eckart-
Morse-Morse oscillators in Section 4.3. In Section 5 we show that quantum
resonances are related to the time of decay of quantum states initialized on
the activated complex. We conclude in Section 6 by considering four develop-
ing areas of the theory: “corner-cutting” tunneling trajectories, state-to-state
reaction rates, the flux—flux autocorrelation formalism, and convergence of
the QNF.

2. PHASE SPACE STRUCTURES UNDERLYING REACTION DYNAMICS

In this section we describe the dynamics and geometry associated with phase
space structures governing reaction dynamics. While the emphasis in this
review is on quantum mechanics, the phase space structure that we describe
forms the classical mechanical “skeleton” on which the quantum mechan-
ical theory is supported. Here we merely summarize the basic results,
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more details can be found in the references given in the introduction. Our
exposition here follows Ref. [32].

We consider a Hamiltonian system with d DoFs, phase space coor-
dinates (7, p)eR?x R?, and Hamiltonian function H. We assume that
(Go, Po) is an equilibrium point of Hamilton’s equations which is of saddle—
center— - -—center stability type.” By adding a constant term to the
Hamiltonian function (which does not change the dynamics) we can, without
loss of generality, assume that H(jo, po) = 0. Moreover, for simplicity of expo-
sition, we can assume that the coordinates have been suitably translated so
that the relevant equilibrium point (g,, po) is at the origin. For much of the dis-
cussion below, we will consider isoenergetic geometrical structures belong-
ing to a single positive energy surface £(E) := H'(E) for some constant E > 0.
However, we note that in Ref. [33] essentially the same “picture” of phase
space structures governing reaction dynamics has been shown to occur
for constant temperature dynamics governed by the Hamiltonian isokinetic
thermostat.

We construct geometric structures in a neighborhood of the equilibrium
point. We emphasize that by “neighborhood” we mean a neighborhood in
phase space, not just on a fixed energy surface. We denote this neighbor-
hood of the equilibrium point by £. We will defer until later a discussion
of the constraints on the size of this neighborhood; suffice it to say for now
that the region is chosen so that a new set of coordinates can be constructed
(the normal form coordinates) in which an accurate nonlinear approximation
of the Hamiltonian can be expressed (the normal form Hamiltonian) such
that it provides an integrable approximation to the dynamics, as well as an
algorithmic procedure for realizing phase space structures to within a given
desired accuracy.

Before describing the dynamics in normal form coordinates, as well as the
realization of the phase space structures in normal form coordinates that gov-
ern “reaction,” i.e., trajectories in a phase space neighborhood of the saddle—
center—- - - —center equilibrium point (henceforth, referred to as a “saddle”),
we describe the relevant geometric structures that have been developed in
the references given above. We emphasize that although the normal form
procedure provides a specific method for realizing these geometric structures
in a given coordinate system, their existence is independent of any specific
set of coordinates.

2 We will define this more precisely shortly. However, briefly, it means that the matrix associ-
ated with the linearization of Hamilton’s equations about this equilibrium point has two real
eigenvalues of equal magnitude, with one positive and one negative, and d — 1 purely imag-
inary complex conjugate pairs of eigenvalues. We will assume that the eigenvalues satisfy a
nonresonance condition that we will describe more fully in the following.
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Locally, the (24 — 1)-dimensional energy surface X(E) has the structure
of $*% x R, i.e., the Cartesian product of a (2d — 2)-dimensional sphere
and a line, in the 2d-dimensional phase space. The energy surface X(E) is
split locally into two components, “reactants” and “products,” by a (24 — 2)-
dimensional “dividing surface” that is diffeomorphic to S*-* and which we
therefore denote by S3*(E). The dividing surface that we construct has the
following properties:

e The only way that trajectories can evolve from reactants to products (and
vice versa), without leaving the local region £, is through S¥"*(E). In other
words, initial conditions (ICs) on this dividing surface specify all reacting
trajectories.

e The dividing surface that we construct is free of local recrossings; any tra-
jectory which crosses it must leave the neighborhood £ before it might
possibly cross again.

e The dividing surface that we construct minimizes the flux, i.e., the direc-
tional flux through the dividing surface will increase upon a generic
deformation of the dividing surface (see Ref. [21] for details).

The fundamental phase space building block that allows the construc-
tion of a dividing surface with these properties is a particular NHIM
which, for a fixed positive energy E, will be denoted S (E). The
NHIM is diffeomorphic to S** and forms the natural dynamical equator
of the dividing surface: The dividing surface is split by this equator
into (2d — 2)-dimensional hemispheres, each diffeomorphic to the open
(2d — 2)-ball, B*2. We will denote these hemispheres by B3 *(E) and
B3 Z(E) and call them the “forward reactive” and “backward reactive”
hemispheres, respectively. By *(E) is crossed by trajectories represent-
ing “forward” reactions (from reactants to products), while Bi{;f(E) is
crossed by trajectories representing “backward” reactions (from products to
reactants).

The (2d — 3)-dimensional NHIM can be viewed as the energy surface of
an (unstable) invariant subsystem which as mentioned above, in chemistry
terminology, corresponds to the “activated complex,” which as an oscillating
“supermolecule” is located between reactants and products.

The NHIM is of saddle stability type, having (2d — 2)-dimensional sta-
ble and unstable manifolds W°(E) and W*(E) that are diffeomorphic to
S*-* x R. Being of co-dimension® one with respect to the energy surface,

3 Briefly, the co-dimension of a submanifold is the dimension of the space in which the subman-
ifold exists, minus the dimension of the submanifold. The significance of a submanifold being
“co-dimension one” is that it is one less dimension than the space in which it exists. Therefore it
can “divide” the space and act given it is invariant as a separatrix, or barrier, to transport.
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these invariant manifolds act as separatrices, partitioning the energy sur-
face into “reacting” and “nonreacting” parts as will explain in detail in
Section 2.2.

2.1. Dynamics and phase space structures near the saddle in normal
form coordinates

As mentioned in the previous section, reaction type dynamics is induced by
equilibrium points of saddlexcenterx - .- xcenter stability type. These are
equilibria for which the matrix associated with the linearization of Hamil-
ton’s equations has eigenvalues which consist of a pair of real eigenvalues of
equal magnitude and opposite sign, (+ A, — 1), A € R, and (d — 1) pairs of
complex conjugate purely imaginary eigenvalues, ( + iw;, — iwy), o € R, for
k=2,...,d.

The phase space structures near equilibria of this type exist independently
of a specific coordinate system. However, in order to carry out specific
calculations we will need to be able to express these phase space struc-
tures in coordinates. This is where Poincaré-Birkhoff normal form theory is
used. This is a well-known theory and has been the subject of many review
papers and books, see, e.g., Refs. [34—40]. For our purposes it provides an
algorithm whereby the phase space structures described in the previous
section can be realized for a particular system by means of the normal form
transformation which involves making a nonlinear symplectic change of
variables,

(0.9) =T@,p), 7)

into normal form coordinates (g, p) which, in a local neighborhood £ of the equi-
librium point, “decouples” the dynamics into a “reaction coordinate” and
“bath modes.” The coordinate transformation T is obtained from imposing
conditions on the form of H expressed by the new coordinates (g, p),

Hexe(q, p) = H(T (g, p)) = H@, P)- 8)

These conditions are chosen such that Henr and the resulting equations of
motions assume a simple form in which the reaction coordinate and bath
modes “decouple.” This decoupling is one way of understanding how we are
able to construct the phase space structures, in the normal form coordinates,
that govern the dynamics of reaction.

In fact, we will assume that a (generic) nonresonance condition holds
between the eigenvalues, namely that

kza)z‘f‘""f‘kna)d#o (9)
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for all non-vanishing integer vectors (k, ..., k;) € Z%'* When such a
condition holds, the CNF procedure, see Appendix A.1, yields an explicit
expression for the normalized Hamiltonian Henr truncated at order N as a
function of d integrals of motion:

H(CI\I]\)IF = (CI\I]\)IF(I/ ]2/ ]3/~ . ~/]d)

d IN/2]
=E+M+ Y ot YY) ka7 i (10)
k=2 n=2 |a|=n

Note that the normal form is expressed as a polynomial in the action integrals
I'and |, k = 2,..., d, corresponding to a “reaction coordinate” and (d — 1)
“bath modes,” respectively. In Eq. (10) E, denotes the energy of the system
at the equilibrium point and the expansion coefficient «, , is obtained by the
CNF algorithm presented in Appendix A; here, & = (o4, ..., ay) with o € INg
fork=1,...,d, and |a| = ), a. In Appendix A we show that the normal
form algorithm generates a polynomial at each step, where the normaliza-
tion algorithm at a certain order does not modify the normalized terms at
lower order. However, in practice it is necessary to stop the algorithm at a
given order. In this sense the normal form is an approximation to the orig-
inal Hamiltonian in a neighborhood of the saddle, which we have denoted
by L. Certainly, it is essential that the approximation is accurate enough to
yield useful information. Numerous examples have show this to be the case,
and we discuss this issue more fully in Section 2.5.
The integral, I, corresponds to a “reaction coordinate” (saddle-type DoF):

We note that there is an equivalent form of the reaction coordinate: making
the linear symplectic change of variables g, = (P; — Q1)/ V2 and =P+
Q1)/+/2 transforms the above into the following form, which may be more
familiar to many readers:

I=qp = (Pi - Q?) . (12)

N —

Geometrically speaking, one can move freely between these two represen-
tations by considering the plane (g;,:) and rotating it by angle /4 to give
(Q.P).

4 We note that the inclusion of A in a nonresonance condition would be vacuous; one cannot
have a resonance of this kind between a real eigenvalue, £, and purely imaginary eigenvalues,
:l:iwk,k:2, ,d
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The integrals Ji, for k = 2, ..., d, correspond to “bath modes” (center-type
DoF )%:

1

In the new coordinates, Hamilton’s equations have a particularly simple
form:

. dHcne

_ e g
i apl ( /]2/ ’ ]d)qlf
. dHcnr

= ———— — _A(] .
P aql ( r]Z/ ’ ]d)plf
. dHcne
I 8pk k( 7 ]2/ ]d)pk
, 9H,
po=—— == L ) 1)

8qk

fork=2,...,d, where we denote

aKCNF(I/ ]2/ ceey ]d)

A(I/]2/~~-/Id) = 81 (15)
U oy Ja) = aKCNF(Iéﬁ’ ) o (16)

The integrals provide a natural definition of the term “mode” that is appro-
priate in the context of reaction, and they are a consequence of the (local)
integrability in a neighborhood of the equilibrium point of saddle—center—
-+ - —center stability type. Moreover, the expression of the normal form Hamil-
tonian in terms of the integrals provides us a way to partition the “energy”
between the different modes. We will provide examples of how this can be
done in the following.

5 Throughout our work we use, somewhat interchangeably, terminology from both chemical
reaction dynamics and dynamical systems theory. This is most noticeable in our reference to
the integrals of motion. I is the integral related to reaction and in the context of dynamical
systems theory it is related to hyperbolic behavior. The term “reactive mode” might also be
used to describe the dynamics associated with this integral. The integrals J,,..., J; describe
the dynamics associated with “bath modes.” In the context of dynamical systems theory, the
dynamics associated with these integrals is referred to as “center-type dynamics” or “center
modes.” A key point here is that integrals of the motion provide us with the natural way of
defining and describing the physical notion of a “mode.” The nature of the mode is defined in
the context of the specific application (i.e., chemical reactions) or, in the context of dynamical
systems theory, through its stability properties (i.e., hyperbolic or center).
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The normal form transformation T in (7) can be computed in an
algorithmic fashion. One can give an explicit expression for the phase space
structures discussed in the previous section in terms of the normal form coor-
dinates, (g, p). This way the phase space structures can be constructed in
terms of the normal form coordinates, (g, p), and for physical interpretation
transformed back to the original “physical” coordinates, (7, p), by the inverse
of the transformation T.°

In summary, the “output” of the normal form algorithm is the following:

e A symplectic transformation T(j, p) = (g, p) and its inverse T~'(g, p) =
(4, p) that relate the normal form coordinates (g, p) to the original “physi-
cal” coordinates (g, p).

e An expression for the normalized Hamiltonian: in the form Hcyg, in terms
of the normal form coordinates (g, p), and in the form Kcyp, in terms of the
integrals (I, |, ..., Ja).

e Explicit expressions for the integrals of motion I and J,, k = 2,...,d, in
terms of the original “physical” coordinates by means of the symplectic
transformation T(7, p) = (g, p).

2.2. Explicit definition and construction of the phase space structures
in the normal form coordinates

As indicated in the previous section it is straightforward to construct the
local phase space objects governing “reaction” in the normal form coordi-
nates (g, p). In this section, we will define the various structures in the nor-
mal form coordinates and discuss briefly the consequences for the original
dynamical system.

2.21. The structure of an energy surface near a saddle point
For E < 0, the energy surface consists of two disjoint components. The
two components correspond to “reactants” and “products.” The top panel
of Figure 5.1 shows how the two components project to the various planes
of the normal form coordinates. The projection to the plane of the saddle
coordinates (g;, p1) is bounded away from the origin by the two branches of
the hyperbola, q; p1 = I < 0, where [ is given implicitly by the energy equa-
tion with the center actions [, k =2, ..., d, setequal to zero: Keng(/, 0, ..., 0) =
E < 0. The projections to the planes of the center coordinates (gi, px),
k=2,...,d, are unbounded.

At E = 0, the formerly disconnected components merge (the energy sur-
face bifurcates), and for E > 0, the energy surface has locally the structure of

® The original coordinates (g, p) typically have an interpretation as configuration space coordi-
nates and momentum coordinates. The normal form coordinates (g, p), in general, do not have
such a physical interpretation since both g and p are nonlinear functions of both § and p.
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Figure 51 Projection of energy surfaces (turquoise regions) to the planes of the normal
form coordinates. The energy surfaces have energy E < 0 (top panel), E = 0 (middle panel),
E > 0 (bottom panel).

a spherical cylinder, S*2 x R. Its projection to the plane of the saddle coordi-
nates now includes the origin. In the first and third quadrants it is bounded
by the two branches of the hyperbola, q; p; = I > 0, where [ is again given
implicitly by the energy equation with all center actions equal to zero, but
now with an energy greater than zero: Kene(l, 0, ..., 0) = E > 0. The pro-
jections to the planes of the center coordinates are again unbounded. This is
illustrated in the bottom panel of Figure 5.1.

2.2.2. The dividing surface, and reacting and nonreacting trajectories

On an energy surface with E > 0, we define the dividing surface by q; = p;.
This gives a (2d — 2) sphere which we denote by S¥(E). Its projection to the
saddle coordinates simply gives a line segment through the origin which
joins the boundaries of the projection of the energy surface, as shown in
Figure 5.2. The projections of the dividing surface to the planes of the center
coordinates are bounded by circles (p; + q7)/2 = Ji, k = 2,...,d, where J; is
determined by the energy equation with the other center actions, J;, [ # k,
and the saddle integral, I, set equal to zero. The dividing surface divides the
energy surface into two halves, p; — g, > 0 and p; — g; < 0, corresponding to
reactants and products.
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~
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Figure 5.2 Projection of the dividing surface and reacting and nonreacting trajectories to
the planes of the normal form coordinates. In the plane of the saddle coordinates, the
projection of the dividing surface is the dark red diagonal line segment, which has g, = p:.

In the planes of the center coordinates, the projections of the dividing surface are the dark
red discs. Forward and backward reactive trajectories (yellow and blue) project to the first
and third quadrants in the plane of the saddle coordinates, respectively, and pass through the
dividing surface. The red and green curves mark nonreactive trajectories on the reactant side
(P — i > 0) and on the product side (p; — g; < 0) of the dividing surface, respectively. The
turquoise regions indicate the projections of the energy surface.

As mentioned above, trajectories project to hyperbolae in the plane of the
saddle coordinates and to circles in the planes of the center coordinates.
The sign of I determines whether a trajectory is nonreacting or reacting, see
Figure 5.2. Trajectories which have I < 0 are nonreactive and for one branch
of the hyperbola g, p; = I they stay on the reactants’ side and for the other
branch they stay on the products’ side; trajectories with I > 0 are reactive,
and for one branch of the hyperbola g; p; = I they react in the forward direc-
tion, i.e., from reactants to products, and for the other branch they react in the
backward direction, i.e., from products to reactants. The projections of reac-
tive trajectories to the planes of the center coordinates are always contained
in the projections of the dividing surface. In this, and other ways, the geome-
try of the reaction is highly constrained. There is no analogous restriction on
the projections of nonreactive trajectories to the center coordinates.

2.2.3. The NHIM and its relation to the “activated complex”

On an energy surface with E > 0, the NHIM is given by g, = p; = 0. The
NHIM has the structure of a (2d — 3) sphere, which we denote by S (E).
The NHIM is the equator of the dividing surface; it divides it into two “hemi-
spheres”: the forward dividing surface, which has q; = p; > 0, and the backward
dividing surface, which has g; = p; < 0. The forward and backward dividing
surfaces have the structure of (2d — 2)-dimensional balls, which we denote
by B3 *(E) and B3 2(E), respectively. All forward reactive trajectories cross
B3 7(E); all backward reactive trajectories cross B, (E). Since g, = p; = 0
in the equations of motion (14) implies that §; = p; = 0, the NHIM is an
invariant manifold, i.e., trajectories started in the NHIM stay in the NHIM
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for all time. The system resulting from q; = p; = 0 is an invariant subsys-
tem with one DoF less than the full system. In fact, g; = p; = 0 defines
the center manifold associated with the saddle—center-- - - —center equilib-
rium point, and the NHIM at an energy E greater than the energy of the
equilibrium point is given by the intersection of the center manifold with the
energy surface of this energy E [21, 23].

This invariant subsystem with one DoF less than the full system is the
“activated complex” (in phase space) located between reactants and prod-
ucts. The NHIM can be considered to be the energy surface of the activated
complex. In particular, all trajectories in the NHIM have I = 0.

The equations of motion (14) also show that p; — 41 < 0 on the forward
dividing surface B3 *(E) and p; — §; > 0 on the backward dividing sur-
face BY2(E). Hence, except for the NHIM, which is an invariant manifold,
the dividing surface is everywhere transverse to the Hamiltonian flow. This
means that a trajectory, after having crossed the forward or backward divid-
ing surface, B3, *(E) or By, 2(E), respectively, must leave the neighborhood of
the dividing surface before it can possibly cross it again. Indeed, such a tra-
jectory must leave the local region in which the normal form is valid before
it can possibly cross the dividing surface again.

The NHIM has a special structure: due to the conservation of the cen-
ter actions, it is filled, or foliated, by invariant (d — 1)-dimensional tori,
T¢-!. More precisely, for d = 3 DoFs, each value of ], implicitly defines a
value of J; by the energy equation Kcne(0,/2,/5) = E. For three DoFs, the
NHIM is thus foliated by a one-parameter family of invariant 2-tori. The
end points of the parameterization interval correspond to /, = 0 (implying
g> = p, = 0) and [; =0 (implying g5 = p; =0), respectively. At the end points,
the 2-tori thus degenerate to periodic orbits, the so-called Lyapunov periodic
orbits.

2.2.4. The stable and unstable manifolds of the NHIM forming the phase
space conduits for reactions

Since the NHIM is of saddle stability type, it has stable and unstable mani-
folds, W5(E) and W"(E). The stable and unstable manifolds have the structure
of spherical cylinders, S*-* x R. Each of them consists of two branches: the
“forward branches,” which we denote by W;(E) and W{(E), and the “back-
ward branches,” which we denote by W;(E) and W{(E). In terms of the
normal form coordinates, W;(E) is given by q; = 0 with p; > 0, W}(E) is
given by p; = 0 with ¢q; > 0, W;(E) is given by g, = 0 with p; < 0, and W;}/(E)
is given by p; = 0 with q; < 0, see Figure 5.3. Trajectories on these manifolds
have I = 0.

Since the stable and unstable manifolds of the NHIM are of one less dimen-
sion than the energy surface, they enclose volumes of the energy surface. We
call the union of the forward branches, Wi(E) and W} (E), the forward reactive
spherical cylinder and denote it by Wi(E). Similarly, we define the backward
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P4

Figure 5.3 The projection of the NHIM and the local parts of its stable and unstable
manifolds, W*(E) and W*(E), to the planes of the normal form coordinates. In the plane of the
saddle coordinates, the projection of the NHIM is the origin marked by the blue bold point,
and the projections of W*(E) and W"(E) are the p;-axis and g;-axis, respectively. W*(E) consists
of the forward and backward branches W;(E) and W; (E), which have p, > 0 and p; < 0,
respectively; W(E) consists of W¢(E) and W (E), which have ¢; > 0 and g, < 0, respectively. In
the plane of the center coordinates, the projections of the NHIM, W*(E) and W"(E) (the blue
circular discs), coincide with the projection of the dividing surface in Figure 5.2. The turquoise
regions mark the projections of the energy surface.
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Figure 5.4 Projections of the reactive volumes enclosed by the forward and backward
reactive spherical cylinders, W¢(E) and W,,(E), and the forward and backward reactions paths
to the planes of the normal form coordinates. The volumes enclosed by W¢(E) and W,,(E)
project to the dark pink and green regions in the first and third quadrants in the plane of the
saddle coordinates, respectively. These volumes project to the dark green/dark pink brindled
discs in the planes of the center coordinates, where their projections coincide with the
projection of the NHIM and the dividing surface in Figures 5.2 and 5.3. The forward and
backward reaction paths project to the two branches of a hyperbola marked blue in the first
and third quadrants in the plane of the saddle coordinates, respectively, and to the origins
(bold blue points) in the planes of the center coordinates. The turquoise regions mark the
projections of the energy surface.

reactive spherical cylinder, Wy,(E), as the union of the backward branches, W;(E)
and W (E).

The reactive volumes enclosed by W((E) and W, (E) are shown in Figure 5.4
as their projections to the normal form coordinate planes. In the plane of the
saddle coordinates, the reactive volume enclosed by Wi(E) projects to the
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first quadrant. This projection is bounded by the corresponding hyperbola
gip1 = 1, with I obtained from Kcnr(L, O, . .., 0) = E. Likewise, W,,(E) projects
to the third quadrant in the (g;, p;) plane. Wi(E) encloses all forward reactive
trajectories; W, (E) encloses all backward reactive trajectories. All nonreactive
trajectories are contained in the complement.

2.3. The foliation of the reaction region by Lagrangian submanifolds

The existence of the d integrals of motion, (I, |5, ..., J4), induces phase space
structures which lead to further constraints on the trajectories in addition
to the ones described above. In order to describe these structures and the
resulting constraints it is useful to introduce the so-called momentum map,
M [41, 42], which maps a point (g1, ..., qa, P1, - .., ps) in the phase space
R? x R’ to the d integrals evaluated at this point:

M:RdXRd_)Rd/ (%,n-/%zplz~~1Pd)'_>(1/]2;~~/]d)~ (17)

The preimage of a value for the constants of motion (I, 5, ..., J;) under M is
called a fiber. A fiber thus corresponds to the common level set of the integrals
in phase space.

Apoint(q1,...,qa p1,- .., pas)is called a reqular point of the momentum map
if the linearization of the momentum map, DM, has full rank 4 at this point,
i.e, if the gradients of the d integrals [, J;, k = 2,...,d, with respect to the
phase space coordinates (g, p) are linearly independent at this point. If the
rank of DM is less than d then the point is called irregular. A fiber is called
regular if it consists of regular points only. Otherwise, it is called an irregular
fiber. In fact almost all fibers are regular. They are d-dimensional manifolds
given by the Cartesian product of an hyperbola g,p; = I in the saddle plane
(91, p1) and d — 1 circles S' in the center planes (g, px), k = 2, ..., d. Since the
hyperbola ¢,p; = I consists of two branches each of which have the topology
of aline R, the regular fibers consist of two disjoint toroidal cylinders, T x R,
which are the Cartesian products of a (d — 1)-dimensional torus and a line.
We denote these toroidal cylinders by

1 1
A;]Z/,,,, i — {(q, P) € RZdtpl% = I,E(pﬁ +q§) =J,... ,E(pﬁ +q§) =Ji, 1> 0}

(18)
and
- 2 1., 5 1., 5
Ao = @ p) e R :pin =1, E(Pz "“72) =J,... /E(Pd +%) =Ji, 91 <0
(19)

Afy,, ., and Ap  are Lagrangian manifolds [43]. The Lagrangian manifolds
consist of all trajectories which have the same constants of motion. In par-
ticular the Lagrangian manifolds are invariant, i.e., a trajectory with IC on
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a Lagrangian manifold will stay in the Lagrangian manifold for all time.
For I < 0, the Lagrangian manifolds A;;, , and A, , consist of nonre-
active trajectories in the reactant resp. product components of the energy
surface. For I > 0, Aj}, , consists of forward reactive trajectories and
Ay, ., consists of backward reactive trajectories.

2.4. The directional flux through the dividing surface

A key ingredient of transition state theory and the classical reaction rate
is the directional flux through the dividing surface defined in Section 2.2.
Given the Hamiltonian function in normal form expressed as a function
of the integrals (10) and a fixed energy E above the energy of the saddle—
center- - - - —center, E, it is shown in Ref. [21] that the directional flux through
the dividing surface is given by

f(E) = 2n)""V(E), (20)

where V(E) is the volume in the space of the actions (J,, . . ., J;) enclosed by the
contour Kene(0, o, - .., Js) = E. This is a significant result because it enables
the computation of the directional flux without computing trajectories. More-
over, it directly connects the directional flux to the NHIM, i.e., the activated
complex. In Figure 5.5 we illustrate the volume V(E) for the case of a three
DoF system: here V(E) is given by the area in the (5, J;) plane enclosed by the
light blue line corresponding to the NHIM.
We also note here that the dimensionless quantity

__f(B)
Nieyr (E) = Qrhy1’ (21)
J A
)
I

Figure 5.5 Contour Kcne(0, )5, - . .,J4) = E (blue line) in the space of the center integrals

(2, . . .,Jq) for d = 3 DoFs. Up to the prefactor (277)?, the area V(E) of the enclosed region
(marked green) gives the directional flux through the dividing surface, see Eq. (20). The green
region is the projection of the I > 0 piece of the energy surface on the (J,, J;) plane.
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where 27h is Planck’s constant, is Weyl’s approximation of the integrated
density of states or equivalently the mean number of quantum states of the
activated complex with energies less than or equal to E (see, e.g., Ref. [44]).
It is shown in Ref. [30] that Ny, (E) can be interpreted as the mean number
of open quantum “transition channels” at energy E.

In the case where we only take into account the quadratic part of the nor-
mal form, or, equivalently, if we linearize Hamilton’s equations, we have
Kene(L, Jo, o0, J0) = A+ Zf=2 wiJr and the energy surface Kene(0, o, ..., Jo) =
E encloses a simplex in (J,,. .., J;) whose volume leads to the well-known
result [45]

d

E*! 2r
f(E)ZMg;k' (22)

This shows, e.g., that the flux scales with E“~! for energies close to the saddle
energy. The key advantage of the normal form coordinates resulting from
the normal form algorithm is that it allows one to include the nonlinear
corrections to (22) to any desired order.

2.5. Effect of truncation of the normal form algorithm

The normalization procedure proceeds via formal power series manipula-
tions whose input is a Taylor expansion of the original Hamiltonian, H,
necessarily up to some finite order, N, in homogenous polynomials. For a
particular application, this procedure naturally necessitates a suitable choice
of the order, N, for the normalization, after which one must make a restriction
to some local region, £, about the equilibrium point in which the resulting
computations achieve some desired accuracy. Hence, the accuracy of the nor-
mal form as a power series expansion truncated at order N in a neighborhood
L is determined by comparing the dynamics associated with the normal form
with the dynamics of the original system. There are several independent tests
that can be carried out to verify accuracy of the normal form. Straightforward
tests that we use are the following:

e Examine how the integrals associated with the normal form change on
trajectories of the full Hamiltonian (the integrals will be constant on
trajectories of the normal form).

e Check invariance of the different invariant manifolds (i.e., the NHIM and
its stable and unstable manifolds) with respect to trajectories of the full
Hamiltonian.

Both of these tests will require us to use the transformations between the
original coordinates and the normal form coordinates. Specific examples
where N, £, and accuracy of the normal forms are considered can be found
in Refs. [24-26, 46, 47].
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2.6. “Globalizing” the geometrical structures in the reaction region

As we have shown, the normal form transformation to normal form coor-
dinates provides a method for providing a complete understanding of the
geometry of reaction dynamics in a neighborhood L (in phase space) of
the saddle—center-- - - —center equilibrium point of Hamilton’s equations. By
this, we mean that in the normal form coordinates we can give an explicit
equation for the surfaces and, as a result of the “simple” structure of Hamil-
ton’s equations in the normal form coordinates, we can describe precisely the
influence of these geometrical structures on trajectories of Hamilton’s equa-
tions. In Table 5.1 we summarize the results obtained thus far by providing
a list of the different surfaces that control the evolution of trajectories from
reactants to products in the neighborhood L.

However, it must be kept in mind that all of these surfaces, and associ-
ated dynamical phenomena, are only “locally valid” in the neighborhood L.
The next step is to understand their influence on the dynamics outside of
L, i.e., their influence on the dynamics of reaction throughout phase space
in the original coordinates (as opposed to the normal form coordinates). In
order to do this we will need the normal form transformation discussed in
Appendix A, to order N (where N is determined according to the desired
accuracy following the discussion in Section 2.5).

Table 5.1 Table of phase space surfaces influencing reaction dynamics and their representa-
tions in normal form coordinates on an energy surface of energy greater than the energy of
the saddle equilibrium point

Geometrical structure Equation in normal form
coordinates

Dividing surface, S¥'~*(E) qi=pm

Forward reactive hemisphere, B3 *(E) gi=p >0

Backward reactive hemisphere, B3, *(E) gi=p1 <0

NHIM, S%iq(E) f1=p1=0

Stable manifold of the NHIM, W* (E) h1=0,p #0

Unstable manifold of the NHIM, W* (E) p1=0,q1 #0

Forward branch of W*(E), W; (E) G1=0,p >0

Backward branch of W*(E), W; (E) 71=0,p <0

Forward branch of W*(E), W (E) p1=0,91>0

Backward branch of W*(E), W (E) p1=0,91 <0

Forward reactive spherical cylinder p1gr =0,p1,41 > 0,91 = p1

Wi(E) = Wi(E) U W! (E)

Backward reactive spherical cylinder P =0,p,01 <0, 91 #p1

Wi(E) = Wi (E) U Wy (E)
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In Appendix A we discuss the necessary transformations of the origi-
nal physical coordinates required to transform the Hamiltonian into normal
form. In particular, we translate the saddle—center-- - - —center equilibrium
point to the origin, we “simplify” the linear part of Hamilton’s equations
(what “simplify” precisely means is described in the Appendix), then we
iteratively construct a sequence of nonlinear coordinate transformations that
successively “simplify” the order 3,4, .. ., N terms of the Hamiltonian accord-
ing to the algorithm described in Appendix A. We can invert each of these
transformations to return from the normal form coordinates to the physical
coordinates.

2.61. Computation of W}:(E) and W{(E)
Our approach to computing the stable and unstable manifolds of a NHIM is,
in principle, the same as for computing the stable and unstable manifolds of
a hyperbolic trajectory (however, the practical implementation of the algo-
rithm in higher dimensions is a different matter and one that deserves much
more investigation).

We describe the computation of W{(E) as follows.

e In the normal form coordinates, choose a distribution of ICs on the NHIM
and displace these ICs “slightly” in the direction of the forward branch of
WYE) (11 =0,q1 =& > 0, ¢ “small”).

e Map these ICs back into the physical coordinates using the inverse of the
normal form transformation.

e Integrate the ICs forward in time using Hamilton’s equations in the phys-
ical coordinates, for the desired length of time (typically determined by
accuracy considerations) that will give the manifold of the desired “size.”
Since the ICs are in the unstable manifold they will leave the neighbor-
hood £ in which the normal form transformation is valid (which is why
we integrate them in the original coordinates with respect to the original
equations of motion).

The backward branch of W*(E) can be computed in an analogous manner by
displacing the ICs on the NHIM in the direction of the backward branch of
WHY(E) (p1 =0,q1 = ¢ <0, ¢ “small”).

2.6.2. Computation of W} (E) and Wi(E)
The forward and backward branches of W*(E) can be computed in an
analogous fashion, except the ICs are integrated backward in time.

2.6.3. Practical considerations

By their very definition, invariant manifolds consist of trajectories, and the
common way of computing them, and visualizing them, that works well in
low dimensions is to integrate a distribution of ICs located on the invariant
manifold (hence, this illustrates the value of the normal form coordinates
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and transformation for locating appropriate ICs). In high dimensions there
are numerical and algorithmic issues that have yet to be fully addressed.
How does one choose a mesh on a (2d — 3)-dimensional sphere? As this
mesh evolves in time, how does one “refine” the mesh in such a way that
the evolved mesh maintains the structure of the invariant manifold?

Examples where this “globalization” of phase space structures in the
reaction region has been carried out can be found in Refs. [24-26, 46].
However, there is tremendous scope for future work in this direction, both
from the point of view of mathematical and computational techniques and
applications to chemical dynamics.

3. QUANTUM NORMAL FORM REPRESENTATION OF THE
ACTIVATED COMPLEX

In this section we present an extension of the CNF theory to quantum
mechanics. Leaving all technical details for Appendix A we only consider
here key aspects and results of the theory.

The QNF theory’ provides an explicit algorithmic procedure that allows
one to approximate the Hamiltonian operator H, corresponding to a reactive
system with a generally nonintegrable classical Hamiltonian, by a “simpler”
Hamiltonian operator Floxr, having an integrable classical counterpart. The
operator Hoyr takes the form of a power series expansion in reactive and
nonreactive (bath-mode) action operators and the effective Planck’s constant.
The (generally infinite) power series can then be terminated at any desired
order N dictated by the desired accuracy of the approximation. This leads to
an Nth order QNF approximation Hg\)m of the original Hamiltonian a:

L T(N N T 7 T
Hﬁ)l\)IF = KE}I\)IF (I/ ]2/ ]3/ ceey ]d)
N/2]

=Ey+Al+ Z i+ DD K T3 5 Bt (23)

n=2 |a|+j=n

This approximation holds locally, in the vicinity of a single equilibrium point
of the Hamiltonian function of the corresponding d-dimensional classical
system (see Appendix A for details). It is this equilibrium point whose phase
space neighborhood is traversed by reactive trajectories on their way from
the valley of reactants to the valley of products. The equilibrium point is
considered to be of saddle—center-- - - —center stability type, meaning that the
2d x 2d matrix associated with the linearized Hamilton’s equations of motion

7 See Ref. [30] for a comprehensive review of the mathematical theory, or consult Appendix A
for a concise summary.
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has two real eigenvalues, £, and d — 1 purely imaginary complex conju-
gate pairs of eigenvalues, +iw, with k = 2,..., d. The linear frequencies
wy are further assumed to be rationally independent, so that the condition
Mywy + - - - + mgw; = 0 implies m, = --- = my; = 0 for all integers m,, ..., m,.
Other quantities entering Eq. (23) include (i) the energy E, of the system
at the equilibrium point, (ii) parameters «;,q,, .,q+,; Obtained from the QNF
expansion procedure, (iii) an effective (scaled) Planck’s constant A, which
in atomic units is given by the inverse of the square root of the reduced mass
of the system and plays the role of a “small parameter,” (iv) an action integral
operator

~ 1.,.. A
I=3 (G1p1 + 1) (24)

corresponding to the reactive mode, and (v) action integral operators

@+p), k=2,...4, (25)

NI~

Ji =

of the bath modes. Here, the “position” and “momentum” operators, §; and
Px respectively, satisfy the commutation relations

[‘?k/ l?l] = [f?kr f?z] =0, [l?k, fﬂz] = 1Rt O, (26)

where k,l =1,...,d, and 8 is the Kronecker’s delta. The operators g, py, . . .,
qa, pa are given by the Weyl quantization of classical phase space coordinates
G1, P1, - - -» Ga, pa that in turn are obtained from the original “physical” phase
space coordinates by way of a nonlinear canonical transformation [30]. Thus,
4, and p; correspond to the reaction coordinate, while g, and p correspond
to the kth bath mode withk =2,...,d.

It sometimes proves convenient to work in a phase space coordinate basis
(Q1, P1, 92, P2, -, G4, pa) (which we further refer as to “QP-basis”) that is
“rotated” at an angle 7 /4 with respect to the basis (41, p1, 92, P2, - - - G4, Pa)
(further referred as to “qp-basis”), i.e.,

A 1 .. . A 1 .. .
Q1=E(Q1—P1)/ Pl—%(ﬂl*’?l)- (27)

In the QP-basis, the action integral operator corresponding to the reaction
coordinate reads

i:%(f)i—?). (28)

The main advantage of having the original Hamiltonian F approximated by
a polynomial in the operators T and jk, k=2,...,d,is that the eigenstates of
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the QNF operator H&QIF can be chosen to be simultaneously the eigenstates
of the operators T and J;, whose spectral properties are well known. Indeed,

ARG 1o, .. ma) = ElL ma, ..., 1) (29)

with
|I/n21 -~~/nd>:|w1>®|w;12>®"'®|wnd>/ (30)

where

Ilyn) = 11v), [eR, (31a)
JelWn) = heg(ne + /2|, me € Ny, (31b)

and
E = K(QNI\)IF (Ir heff(nz + 1/2)/ ey heff(nd + 1/2)> . (32)

And, after having explicitly described the eigenstates |v;) and [,,) of the
reaction and bath DoFs, respectively, one obtains a complete (approximate)
eigensystem for the original reactive scattering problem.

Two independent solutions of Eq. (31a), in the g, representation, are
given by

(@ Y7) = O( = gi)( — go) Y2+ est, (33a)

(@) = O(qy)g, ", (33b)

where O is the Heaviside step function, the superscript “o” stands for “outgo-
ing to,” and and “p” stand for “reactants” and “products,” respectively.
The motivation for this notation is clear from viewing the solutions given by

Eq. (31) as Lagrangian states, i.e., by writing

“_ 1
r

o,r, o,r i o,r
@) = A9 (0) exp (—wi '“’)wl)) , (34)

heff
where the purely real amplitude and phase functions are given by

Aﬁ("r/p)(%) =0O(F ‘71)|’11|_1/2/ (PI(O/r/p)(ql) =IIn|q], (35)

respectively. This way one can associate the one-dimensional Lagrangian
manifolds
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o, T d 0 T I
AP = {(qupl) = (ql, ¥ )(q1)> = (qlr q—) < 0}, (36a)
1

o, 0 I
AP = {0 = (9 gt 7@0) = (w2 )i =0 oet)

with the states [ *”) and |¢°"). From the presentation of A{*” and AP in
Figure 5.6 one sees that for g, — —oo the wave function (g;|¥°”) represents
a state outgoing to reactants, and for g1 — +oo the wave function (%W;wp))
represents a state outgoing to products.

Another pair of independent solutions of Eq. (31a), (g,|%"") and (g, v\,
corresponding to states “incoming from” reactants and products, respec-
tively, is obtained by requiring their momentum representations to be
given by

Pl = WP, ) = 0l (37)

n=p1’

The corresponding position representations are obtained by way of Fourier
transform,

1 )
(‘11|) = W / ewﬁp]/he“ (p1|> dpl , (38)
eff

Figure 5.6 The blue lines show the Lagrangian manifolds A", A", A®? and A
associated with the T eigenstates [, |/, |y/°?), and |/*?), respectively. The arrows
indicate the classical Hamiltonian vector fields generated by | = p,q;. The red thick line
corresponds to the dividing surface s(qi,pi) = g1 — pr.
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of (p )¢y and (p; |V 0Py defined in Eq. (37), namely

<q1|¢11f)> = /0 @1 /heit p;l/szl/heff dPl , (39a)
@t Py = W / e/t (_ p )2l dp, (39b)
eff

The integrals in (39) are not absolutely convergent, but can be defined as
oscillatory integrals. The motivation for defining incoming states according
to Eq. (37) becomes clear from considering the stationary phase contribu-
tions to the integrals (39). These come from p; satisfying the stationary phase
condition

d
d—pl(—llnlpll +qp1) =0, (40)

ie., py = I/q:, where p; > 0 for (q1|1//,(i’r)) and p; < O for (g |1p( Py This way
one can associate the Lagrangian manifolds

ir I
A(I/) = {(%/Pl) = <‘71/ q_) : pl > 0} 7
1

(lp {(%/Pl) = <‘71, é) < 0} (41)

with the incoming states. These manifolds are also shown in Figure 5.6. One
sees that for p; — +oo the wave function (g;|v I(i’r)) represents a state incom-
ing from reactants, and for p; — —oo the wave function (q1|1pl(i’p)) represents
a state incoming from products. Finally, calculating the Fourier integrals in
Eq. (39) [30], one obtains expressions

i(Z--L inp
) = —e(4 h ”eﬁ)r(l_z’ ! )(e’énlm Py _ jo~F g |0 ), @2a)
! V2r 2 e !

i llenn
e B Pef eﬁ) 1 1 A A (o,p)
¥ = ——— F(__i )e”e‘” ©0) —je Thar [yP))  (42b

V2 2 et ( ! ) (42b)

that relate the incoming states to the outgoing ones [48].
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The equation for eigenstates of the action operator I, Eq. (31a), can also be
solved in the Q; representation [49, 50]. The two independent solutions are

i) 3 14 1 1
(Quly, ™) = —(2ﬁeff) iethet I' (5 - la) D;+ihiﬁ( Y. efol) , (43a)
1 3 oz L 1 I 3 | 2
(lp) _ -1 o e Ul
Q™) = —@ha) Telma T (2 i h) Dyl (e £ heﬁgl), (43b)

where D, is the parabolic cylinder function of order v [51]. The outgoing
states, |/\*”) and |?"), are then obtained from Eq. (42). Figure 5.7 shows the
Lagrangian manifolds A™”, A", A7, and A" in the (Q;, P;) coordinates.

Finally, we note that the incoming and outgoing eigenstates of the
I operator are orthogonal and satisfy the completeness relations [49, 50]

[ (et ) ar = 1, (442)

[ (e i) dr =1, (44b)

where 1 stands for the identity operator.
Generally speaking, the g; and Q; representations of the eigenstates of the

I operator are completely equivalent, and the choice of a representation is

I>0 NG 1<0 AP

1% w »
E . - =

z QU k4 o z 5
PN &3 E Q& 2
Q X > 0O ) > O
| . r 35 T
] 2 N o

AEI,P) W

Figure 5.7 The blue lines show the Lagrangian manifolds A", A" A" and AP
associated with the ] eigenstates |/, [), |7}, and |/°?), respectively. The arrows
indicate the classical Hamiltonian vector fields generated by I = (P? — Q?)/2. The red thick
line corresponds to the dividing surface s(Q;, P;) = Q, = 0.
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usually dictated by a particular problem. For example, in order to determine
the total probability flux corresponding to the eigenstates [¢,"’") through
the dividing surface it is convenient to adopt the Q; representation. Indeed,
in the QP-basis the operator corresponding to the flux through the dividing
surface s(Q;, P;) = Q; is [30]

A 1 A A 1/~ A A A
F= 0@ = 5 (Po@Q) +5Q)P)). (45)

Thus, the expectation value of F with respect to the incoming states is
given by

ir fal ir ir d ir
WP IF1g ) = heg Im << i ”HQnﬁ@uw}’ “”))
1

Q=0
L1 1
o 27Theff 1+ exp( — 27T1/heff) '

(46)

The operators J;, defined by Eq. (25) and corresponding to the action inte-
grals of the bath modes, are the Hamiltonian operators of one-dimensional
harmonic oscillators with unit frequency. Therefore, the wave function
representing the eigenstates in Eq. (31b) are given by

(ul >—%( ! )1/4H (i)ex (— qf) )
Vs = 2k (1)) \ 7 et "\ Ve P 2hei )

where H, denotes the nth-order Hermite polynomial [51].

Here we note that the QNF Hamiltonian can be interpreted as representing
the activated complex. As it has been shown above, the QNF Hamiltonian
has only continuous spectrum, and so there are no bound states associ-
ated with the activated complex. Physically this corresponds to the fact that
the activated complex has a finite lifetime. The latter is determined by the
Gamov-Siegert resonances which we discuss in detail in Section 5.

4. THE CUMULATIVE REACTION PROBABILITY

4]. General formulation

The incoming and outgoing eigenstates of I defined in Section 3 are related
to one another by Eq. (42). Therefore, each solution |y/;) of Eq. (31a) can be
written as a linear combination of |\*"") or [y"""):

[¥1) = @) + e ) = Bl + By ™) . (48)
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These representations are connected by the (one-dimensional) S-matrix,

(zp) = S(D) <g};> . (49)

The entries of the S-matrix can be read off directly from Eq. (42) yielding

] [ n 1 I
(4 et e“) 1 I\ [—ie 2Pt 7 Fegt
Sh="—" F(— - 1—)( e &1> . (50)

x I T
21 2 Degs e 2 Teff —ije 2 Peif

Using the relation I'(1/2 4 iy)I'(1/2 — iy) = 7/ cosh (;ry) it is easy to see that
S()*S() = 1 implying that the S-matrix is unitary.
The transmission coefficient corresponding to the scattering matrix S(I)
reads
e et 1
() = 1Su* = = 1)

I I I
. [ i, PO
e Tett +e T Tt 1+e 7 Tkt

and the reflection coefficient

e Tt 1
R(I) = |Su()* = = prng (52)

i e Teff 14+ e Pt

& Tei

As required, one has 7 (I) + R(I) = 1. The characteristic action scale is given

by the effective Planck’s constant: 7 tends to 1if I > fis and to 0if I <« —Fieg.

In accordance with Egs. (30 and 31), the incoming and outgoing scattering
states of the d-dimensional reactive system at energy E are given by

(WO = 9 @ 1Y), (53a)
(WO = y”) @ ), (53b)

where n = (n,..., n;) € Ni™"is a (d — 1)-dimensional vector of scattering
quantum numbers, and

V) = V) ® -+ - @ |¥y,) (54)

are the eigenstates of a (d—1)-dimensional harmonic oscillator corresponding
to the bath modes. Here, I and n are not independent, but related by Eq. (32).
For energies E close to the equilibrium point energy E, this equation can be
resolved for the reactive coordinate action, yielding a single-valued function
I = I,(E). Then, the S-matrix connecting the scattering states |¥@/P) and
|w©/P) is block-diagonal and given by

Sam(E) = 8nm SUL(E)), (55)
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where 8, is the multidimensional Kronecker symbol, and S(I) is given by
Eq. (50).

The transmission matrix T can be defined as a diagonal matrix with the
diagonal elements equal to the modulus squared of the (1, 2)-components of
the matrices S(I) in Eq. (55), i.e.,

Tom(E) = Sum |Sio(I(E)|* = an,m[1 + exp ( - znlﬂh(_E)ﬂ . (56)

The CRP N(E) is then defined as (see, e.g., Ref. [4])
N(E) =Tr {T(E)} , (57)

where Tr stands for the trace. Thus, using Eq. (56) one obtains

NE) =) Tan(B) =) [1 +exp < - 2nL‘,;—E)>]_ : (58)
0 n eff

The CRP N(E) is the quantum analogue of the classical flux f(E) through
the dividing surface or, more precisely, of the dimensionless quantity
f(E)/(2mhegr)™". To see this one should consider N(E) in the semiclassical
limit .4 — 0, where

lim [1 + exp < — ZnI/heff):|_ =0(), (59)

heff—0

where © is the Heaviside function. This means that the transmission coef-
ficients T, »(E) in Eq. (58) are characteristic functions, i.e., in the semiclas-
sical limit, T,.(E) is O or 1 if I,(E) is negative or positive, respectively.
This way the CRP can be considered to be a counting function. For a
given energy E, it counts how many of the solutions I, of the equations
Kone(In, fieii(2+1/2), . .., Bege(ns+1/2)) = E with scattering quantum numbers
n=(n,,...,n)eN"are positive. In other words, NV(E) can be considered
to count the number of open “transmission channels,” where a transmission
channel with quantum numbers n is open if the corresponding transmission
coefficient T, (E) is close to 1.

Graphically N (E) can be interpreted as the number of grid points (he(1, +
1/2),..., he(ns + 1/2)) in the space of action integrals (], ..., J;) € [0,00)*!
that are enclosed by the contour Kone(0, Jo, .. ., Ja) = E, see Figure 5.8. The
number of grid points is approximately given by the volume in the space of
(J2, -+, Ja) € [0,00)"" enclosed by Kone(0, Jo, - .-, J.) = E divided by fi" "
Using the fact that for 7. — 0, Konr becomes the function Kenr which gives
the classical energy as a function of the classical integrals (I, 5, .. ., J4) we find
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Figure 5.8 (a) Lines (I, hiege(ny +1/2), ..., her(ng +1/2)),1 € R, n, € Ny, k= 2,...,d,in the
space (I, )y, .. .,J4) € R x [0,00)%" for d = 3 and their intersections with the surface

Kone(l, J2,J5) = E. (b) Grid points (Fese(n, +1/2), . . ., het(ng +1/2)) in the space ()5, . . ., J4) for
d = 3. The blue line marks the contour Kone(0, )5, - . .,J4) = E. In this plot only the scattering
states for which the quantum numbers (n,, n;) have the values (0, 0), (0, 1), (1, 0), or (1, 1)
correspond to “open transmission channels,” see text.

that the volume in the space of (J,, ..., J;) enclosed by Keng(0, J2, - .., J)) = E
is given by the classical flux f(E) divided by (27)?!, see Eq. (20), and the
CRP N(E) is thus approximately given by My, (E) = f(E)/(2m h)* defined in
Eq. (21). This way we verify our statement in Section 2.4 that J\/Weyl(E) gives
the mean number of open transmission channels. In fact, as mentioned in
Section 2.4, the classical flux f(E) can be considered to be the phase space
volume enclosed by the energy contour of energy E of the invariant subsys-
tem which has one DoF less than the full scattering system and which as
the so-called activated complex is located between reactants and products.
Nweyi(E) counts how many elementary quantum cells of volume (27 Fege)™t fit
into this phase space volume and this way gives the Weyl approximation of
the CRP NV (E).

It is important to note here that like the flux in the classical case the
CRP is determined by local properties of the Hamilton operator H in the
neighborhood of the equilibrium point only.

4.2. Nitrogen exchange reaction

In this section we focus on the QNF theory as a tool for the computation of
the CRP and the thermal reaction rate constant. To demonstrate the efficiency
and capability of the QNF method and to compare it with other existing
methods we follow Ref. [31] and address the CRP and the thermal rate in
a collinear triatomic reaction, namely the nitrogen exchange reaction

N-+N, - N, +N. (60)
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The collinear version of Eq. (60) corresponds to a two DoF reactive system
with the Hamiltonian operator of the form

r 2 02 2 0z 1 /2 2 22
H = H(q1, G2, 1, p2) = 3 (p% + pi) + V@G, 32), (61)

where V(3,, §,) gives the Born—-Oppenheimer potential energy surface, and
g and g, are the Delves mass-scaled coordinates [52]. The effective Planck’s
constant is given by hes = /2, where p is the dimensionless reduced mass
of the triatomic system (given in units of the electronic mass). For the case
of the nitrogen exchange reaction u ~ 1.47 x 10* yielding fi.s ~ 8.2 x 107°.
We further adopt the London-Eyring-Polanyi-Sato potential energy surface
[53] that possesses a single saddle point governing the reaction from the
asymptotic reactant and product states.

Following the algorithmic procedure presented in Section 3 and
Appendix A we compute the Nth order approximation

Ao = K84, ) (62)

of the original Hamiltonian operator H. The CRP is then given by

i -1
npy=0 eff
with I, (E) solving
K&Re (I, hegi(n, +1/2)) = E. (64)

The resulting CPR-vs-energy curves computed for energies in the range
between 1.3 and 1.7 eV are shown in Figure 5.9. The solid color curves (blue,
green, and red) correspond to different orders N of the QNF approximation
(2, 4, and 6, respectively). The N(E) curves obtained with the 4th and 6th
order QNF are essentially indistinguishable for most of the energy range; this
fact signals the rapid convergence of the QNF expansion for the given value
of the effective Planck’s constant. The vertical dashed line shows the sad-
dle point energy, E,, of the London-Eyring—Polanyi-Sato potential energy
surface.

The circular data points in Figure 5.9 represent the “exact” value of
the CRP obtained through the full reactive quantum scattering calculation
[54, 55]. The latter were performed by integrating the coupled multichannel
Schrédinger equation in hyperspherical coordinates [54, 55] from the strong
interaction region to the asymptotic reactant and product configurations. The
log-derivative matrix method of Manolopoulos and Gray [56] together with
the six-step symplectic integrator of McLachlan and Atela [57] was used to
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Figure 5.9 CRP as a function of the total energy, N/(E), for the collinear nitrogen exchange
reaction (60). The effective Planck’s constant is /i &~ 8.2 x 1073, The A/(E) curves obtained
with the 4th and 6th order QNF are essentially indistinguishable for most of the energy
range. The vertical dashed line shows the saddle point energy, E,.

integrate the radial Schrodinger equation. It is evident from Figure 5.9 that
the quantitative agreement of the exact and QNF values of N/(E) well extends
up to energies of 1.5eV.?

We finally note that the QNF calculation of the CRP requires signifi-
cantly less computational time than the corresponding full quantum reactive
scattering calculation. For example, the 6th order QNF computation of the
nitrogen exchange CRP curve in Figure 5.9 took about 10 min on a 2.6 GHz
processor, 2 GB RAM computer, while the corresponding full quantum
reactive scattering computation took more than 12h on the same machine.
The QNF approach becomes even more advantageous for treating chemi-
cal systems of atoms heavier than nitrogen: the expense of the full quantum
computations rapidly grows with the number of asymptotic channels (and,
therefore, with mass) [58], while the QNF expansion only becomes more
rapidly convergent making the corresponding analysis computationally
cheaper.

81t is interesting to note that the QNF curves in Figure 5.9 seem to converge to a result that
slightly differs from the exact CRP curve at high energies: a small discrepancy starts to show
up at energies around 1.5eV and becomes more pronounced at energies above 1.65eV. This
discrepancy may be attributed to the growing importance of corner-cutting tunneling at high
energies. We discuss the phenomenon of the corner-cutting tunneling in relation to the normal
form theory in Section 6.1.
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We now discuss the straightforward extension of the QNF approach to
computation of the thermal reaction rate constant, k(T), defined as [59]

1 > E
k(T) = 0T /0 dE exp (—kB—T) N(E), (65)

where T stands for the absolute temperature, Q,(T) is the partition function of
the reactant, and kg is the Boltzmann constant. To this end, we use the CRP
data for the nitrogen exchange reaction, Eq. (60), presented in Figure 5.9.
The data allow us to compute k(T) in the range of temperatures between 600
and 700K, for which the integrand in the right-hand side of Eq. (65) is well
localized to the energy interval between 1.3 and 1.7 eV. Figure 5.10 provides a
comparison of k(T) calculated from N (E) obtained using the QNF of orders 2,
4, 6 (color solid lines) and the “exact,” reactive quantum scattering technique
(black line with circles). The inset in the figure shows the ratio, konr/kqgs, of
the thermal rate computed using the QNF of orders 2, 4, 6 to the one obtained

5 x10712
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Figure 510 The thermal rate constant (multiplied by the reactant partition function) as a
function of temperature for the collinear nitrogen exchange reaction (60). The curves
obtained with the 4th and 6th order QNF are essentially indistinguishable for most of the
energy range. The inset shows the ratio, kone/kqs, of the thermal rate constant computed
using the QNF of orders 2, 4, 6 to the one obtained from the quantum scattering data.
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from the quantum scattering data. One can clearly see that the thermal rate
constant computed with the QNF method rapidly approaches its exact value
as the approximation order N is increased.

43. A three degree-of-freedom reactive system

In order to illustrate the utility of the QNF technique for the computation of
reaction rates in higher dimensional systems we consider a three DoF model
system consisting of an Eckart barrier in the (physical) §; direction that is
coupled to Morse oscillators in the g, direction and in the g; direction. The
Hamiltonian operator is

~ 1. 2 2 2 2 2 ~
H= E(P% +pi+ p§) + Ve(@1) + Vma(q2) + Vus(gs) + €H. . (66)
Here,
exp (9 + 90)/a) exp (9 + 90)/a)
V =A B , 67
D= e @ram TP rep@rayar
with positive real parameters a, A, and B, and
B+ A
=al
Go=alno— (68)

is the Eckart potential. For B > A > 0 it possesses a maximum at g = 0;
the potential value at the maximum is Vx(0) = (A + B)*/(4B). The Morse
potentials, given by

Vir(@) = Dex [exp (=2awx q) — 2exp (—awiiq)] , (69)

are parameterized by D, and awy, for k = 2,3, respectively. For I:IC we choose
the mutual kinetic coupling

Hc = }:71 ;52 +l:72 733 + F:’3 F:’l . (70)

The strength of the coupling is controlled by the parameter € in Eq. (66).
The vector field generated by the corresponding classical Hamilton func-
tion has an equilibrium point at (§1, 42, §s, P1, P2, P3) = 0. For [¢]| sufficiently
small (for given values of parameters of the Eckart and Morse potentials),
the equilibrium point is of saddle—center—center stability type.

In the uncoupled case, € = 0, it is easy to calculate the exact CRP, N .«(E),
of the Eckart-Morse-Morse system analytically. Indeed, in accordance with
Eq. (68),

j\[exact(E) = Z Z Texact (E - EM;2,112 - EM;S,n3) ’ (71)

np=0n3=0
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where T... denotes the exact transmission coefficient for the Eckart barrier
and is given by [60]

cosh (2 (¢ — B)) + cosh (276)
~ cosh 27 (o + B)) + cosh (278)”

_l E _1 1 B _ eff
NN = Y, = S

In Eq. (71), Eix, (With k = 2,3) are the energy levels of the one-dimensional
Morse oscillators,

(72)

Texact (E ) =

with
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Figure 511 The top panel shows the cumulative reaction probabilities Ny (E) (black
oscillatory curve) and Nye,(E) (red smooth curve) for the Eckart-Morse-Morse reactive
system with the Hamiltonian given by Eq. (66) with ¢ = 0. It also shows the quantum
numbers (n,, n;) of the Morse oscillators that contribute to the quantization steps. The
bottom panel shows the resonances in the complex energy plane marked by circles for the
uncoupled case € = 0 and by crosses for the strongly coupled case ¢ = 0.3. The parameters
for the Eckart potential are a =1, A = 0.5, and B = 5. The parameters for the Morse
potential are D,; = 1,D,3 = 1.5, and ay; = dus = 1. Also, fiee = 0.
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2
1 1 /2D,
EM;k,nk = —EEIIZ\/[;]( heffz (nk + E — mﬁi) , ng = 0, 1, 2, P (74)

The graph of N..«(E), obtained from Egs. (71-74), is shown by the black
oscillatory curve in the top panel of Figure 5.11. Here, the parameters for
the Eckart potential are a2 = 1, A = 0.5, and B = 5; the parameters for the
Morse potential are D,, = 1, D,; = 1.5, and a,;, = ays = 1; and the effective
Planck’s constant A = 0.1.

The QNF computation of the CRP for the Eckart-Morse-Morse system
gives

11 n E
None(E) = ZZ[l—i—exp( ol ))] , (75)

np=0nz3=0 eff

with [

hp,n3

(E) solving
KR (L, Btz + 1/2), hiege(ns +1/2)) = E. (76)

The high quality of the QNF approximation of the CRP is illustrated in
Figure 5.12, which shows |[Ngnr — Nexo| as a function of the energy E for
different order N of the QNE It is evident that the CRP computed with the
QNF method rapidly approaches its exact value as the approximation order
is increased.
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Figure 512 Errors | Nons — Nexact| for the CRP as a function of energy E of the
Eckart-Morse—Morse system for different order N of the QNF.
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5. GAMOV-SIEGERT RESONANCES

As we have discussed in Section 2 in classical mechanics the transition
state is represented by a lower dimensional invariant subsystem, the center
manifold. In the quantum world, due to Heisenberg’s uncertainty princi-
ple, we cannot localize quantum states entirely on the center manifold, so
there cannot be any invariant quantum subsystem representing the transition
states. Instead we expect a finite lifetime for the transition state. The life-
time of the transition state is determined by the Gamov-Siegert resonances,
whose importance in the theory of reaction rates has been emphasized in the
literature [61, 62].
Intuitively, a resonance is a complex eigenvalue of a Hamiltonian,

I:-“I/fres) = E|1//res>/ (77)

where the imaginary part has to satisfy ImE < 0. The time evolution of a
resonance state is

|Vres()) = 750l = @7 B heite TR Ret ),
and so we see that a resonance state decays in time with lifetime given by

_ heff
~ ImE|’

Notice that since H is self-adjoint, a resonant state with complex energy
cannot be square integrable.

In order to see how the resonances can be computed from the QNF Hamil-
tonian, consider first the example of a one-dimensional system described by
the Hamilton operator

~ 1 .0 .
I'=>@p+pg). (78)
We easily see that |n1) defined by (g|n) = 4" is a resonance eigenstate

A

I|n) = —iheg(n 4+ 1/2)|n), (79)

with complex eigenvalue
E, = —ihg(n+1/2), n=0,...,N. (80)
These are the resonances of the operator I. Notice that compared to the scat-
tering states |I) which depend on a continuous parameter I, the resonance

states are quantized and depend on a discrete parameter n € IN,. Using
this simple example we can now directly determine the resonances and the
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corresponding resonance states for a Hamilton operator in QNF HQNF =

KQNF(f, 72, cel, E). Let v, denote the n* harmonic oscillator eigenfunction
(see Eq. (47)). Forn = (ny, ..., ny) € IN¢, set

|1’l1,n2, -~~/nd) =|n1)®|¢n2>®”'®|wn,j)l (81)
then we have

Honelm, ny, ..o, 1)

= Konr( — hest(my +1/2), hege(na +1/2), ..., hegg(ng + 1/2)) |11, 1, - -+, 1),
(82)

and so the resonances of Hoyy are given by
Enl,nz,..,/nd = KQNF( - iheff(nl + 1/2)/heff(n2 + 1/2)/ ey heff(nd + 1/2)) (83)

The bottom panel of Figure 5.11 shows the resonances in the complex energy
plane that have been computed using Eq. (83) for the case of the coupled
Eckart-Morse-Morse reactive system discussed in Section 4.3.

The resonances computed from the QNF describe the lifetime of the acti-
vated complex. To see this in more detail consider a state localized at time
t = 0 on the center manifold, i.e., the dependence on the local normal form
reaction coordinate ¢ is of the form

N‘:FN

1
Toeff

- , 4
(77 Prege) 1/ ¢ (84)

(q1190)

which is a minimal uncertainty state. In the bath coordinates we take the
state to be given by harmonic oscillator eigenfunctions v, , so that

W) = 190) @ [V¥u,) ® - @ |Yn,) (85)

for some fixed quantum numbers n,, ..., n; € INy. Then, expanding |¥) into
the basis of Eq. (81) we obtain the time-evolved state

1 S 1 (_ 1)’1 —iE n, n n, t/he
VO = i Ly B (59

A suitable quantity for measuring the lifetime of a state like (85) is the
decay of the autocorrelation function

(Ww (). (87)
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For the Hamiltonian in QNF the overlap reads

1/2 0
(W|W(t) = <%> Z 1"(%‘1/2)( _ 1)”e’iE2n, iy, oy gt/ Nt (88)

n=0

The leading term in this sum for ¢ — oo is given by the smallest resonance
with n = 0. Hence,

(W () ~ 2e* 50 ot (89)

and this determines the maximal lifetime of a quantum state of the acti-
vated complex, i.e., a state initially localized near the classically invariant
subsystem given by the center manifold.

For small 7. the QNF is dominated by its quadratic part and that gives

2 Im E0, 112,...,nd/heff X —A 12 (90)
and therefore for small 7
(WW(E)[* ~ 2e". 91)

Thus, the quantum lifetime of the activated complex is in leading order for
small A given by the reciprocal value of the classical Lyapunov exponent
associated with the saddle equilibrium point.

6. FURTHER CHALLENGES

6.1. Corner-cutting tunneling

The approach based on normal forms is designed to give an accurate descrip-
tion of the dynamics near the saddle or near the transition state. If the
reaction is influenced by processes which avoid the neighborhood of the sad-
dle then the normal form is unlikely to capture them. One such process is
corner-cutting tunneling. We want to point out that the results derived from
the QNF, like the computation of the S-matrix and CRP, contain tunneling
contributions, but these are related to tunneling paths which are close to the
saddle. One strength of our approach is that it describes uniformly the transi-
tion from energies below the saddle energy, where only tunneling is possible,
to energies above the saddle energy.

But there are situations where other tunneling contributions have a large
effect. If the reaction path (e.g., the minimum energy path) in configuration
space is strongly curved in the regions where it connects reactants and prod-
ucts, then the reactant valley and the product valley can have a small angle
relative to each other. In this situation there can be quite short tunneling
paths which connect reactants and products and which do not go near the
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saddle region. So these tunneling paths “cut the corner.” The contribution
from such trajectories play an important role, in particular for hydrogen
exchange reactions at room temperature and lower [63].

In these situations the normal form approach has to be combined with
multidimensional semiclassical tunneling calculations.

6.2. State-to-state reaction rates

It is important to emphasize again that, so far, our approach to quantum reac-
tion dynamics has been local, i.e., it is derived completely from the properties
of the QNF that is valid in the neighborhood of the saddle—center-- - - —center
equilibrium point. The property of the resulting S-matrix in (55) being block-
diagonal reflects the fact that the QNF is integrable in the sense that the
basis of scattering states can be chosen in the product form (53). In a differ-
ent basis the matrix will lose this feature, and phenomena like mode mixing
are related to how other incoming and outgoing scattering states are related
to this special basis. It is natural to embed the study of this phenomenon
in a study of the global dynamics which we will describe in this section.
The global formalism is in particular required in order to compute general
state-to-state reaction rates.

Let us start by describing the scattering or reaction process in classi-
cal mechanics by using Poincaré sections. Recall that a Poincaré section at
energy E is given by a smooth hypersurface X(E) of the energy surface with
energy E which is transversal to the flow (X(E) is allowed to have several
components). If we have two such Poincaré sections %;(E) and X,(E) such
that all the flow lines intersecting ¥;(E) intersect at a later time X,(E), too,
then moving along the flow from %;(E) to X,(E) defines a Poincaré map

PeY(E): 3, (E) — ,(E). (92)

Such Poincaré maps can be composed. If ;(E) is another Poincaré section
which lies behind %,(E) in the sense that the flow lines that intersect X,(E)
also intersect X5(E) at a later time, and if P®?(E):X,(E) — X5(E) is the
corresponding Poincaré map, then the Poincaré map

POV(E):2,(E) — Ts(E) 93)

is given by
P(s,l)(E) — p(s,z)(E) o P(Z'l)(E). (94)

Using this construction we can describe transport through phase space
regions by a sequence of maps. Given some Poincaré section Xi,;.1(E) located
in the area of initial points in the reactants region where we prepare the sys-
tem and a Poincaré section X, (E) in the products region where we measure
the outcome, a succession of Poincaré maps
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Binital(E) = L1(E) = %5(E) = -+ — Zgna(E) (95)

tells us how the initial points are transported through the system.’

The advantage of subdividing the flow into a sequence of maps lies in the
fact that different regions in phase space might need different techniques to
compute the flow. In our case of interest Poincaré sections can be constructed
to the products and reactants side of a saddle—center-- - - —center equilibrium
point. The dynamics “across” this equilibrium point can then be described
by the normal form while the dynamics between neighborhoods of differ-
ent saddle points can be obtained from integrating the original equations of
motions [47, 65, 66]. Moreover, the phase space structures obtained from the
local normal form can be “globalized” following the discussion in Section 2.6.

A similar procedure can be developed in the quantum case. The Poincaré
maps

P (E): £,(E) — Z/(E) (96)

are symplectic maps and as such can be quantized using the theory of Fourier
integral operators. The quantizations will be unitary operators which we
interpret as local S-matrices,

Su i)(E) : Li.i(E) — Lzzj(E) , (97)

where L3, is a Hilbert space obtained by geometric quantization of %(E),
see, e.g., Ref. [67]. This is similar to the quantization developed in Ref. [68].
As in classical dynamics we can compose these matrices to obtain a global
S-matrix

S(ﬁnal, initial)(E) — S(ﬁnal, ;z)(E)S(n, n—l)(E) . S(l, initial)(E), (98)
which tells us how initial states in L3, are transformed into final states in
L3, - Thereasons for introducing this splitting of the S-matrix are the same
as in the classical case. We can employ different techniques for computing the
S-matrices according to different local properties of the system. Near equilib-
rium points the dynamics can be described by the QNF we developed in this
chapter. Notice that the neighborhoods of the saddle—center-- - - —center equi-
librium points are the regions where we expect quantum effects to be of most
importance due to partial reflection at and tunneling through the barriers
associated with saddle points. The quantum transport between neighbor-
hoods of different equilibrium points can be described by a standard van
Vleck-type formalism using, e.g., initial value representations which are very
common in theoretical chemistry (see, e.g., Refs. [4, 69]).

° We here ignore the difficulties involved in constructing global Poincaré sections (see, e.g., Ref.
[64]); we assume that the sequence of Poincaré sections (95) is intersected transversally by the
trajectories with initial points from a suitable open subset in the reactants region.
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6.3. Flux—flux autocorrelation function formalism

In this section we discuss the flux—flux autocorrelation function approach to
computation of reaction rates in both classical and quantum theories.

6.31. Classical formulation
The directional flux through the dividing surface that determines the classi-
cal reaction rate, see Section 2.4, can be written as [4, 8, 9]

f(E) = /}R _8(E ~ HR)FE)P,(z) dz. (99)

The dynamical meaning of Eq. (99) is as follows. First, z = (q1, p1, - .., u, Pa)
is a point in the system’s phase space, and the function §(E — H(z)) restricts
the integration to the energy surface of energy E under consideration. The
flux factor F is given by

F(z) = %@(s(z,)} K (100)

where z; is the Hamiltonian flow satisfying the IC z,_y = z. The dividing
surface is defined as the zero level set of the function s, i.e., {z € R* :5(z) = 0}.
It is assumed that this surface divides the phase space into two components:
the region given by s(z) < 0 corresponds to reactants, while the region given
by s(z) > 0 corresponds to products. Finally, the projection function P, is
defined as

P(z) = lim O(s(z:)) (101)

and equals unity (zero) if a trajectory starting at z ends up in the product
(reactant) region for infinitely long times.

In order to explain the relation of Eq. (99) to Eq. (20) we first rewrite the
projection function as

P.(z) = O(s(zy)) + /too %@(S(Zt)) dt, (102)

where we choose t, = —e with € — 0*. At this stage it is important to note
that since the flux factor F(z) is proportional to § (s(z)) the integral in Eq. (99)
is effectively restricted to the dividing surface.'” But, using such properties

10 More precisely, since in addition to the flux factor F one also has to take into account the
function §(E — H) the integral in Eq. (99) is a (2d — 2)-dimensional integral over the intersection
of the dividing surface with the energy surface of energy E.
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of the dividing surface that it is (i) recrossing-free and (ii) transverse to the
Hamiltonian flow, we have

lim O(s(z_.)) =1 — P,(2) (103)

e—0t

for z on the dividing surface. Then, substituting Eqgs. (100) and (103) into
Eq. (102) and solving for the projection function P, we obtain

1 1
Pz) = 5+ lim - / Fa)dt (104)

for z on the dividing surface. Finally, substituting Eq. (104) into Eq. (99) and
taking into account the fact that the total flux through the dividing surface is
zero, i.e.,

/ S(E - H@)F(2)dz =0, (105)

we arrive at the expression for the directional flux,
E)=1i ! mCtdt 106
fE)=lim 5 | G (106)
as a time integral of the flux—flux autocorrelation function
Ci(t) = / 8(E — H(2))F(2)F(z;) dz. (107)
R2d

We now explicitly calculate the time dependence of the function Cy using
the CNF theory. To this end we first express the flux factor F in the nor-
mal form coordinates (Q1, P1, 42, P2, - - -, qa, Pa), See Section 2.1, in which the
dividing surface is given by s(z) = Qs:

d d
Hn=a®@ﬁmﬂ=mm3@®%=xgmm (108)
where
d
A = EHCNF(I/ IZ/ e /]d)/ (109)

and Hcyr is the normal form Hamiltonian as a function of the action integrals
I=(P}—-Q})/2and Ji = (p; + q;)/2, k =2,...,d. Equation (107) then reads

Ce() = [ 8(E — HoxS(QS(QUDATPP(dz. (110)
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The product of the §-functions of Q; and the corresponding time-evolved
coordinate Q;(t) signals that only the infinitesimally short time scales t — 0
give a nonvanishing contribution to the integral. Linearization of the time
evolution of z; around t = 0 yields

@wzaqﬁg@—mmwgmmmu

H,

= 25(H)(27)"! /}R . 8(E — Henr) 9 a‘}NF dIdJ, ...dJ,

= 28(t) (2 )" f df,...dJ,. (111)
IE, Jp, ... J1)>0

The last integral in Eq. (111) is nothing but the volume V(E) in the action
space (J», ..., Js) enclosed by the contour Hene(0, Jo, - .., Ju) = E, and illus-
trated in Figure 5.5, that defines the directional flux through the dividing
surface, see Eq. (20). Thus, we obtain

Ce(t) = 26(t)(2m)""V(E) = 28(t)f (E), (112)

which is in agreement with Eq. (106). Finally, we note that in view of Eq. (112)
one can rewrite Eq. (106) as

fe=5 [ e, 13)

6.3.2. Quantum formulation

In the quantum version of the flux—flux autocorrelation function approach
Eq. (99) for the directional flux is replaced by a corresponding equation for
the CRP,

N(E) = 27 hege Tr {5(15 - H)ﬁﬁr} : (114)
Here, the flux factor operator F is given by

i

F= i (efﬁf/heffé(;)e*iﬁf/heff>

T [H,6(s)], (115)

=0 eff

where ©(s) is a quantization of the composition of the Heaviside function
with a function s defining the dividing surface. The projection operator P, is
defined as

A

P, =lim et/ heit @ (5)@ 1t e (116)
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Then, as shown in Ref. [4], Eq. (114) can be written in close analogy with its
classical counterpart Eq. (106):

N(E) = (27 hegr) % /+oo Ce(t)dt, (117)

where
Co(t) = Tr {a(E - H)ﬁe"':”/heffﬁe-fﬁ“heff} (118)

is the quantum flux—flux autocorrelation function.

As we have shown above the classical flux—flux autocorrelation function
Cr can be explicitly analyzed within the framework of the CNF theory. The
following natural question arises: Can one obtain the time dependence of the
quantum flux—flux autocorrelation function Cy using the methods of the QNF
theory? Of course, the QNF technique provides one with an approximation
of the original Hamiltonian operator. This approximation is only accurate in
the vicinity of the equilibrium saddle point in phase space, so one should not
expect a perfect agreement between the QNF flux—flux autocorrelation func-
tion and the exact one to hold up to infinitely long times. Instead, the QNF
theory will provide an approximation of the exact flux—flux autocorrelation
function in a certain time interval whose length will depend on the effective
Planck’s constant among other parameters.

6.4. Convergence of QNF

Both the CNF and the QNF have the form of power series where each succes-
sive term is constructed via an iterative technique. Consequently, in general,
we will only be able to compute a finite number of terms of the normal form.
Therefore the obvious question that arises is how many terms of the normal
form are required in order that the quantities derived from the normal form
are accurate? A discussion, as well as some references with specific exam-
ples, was given in Section 2.5 for the CNEF. In this section we are concerned
with the behavior of the QNF, for which there has been essentially no work
from this point of view.

First, we begin with a brief background discussion. Since the CNF and
QNE, are given as series representations of the Hamiltonian function and
Hamilton operator, respectively, a natural question to ask is do these series
converge? In the classical setting there has been previous work on this ques-
tion. However, practically speaking, from the point of view of using the
results of the theory, there are three related questions: (1) convergence of
the series representing the normal form Hamiltonian, (2) convergence of
the transformation from the original coordinate to the normal form coor-
dinates, and (3) convergence of any integrals of the motion that arise from
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the normalization procedure. A recent discussion of these issues, as well
as a discussion of earlier results for the classical Hamiltonian normal form
setting, can be found in Ref. [70]. Briefly, the situation with respect to con-
vergence for Hamiltonian systems with three or more DoFs is not optimistic.
Generically, divergence is the expected behavior in normal form theory for
classical Hamiltonian systems. However, the situation is not so pessimistic
as one may initially believe. There are many examples of divergent series
which still yield useful information in an asymptotic sense. Resummation
techniques and Pade approximation techniques can be used to find an opti-
mal number of terms that yield a desired accuracy. For classical Hamiltonian
normal forms these issues have been examined in Refs. [71-74]. These issues
have yet to be explored in the QNF setting.

It is useful to note that the case of two DoF Hamiltonian systems is special.
In this case a classical result of Ref. [75] (see also Ref. [76]) gives convergence
results for the classical Hamiltonian normal form in the neighborhood of a
saddle-center equilibrium point. Recently, the first results on convergence
of the QNF have appeared. In Ref. [77] convergence results for a one and a
half DoF system (i.e., time-periodically forced one DoF Hamiltonian system)
have been given. It is not unreasonable that these results can be extended to
the QNF in the neighborhood of a saddle-center equilibrium point of a two
DoF system.

In the following we provide a qualitative discussion of the convergence
of the QNF based on our calculations performed for the triatomic collinear
reactions. In this situation the QNF approximates the Hamiltonian of the
reacting system in a phase space neighborhood of the saddle-center equilib-
rium point. Thus, for instance, in computing the CRP one only expects this
approximation to render reliable results in a certain energy range around
the saddle point energy E, of the potential energy surface under considera-
tion. The energy difference (E — E,) may therefore be considered as one small
parameter in the QNF expansion. The role of the other small parameter is
played by the effective Planck’s constant, f.. It is the convergence of the
QNF with respect to this second small parameter that we focus on in this
section.

We proceed by considering the right-hand side of Eq. (23), i.e., the QNE,
at I = 0, corresponding to no “energy” in the reaction coordinate, and
1, =0, giving the zero-point “vibrational energy” of the transverse DoF.
Then, Eq. (23) becomes

[N/2]

E=Ej+ Y ch". (119)

n=1

For the case of the collinear hydrogen exchange reaction, H + H, — H, + H,
on the Porter-Karplus potential energy surface the first five expansion coeffi-
cients were obtained in Ref. [31]: ¢; = 0.161982, ¢, = 1.193254, ¢; = 14.90023,
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c; = 378.7950, and c5 = 1227.035. As N — oo the radius of convergence Frogt®
of the sum in Eq. (119) is given by

he® = lim . (120)

n—o00 Cn+1

Here, we make a crude estimate of i by only considering the first five
expansion coefficients in Eq. (120), i.e., ¢, withn = 1,..., 5; then, the radius
of convergence is given by h” ~ 0.04.

The estimated value of /4" sheds light on the seeming inefficiency of the
QNF theory for CRP computations in light atom reactions. Indeed, the '"H
exchange reaction, see Figure 5.13a, is characterized by hy = 3.07 x 1072
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Figure 513 CRP as a function of the total energy, N/(E), for the collinear hydrogen exchange
reaction. Figure (a) corresponds to 'H isotope characterized by i = 3.07 x 1072, (b)
corresponds to *H isotope characterized by fi. = 177 x 1072, and (c) corresponds to a
hypothetical ?°H “isotope” characterized by het = 6.9 x 107>, The vertical dashed line shows
the saddle point energy E,.
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This value being close to A" signals that the corresponding QNF expansion
converges very slowly, if at all, and, possibly, terms of orders far beyond
N = 10 are needed for a reliable CRP prediction in Figure 5.13a.

In the case of the *H exchange reaction the effective Planck’s constant
is hes = 1.77 x 1072 and is thus smaller than .. This fact is in agree-
ment with the apparent speedup of the convergence of the CRP values, see
Figure 5.13b, in comparison with the 'H case. Finally, the convergence is very
fast and pronounced for the case of the heavy (hypothetical) *’H atoms, see
Figure 5.13¢, for which figs = 6.9 x 10~ which is much smaller than the
estimated convergence radius.

Clearly, there is a great deal of scope for further studies of convergence
aspects of the QNF as well as related optimal truncation and resummation
techniques.

7. CONCLUSIONS

We have reviewed a new dynamical system, phase space approach to quan-
tum reactive scattering. The quantum theory arises from an underlying
classical theory that reveals the geometrical structures in phase space that
govern trajectories’ evolution from reactants to products in the reaction
region. The classical theory is valid for any number of DoFs, and the new
concept which has led to this is the introduction of the notion of a NHIM
into classical reaction dynamics. The NHIM is the key phase space structure
that leads to the construction of a surface dividing reactants from products
having the no (local) recrossing and minimal flux properties. Moreover, the
stable and unstable manifolds of the NHIMs have one less dimension than
the energy surface (i.e., they are “co-dimension one”) and they bound regions
of the energy surface (being invariant manifolds, or “impenetrable barriers”)
which contain all reacting trajectories. These phase space structures are real-
ized in specific systems through the use of the classical Poincaré-Birkhoff
normal form. Quantization is carried out through an analogous QNF theory
and the Weyl quantization procedure. The related structure of the CNF and
QNF theories makes the quantum manifestation of the classical phase space
structures transparent. The phase space structures in the classical case define
the “landscape” in the energy surface which constrain the location and evolu-
tion of reacting trajectories, and this renders the need for the calculation of
trajectories to evaluate, e.g., classical flux across the dividing surface unnec-
essary. This characteristic is inherited in the quantum setting in the sense that
quantum expressions governing reaction are expressed in terms of quantities
that can be computed from the QNF without the need to compute classical
trajectories. Thus this phase space approach to quantum reactive scatter-
ing provides a completely new approach to the computation of quantities
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describing quantum reactive scattering which may prove to be fruitful in the
study of “large” quantum systems.

APPENDIX
A. THE NORMAL FORM ALGORITHM: CLASSICAL AND QUANTUM

In Section 2 we mentioned that the crucial point to realize the phase space
structures governing reaction dynamics is to choose a suitable set of phase
space coordinates in terms of which the Hamilton function assumes a very
simple form. Similarly, the description of the activated complex in Section 3
leading to the explicit expressions for the cumulative reaction probabilities
and the Gamov-Siegert resonances as explained in Sections 4.1 and 5, respec-
tively, relied on expressing the Hamilton operator in a suitable basis. Both
the canonical (or equivalently symplectic) transformation of the phase space
coordinates and the corresponding transformation of the Hamilton function
in the classical case and the unitary transformation of the basis set together
with the corresponding transformation of the Hamilton operator in the quan-
tum case can be constructed in an algorithmic fashion. The algorithms are
based on a CNF in the classical case and on an analogous QNF in the quan-
tum mechanical case. In the following we give a brief description of the
algorithms to compute these normal forms. We describe the algorithms in
such a way that the similarities between both algorithms become apparent.
For rigorous mathematical statements, proofs, and further details we refer to
Ref. [29, 30].

Al The CNF algorithm

We begin by considering a Hamiltonian system with phase space R? x R?
with phase space coordinates q = (§1, 2, ..., §4) and p = (P1, P2, ---, Pa)
which we group in the 2d-dimensional vector z = (q, p) and a Hamilton
function H(q, p). For convenience, we can use atomic units. This imposes no
restriction. However, it has the advantage that the phase space coordinates
become dimensionless. We will now assume that Hamilton’s equations asso-
ciated with H(q, p) have a (single) equilibrium point, z, = (qq, Po), of saddle—
center— - - —center stability type. By this we mean that the matrix associated
with the linearization of Hamilton’s equations about this equilibrium point
has two real eigenvalues, £, of equal magnitude and opposite sign and d —1
purely imaginary complex conjugate pairs of eigenvalues +iw, k = 2,...,d.
If the Hamilton function is of the form of kinetic energy plus potential energy
then this type of equilibrium point of Hamilton’s equations corresponds to
an index one saddle point of the potential energy.
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The CNF procedure consists of a sequence of canonical (or equivalently
symplectic) transformations changing the phase space coordinates z = (q, p)
in a phase space neighborhood of the equilibrium point z,. This is accom-
plished order by order according to the sequence

72=29— 20 -5 2z% 5 28 - ... - 2™, (A1)
where z is obtained from z”~" by means of a symplectic transformation
2" s 2 = ¢y, 20 (A.2)

generated by a homogenous polynomial W, (z) of order n, i.e.,
W, € W]: = span [q‘f1 g il + 18] = n} . (A.3)

More precisely, the ¢y, in Eq. (A.2) denote the time-one maps of the flows
generated by the Hamiltonian vector fields corresponding to the polynomi-
als W, (see Ref. [30] for details). The maximum order N in Eq. (A.1) is the
desired order of accuracy at which the expansion will be terminated and
truncated.

Expressing the Hamilton function H in the coordinates z”, n = 1,..., N,
we get a sequence of Hamilton functions H",

H=H" - HY - HY - H® - ... - HV, (A4)

where forn =1,..., N, and H”(z") = H")(z"V) = H"(¢! z), i.e.,
H® = H o gyl . (A5)

To avoid a proliferation of notation we will in the following neglect the
superscripts (1) for the phase space coordinates.

In the first transformation in Eq. (A.1) we shift the equilibrium point Z, to
the origin, i.e., z — ¢w, (z): = z — Z,. This gives

HY(z) = H(z + z,). (A.6)

The next steps of the CNF algorithm rely on the power series expansions
of H™,

H"(z) = E, + i H"(z), (A7)

s=2
where the H" are homogenous polynomials in W given by
H) g 1t s s
(n) _ 1,04, Bls Bd oy oq P d
HP@)= ) o g i (A8

o
| +1Bl=s
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with o, B € Ny, la] = X, o, 18] = X, B For n = 1, the coefficients in
Eq. (A.8) are given by the Taylor expansion of H" about the origin,

d
%% aﬁz
Hﬁwm»—ﬂ ——mm : (A.9)

For n > 3, the coefficients in Eq. (A.8) are obtained recursively. For n = 2,
i.e., the second step in the sequence of transformations (A.1), the coefficients
in Eq. (A.8) are determined by a linear transformation of the phase space
coordinates according to

zZ > Qw,(z): =Maz. (A.10)

Here, M is a symplectic 2d x 2d matrix which is chosen in such a way that the
second-order term of the transformed Hamilton function

H?(z) = HY(M™'z) (A.11)

assumes the particularly simple form

d
,
HY(2) = Mapy+ ) (6 + ). (A12)
k=2

Section 2.3 of Ref. [30] provides an explicit procedure for constructing the
transformation matrix M.

For the first two steps in the sequence (A.1), we actually did not give
explicit expressions for the generating functions W; and W,. For conceptual
reasons (and to justify the notation) we mention that such expressions can
be determined (see Ref. [30]) but since it is not necessary for the compu-
tation we do not discuss these generating functions here. The situation is
different though for the next steps in Eq. (A.1) which rely on the explicit
computation of the generating functions W, with n > 3. In order to deal with
these higher order transformations we introduce the Poisson bracket of two
functions A(z) and B(z) which for convenience, we write as

{AB} = AZ ( — = ii) B. (A.13)

dq; dp;  9p; 9g;

In this notation the arrows indicate whether the partial differentiation acts
to the left (on A) or to the right (on B). With the Poisson bracket we associate
the adjoint operator

ad, : B+~ ad,B = {A,B}. (A.14)
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The transformation (A.2) then leads to a transformation of the Hamilton
function H"V to H" with n > 3 which in terms of the adjoint operator (A.14)
reads

1
H" =% o [ady, ] H* . (A.15)
k=0

Inserting the power series for H"™" (see Egs. (A.7) and (A.8)) in Eq. (A.15)
and ordering terms one finds for the sth order term of the power series of
H®
=1
HY = 37 o ladu, " HY G, (A.16)
k=0 "

where |-] gives the integer part of a number, i.e., the “floor” function.

Using Eq. (A.16) one can show that the transformation defined by
Eq. (A.15) satisfies the following important properties for n > 3. First, at step
n,n > 3, the terms of order less than 7 in the power series of the Hamilton
function are unchanged, i.e.,

H" =H"", for s<mn, (A.17)
so that, in particular, H” = HY. Defining
D=ad,e = (H?,, (A.18)
we get for the terms of order n,
H® = H*) — DW,. (A.19)

This is the so-called homological equation which will determine the generat-
ing functions W, for n > 3 from requiring DH? = 0 or equivalently H" to be
in the kernel of the restriction of D to W. In view of Eq. (A.19) this condition
yields

HU™) — DW, € Ker Dlyys. (A.20)

Section 3.4.1 of Ref. [30] provides the explicit procedure of finding the solu-
tion of Eq. (A.20). In the generic situation where the linear frequencies
w, ..., wyin Eq. (A.12) are rationally independent, i.e., m,w, + - - - + myw; = 0
implies m, = --- = my = 0 for all integers m,, ..., my, it follows that for odd
n, H” = 0, and for even n,

H? e span {I ][] ... J{":|a| = n/2}, (A.21)

where I = qip; and i = (q; + p;)/2, withk=2,...,d.
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Applying the transformation (A.15), with the generating function defined
by Eq. (A.20), for n = 3,..., N and truncating the resulting power series at
order N, one arrives at the Nth order CNF

N
HR(2) = Eo+ ) HM(2). (A.22)

s=2

We stress that Ho\; represents an Nth order approximation of the original
Hamiltonian H obtained from expressing H in terms of the phase space
coordinates

2% = ¢(2): = (Pwy © Pwy_y © - © Pw, © P, )(2) (A.23)

(see Eq. (A.1)). Truncating the power series expansion of z™ at order N we
get the transformation to the normal form coordinates z = (q, p) = T(q, p)
which we introduced in Eq. (A.7). The neighborhood £ of validity of the
CNF is now defined as a neighborhood of the equilibrium Z, in which the
difference between H™ and H{));, i.e., the remainder term consisting of the
nonnormalized tail of terms of order greater than N, and also the differ-
ence between the normal form coordinates z and their untruncated version
z™ can be considered to be sufficiently small for the application under
consideration (see the comments in Section 2.5).

By construction the CNF Hamilton function H\ is a polynomial of order
N/2 in the functions I and J;, see Eq. (A.10). We thus have

I={L,HY} =0, ji={ HN) =0, k=2,...,4, (A.24)

ie,land Ji, k = 2,...,d, are constants of the motion or integrals for Hamil-
ton’s equation with Hamiltonian function Ho);. As discussed in Section 2 it is
the conservation of these integrals which allows one to construct the phase
space structures governing reaction dynamics in the neighborhood of the
saddle equilibrium point z,. We emphasize that the full algorithm to com-
pute HoYr and the corresponding coordinate transformation is algebraic in
nature and can be implemented on a computer.

A.2. The QNF algorithm

In the quantum mechanical case we start with a Hamilton operator H which
we assume to be obtained from the Weyl quantization of a classical Hamil-
ton function H(q, p). Like in the previous section, q = (G, G2, ---, §a)
and p = (P1, P2, ..., Pa) denote the canonical coordinates and momenta,
respectively, of a Hamiltonian system with d DoFs. For convenience, we
again choose atomic units, so that q and p are dimensionless. We denote the
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corresponding operators byc:1 = (131, 1272, ey ﬁd) andf) = (f)l, ;:)2, el fad). In the
coordinate representation their components correspond to multiplication by
g; and the differential operators ij = —ihes 3/04;. Here heg is a dimensionless
parameter which corresponds to a scaled, effective Planck’s constant (see the
discussion in Section 3).

Like in the classical case we will now assume that H(q, p; %er) (i-e.,
the classical Hamilton function) has an equilibrium point, z, = (qo, po), of
saddle—center—- - - —center stability type. Similar to the classical case the idea
of the QNF procedure is to approximate the original Hamilton operator A by
a simpler Hamilton operator where the approximation is valid in a “neigh-
borhood of the equilibrium z,.” In the classical case this simplification is
achieved by a symplectic transformation leading to a specific choice of the
phase space coordinates. In the quantum mechanical case the simplification
will be achieved by a unitary transformation to a suitable choice of a basis
for the eigenstates. The basis for computing such unitary transformation is
the Wigner—Weyl symbol calculus. The crucial point of the symbol calculus
is that it allows one to identify an operator with its Weyl symbol which is a
(in general h.s-dependent) phase space function. This way the QNF theory
provides a systematic procedure to obtain a local approximation, Hon, of the
Hamiltonian H in a phase space neighborhood of the equilibrium point Z, in
order to facilitate further computation of various quantities, such as the CRP,
of the reaction system under consideration, which only depend on proper-
ties of H near the equilibrium Z,. From a computational point of view the
symbol calculus is extremely beneficial since the resulting phase space func-
tions can be dealt with in a similar way as in the classical case described in
the previous section.

The Weyl symbol of an operator H is defined as
H(q, P; her) = /dx (@ — x/2|1H|q + x/2) PN, (A.25)

The map H H(q, p; hex) leading to Eq. (A.25) is also called the Wigner
map. Itis the inverse of the transformation which yields a Hamilton operator
H from the Weyl quantization, Op[H], of a phase space function H (the Weyl
map) which, using Dirac notation, is given by

i = opi) = [ > AP 5 ) [ axia=xze g ex2. (a26)

eff)

Accordingly, H(q, p; her) in Eq. (A.25) agrees with the classical Hamilton
function H(q, p) in our case. The argument 7. is introduced for convenience
since the Weyl symbol of the unitarily transformed Hamilton operator we
will deal with below will in general explicitly depend on Feg.
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Analogous to the classical case we will now construct a sequence of unitary
transformations which will simplify the Hamilton operator order by order in
the neighborhood of the equilibrium point z,. These unitary transformations
will be of the form

U, =e™r, (A.27)
where W, is the Weyl quantization Op [W,] of a symbol W, which is a
homogenous polynomial in the space

W, :=span iq;’l g P R el 4 1B+ 2 = n} . (A.28)

The main difference between the symbols W, and the generating functions
defining the symplectic transformations in the classical case in Eq. (A.2) is
that the W, in Eq. (A.27) are polynomials in the phase space coordinates (q, p)
and Iy where for the definition of the order the power of 7 counts double.

Using unitary transformations of the form (A.27) we get the sequence of
Hamilton operators

A= HO - A > {4 > {9 — ... (), (A.29)

where
H" = (I, H" " (A.30)

Expressing the sequence (A.29) in terms of symbols we get a sequence
H=H" - HY - H® - H® - ... > H™ (A.31)

which will be the direct analogue of the classical sequence (A.4). As we will
see below, in terms of the symbols the unitary transformations (A.27) can be
viewed as h-dependent transformations of the phase space coordinates.

The first two steps of the transformations (A.31) are identical to the clas-
sical case. The first step serves to shift the equilibrium point z, to the origin
according to

H"(z; he) = HO(z + Zo; heg)- (A.32)

The higher order transformations then work on power series expansions of
the symbol of the form

H®(z; het) = Eo + Y H"(Z; hes), (A.33)

s=2
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where

(m)

. 10, Bl Bas ] o oy p 5
S LooglBal .. Balj! 4 qd' PP hed € Wep
|+ Bl+2j=s [0SR 727 oS R AN d-]-

(A.34)
For n = 1, the coefficients in Eq. (A.34) are again given by the Taylor
expansion of HY about the origin

d .

9% 98\ o
HY = | |—— —H"Z; &)z o0 A.35
1,0, 1o B ol aq:k apf’ 3¢ (Z €)|( ; €)=(0; 0) ( )

where we included powers of . only for completeness (i.e., for the type of
starting classical Hamilton functions in this chapter H? does not have terms
with nonzero powers of ). Like in the classical case the second step of the
sequence of transformations (A.31) consists of a linear transformation of the
phase space coordinates by a symplectic 2d x 24 matrix M such that the
second-order term of the symbol

H®(z ; he) = HY(M 'z ; hegt) (A.36)
takes the form
d
w,
HEZ)(Z} het) = Mgy p1 + Z Ek(qf +p7). (A.37)
k=2

The required matrix M is identical to the classical case.

The reason for the equality of the classical transformations and the quan-
tum transformations to second order is the commutativity of the Weyl
quantization and affine linear symplectic transformations. For the nonlin-
ear transformations corresponding to steps n > 3 the commutativity ceases
to exist and the symbol calculus develops its full power.

In order to simplify the terms of order n > 3 we have to introduce the
notion of the Moyal bracket. Given two symbols A(z; he) and B(z; fex), cor-
responding to operators A and B, respectively, the Moyal bracket is defined
as

2 han(9 0 9 0
{A,B}y = —Asin L“Z<—————> B. (A.38)

Fiett 2 dq; 0p;  Ip; 9q;

j=1

The Moyal bracket gives the Weyl symbol of the operator i[A,fS’] /e, Where
[ -, -] denotes the commutator. Like in Eq. (A.13) the arrows in Eq. (A.38)



326 A. Goussev et al.

indicate whether the partial differentiation acts to the left (on A) or to the
right (on B). Equation (A.38) implies that for /iy — 0,

{A, B}y ={A, B} + O(heffz) ’ (A.39)

i.e., for he; = 0, we recover the classical Poisson bracket. Moreover, if at least
one of the functions A, B is a second-order polynomial in the variables (q, p)
then {A, B}y = {A, B}. Analogous to the adjoint operator associated with the
Poisson bracket in the classical case (see Eq. (A.14)) we now define a Moyal
adjoint operator associated with the Moyal bracket:

Mad, : B+ Mad,B = {A, Bhy. (A.40)

The symbol of H® obtained from a unitary transformation of H* according
to Eq. (A.30) is then given by

> 1
H® = Z o [Mady, | H"V. (A.41)

k=0

Inserting the power series of H"" and ordering terms one finds for the sth
order terms of the powers series of H"

=3
H® = Z o [Madw,1"H" ), (A.42)

k=0

where |-] again denotes the floor function. Equation (A.42) looks formally
the same as Eq. (A.16) in the classical case. The only difference is the occur-
rence of the Moyal adjoint operator instead of the adjoint operator associated
with the Poisson bracket. This difference however is significant, as the Moyal
bracket will in general introduce i-dependent terms although the original
symbol we started with (i.e., the classical Hamilton function) had no % depen-
dence. Still, the Moyal bracket has similar properties as the Poisson bracket.
Using Eq. (A.42) we see analogously the classical case that at each step n > 3,
the terms of order less than 7 remain unchanged:

H" =H""Y, for s<n, (A43)
so that we in particular again have Hy’ = HY like in the classical case.
Defining

D =Mad, o = (H? ). (A.44)

we find for the terms of order n
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H® = H*) — DW,. (A.45)

This is the quantum homological equation which analogous to the classical case
is used to determine the symbols W, that lead to the unitary transformations
U, defined in Eq. (A.27). Similar to the classical case we determine the W, by
requiring DH™ = 0 or equivalently H" to be in the kernel of the restriction
of D to W,,. In view of Eq. (A.45) this condition yields

H™D — DW, € Ker Dy, - (A.46)

Section 3.4.1 of Ref. [30] provides the explicit procedure of finding the solu-
tion of Eq. (A.46). Provided the linear frequencies w,, ..., w; in Eq. (A.37)
are rationally independent it again follows that for odd n, H” = 0, and for
even1,

H®” e span {I“[;*]3 ... J3'het! < la| +j =n/2}, (A.47)

where I = q,p; and J, = (g3 +p;)/2, withk = 2,..., d, are the analogues of the
classical integrals.

Applying the transformation (A.41), with the symbol defined by
Eq. (A.46), forn =3,..., N, and truncating the resulting power series (A.33)

at the Nth order one arrives at the Weyl symbol Hy;: corresponding to the

Nth order QNF of the Hamiltonian ﬁ,

N
HR (2 het) = Eo + Y H™(Z; hesr). (A.48)

s=2
We thus see that the computation of the symbol of the QNF operator is
very similar to the classical case. The major difference is the use of the Moyal
bracket in the quantum case which is more complicated than the Poisson
bracket in the classical case. What remains to be done to get the Nth order
QNF operator is to compute the Weyl quantization of the symbol Houx(z; Fieg):

A%, = Op [Hg\)m] . (A.49)
The Weyl quantization of the classical integrals I and J,, k = 2,...,d, are

A 1 .. ..
I=0pl[l] = E(qp +79), (A.50)

~ 1 . R
Ji = Opli] = §(q§ +7), k=2,...,d. (A.51)
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Using Eq. (A.37) and the linearity of the Weyl quantization we get
d
HY =21+ o (A.52)
k=2

Since the higher order terms in Eq. (A.48) are polynomials in I and J,
k=2,...,d (see Eq. (A.47)), we need to know how to quantize powers of
I'and Ji. As shown in Ref. [30] this can be accomplished using the recurrence
relations

N B\ 2
Op [I"'] =10p[I"] - <§) n*Op [I"] (A.53)
and
A B\ 2
Op [Ji*'] =J:Op [J;] + (5) n*Op [Ji'] (A.54)

fork=2,...,d. Hence, Hgfm is a polynomial function of the operators Tand
jk of the form Eq. (A.23). The coefficients «,,,; are systematically obtained by
the QNF procedure to compute the symbol Hg\)lp, as described above, and the
recurrence relations (A.53) and (A.54). So like in the case of the CNF the full
procedure to compute Hoyy is algebraic in nature and can be implemented on
a computer. Our software for computing the QNF as well as the CNF which
is recovered for h = 0 is publicly available at http://lacms.maths.
bris.ac. uk/publications/software/Aindex .html.

In summary the Nth order QNF operator Hg\)}F is obtained from conjugat-

ing the original Hamiltonian a by the unitary transformation

A

= e*iwl/ﬁeffe*iWZ/ﬁeff . e*iWN/ﬁeff, (A55)

where we used the fact that the first two steps in the sequence (A.31) can
also be implemented using suitable generators W1 and Wz (see Ref. [30] for
more details). It is an Nth order approximation in the sense that the sym-
bol corresponding to the conjugated operator is truncated at order N where
the order is defined according to Eq. (A.28). Using arguments based on the
symbol calculus the remainder term consisting of the Weyl quantization of
the unnormalized tail HY — H3.; is small “in a neighborhood of the equilib-
rium point Z,.” The local approximation given by the QNF is ideally suited
to compute the CRP which is directly related to properties of the Hamilton
operator in the neighborhood of z, because of the simple structure of Hgfm.

Since Hg\)m is a polynomial function of Tand fk, k=2,...,d,wehave

LAY =0, [J, H1=0, k=2,...,4, (A.56)


http://lacms.maths.
bris.ac.uk/publications/software/index.html

Quantum Theory of Reactive Scattering in Phase Space 329

which is the quantum analogue of the invariance of the classical integrals in
Eq. (A.24). The commutativities (A.56) imply that the eigenstates of I:Ig\),F are
product states of the one-dimensional eigenstates of I and J;. As we demon-
strated in Sections 4.1 and 5 the simplicity of the spectral properties of I and
T upon which the QNF is built can be exploited to give an efficient procedure

to compute the CRP and the Gamov-Siegert resonances associated with the
equilibrium Z,.
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Abstract

Important problems in chemical physics require the ab initio computation
of the nonstationary many-electron wavefunction that solves the time-de-
pendent Schrodinger equation (TDSE) for time-independent and, especially,
for time-dependent Hamiltonians. This chapter reviews the state-specific
expansion approach (SSEA) to the solution of a variety of time-dependent
many-electron problems (TDMEPs) in atoms and small molecules. Because of its
structure, the SSEA places emphasis on the efficient computation of state-spe-
cific wavefunctions in the discrete and in the continuous spectrum. Therefore,
the review covers, apart from the methodology of solving the TDSE, the the-
ory for the solution of the many-electron problem in two broad subjects of
modern research: One which refers to isolated discrete and resonance states
and one which refers to the series of states just below and just above the frag-
mentation threshold. Thus, it is also concerned with the theory of the quantum
defect and of related issues. The applications which are mentioned or are dis-
cussed briefly involve either the ab initio computation of the time-resolved
decay of autoionizing states or, especially, prototypical TDMEPs of absorption
of one or of many photons by atoms, by negative ions, and by diatomics. In
the latter case, we demonstrate how the “multipolar” interaction expressing
the full atom—field interaction (and not just the electric dipole approximation)
can be incorporated into a practical computational methodology.
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1. INTRODUCTION

1. The many-electron problem in a stationary-state framework

Since the emergence of quantum mechanics (QM) in the 1920s, what is
referred to as the many-electron problem (MEP) for atoms and molecules nor-
mally implies the fundamental difficulty of solving to a high degree of
accuracy the time-independent Schrodinger equation (TISE) due to the presence
in the Hamiltonian operator of terms representing interelectron interactions
of purely nonrelativistic (Coulomb) or of nonrelativistic plus relativistic
(Breit or Pauli) origin. In fact, the publications in quantum chemistry that
are relevant to this MEP have dealt, in overwhelming numbers, with the
formalism and the computation of the ground state—for molecules in the
framework of the Born-Oppenheimer approximation.

On the other hand, the much broader and more challenging area of the
excited electronic states in the discrete and in the continuous spectrum is still
largely unexplored quantitatively, in spite of theoretical and computational
developments that have laid the foundations for the understanding and
practical computation of many of the related properties and phenomena.

Indeed, when the focus shifts to excited states, the formal and practical
nature of the MEP changes, becoming more complicated theoretically and
more demanding computationally. This statement is especially relevant to
excited states that are found in the continuous spectrum and are unstable.
Such unstable states (“resonances”) decay into open scattering channels,
with the continuum representing either free electrons (autoionization) or free
atoms and ions (molecular autodissociation).

In addition, when a time-independent Hamiltonian describing the addi-
tion of static electric or magnetic fields, or of the cycle-averaged interaction
of external sinusoidal electromagnetic fields (EMFs), is used, the processes
of ionization (dissociation) or of tunneling can be treated rigorously, even
for strong fields, within stationary-state theories which aim at defining and
computing field-induced unstable states. In such cases, the MEP is again time-
independent (but depends on energy and on field parameters), and quanti-
ties of physical relevance, such as rates of transition, are either constant with
time or represent appropriate averages over time [1].

Here, we call the MEP for situations involving isolated or series of
unstable states that are treatable within stationary-state formalisms, the “time-
independent MEP” (TIMEP).

As developed in the framework of the standard Hermitian QM, the fun-
damental characteristic of a stationary state is captured by the expression
(h=1),

"IJE (‘7/ t) = eiiEt\IlE (‘7)/ (1)
The symbol g stands collectively for the space coordinates. Equation (1) con-
tains time only in the phase and separates the time-dependent Schridinger
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equation (TDSE), thereby producing the TISE. It holds on the real energy
axis for

1. Bound states of the discrete spectrum of the atomic (molecular) Hamilto-
nian, Hu y, in which case E is the total energy, which is one of the real
eigenvalues of the TISE, say E,. (Bold letters symbolize operators.)

2. Scattering states of the continuous spectrum of Hy, y;, in which case the
total energy E is any real number corresponding to the kinetic energy of
free particle(s).

On the other hand, when it comes to field-free or field-induced unstable
states (in the spirit mentioned above and explained in Ref. [1]), there is
also a way of describing them in analogy to Eq. (1), within non-Hermitian
resonance state theories, where E is a complex eigenvalue, z,, of the total
Hamiltonian:

D,(9,z,;t) = e ™ ®,(q,2,), t>0, )

i
z, = E,— =T, where T, is the rate of decay of the unstable state into the

continuous spectrum. The @, are not square-integrable and do not belong to
a Hilbert space. Issues regarding the effective normalization of the ®, and
their ab initio treatment are covered in Ref. [1]. The complex z, results from
the outgoing-wave boundary condition on the appropriate solution of the
TISE. On such a domain of functions, the Hamiltonian is not self-adjoint (not
Hermitian).

The form (2) describes resonance states in the continuous spectrum of the
total time-independent Hamiltonian. It is evident that if this form is adopted
as a property of the resonance state, then, when considering the physics from
a time-dependent point of view, i.e., as being caused by a decaying state, it
yields exponential decay for all ¢ > 0.

1.2. The time-dependent MEP

On the other hand, there are many dynamic phenomena whose quantita-
tive description cannot be achieved via a stationary-state formalism, whose
hallmark, as already indicated, is the form of Eq. (1) or (2) for the eigen-
function. In other words, now, the complete solution of the TDSE for all ¢
cannot be written as a product of two terms, one of which is the phase that
contains time and the other is a time-independent eigenfunction in coor-
dinate space. In these cases, in most real situations one faces a genuine
time-dependent many-electron problem (TDMEP), whose solution must be based
on the quantitative knowledge of time-dependent, nonstationary (unstable)
states, (g, t).

Now, the only significant and rigorous expression that can be associated
with W(g, t) is the TDSE (atomic units are used),
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H(, 004, 1 = 5.0, D) ®

where, depending on the problem, the Hamiltonian is either time dependent,
H (g,t), or time independent, H(g).

In this chapter, we turn to problems of quantum chemistry and of many-
electron atomic and molecular physics for which the desideratum is the
quantitative knowledge and easy conceptual understanding of dynami-
cal processes and phenomena that depend explicitly on time. We focus
on a theoretical and computational approach which computes ¥(g,t) by
solving nonperturbatively the many-electron TDSE for unstable states of
atoms and small molecules. The time evolution of these states is caused
either by the time-independent Hamiltonian, H, ), (e.g., case of time-
resolved autoionization—see below) or by the time-dependent Hamiltonian,
H(t) = Hyp + Veu(t), where V. (t) is the sum of the identical one-electron
operators that couple the field of a strong pulse of radiation to the electronic
and nuclear moments of N-electron atomic or molecular states of interest,
thereby producing, during and at the end of the interaction, final states in
the ionization or the dissociation continua.

1.3. Basic equations expressing the formal solution of the TDSE
for problems of unstable states

The foundational elements of the theory and formalism necessary for the
perturbative or nonperturbative treatments of the TDSE for isolated non-
stationary (unstable) states of atoms and molecules have been known for
decades and have been included in books. We recommend the classic trea-
tises of Heitler [2] and of Goldberger and Watson [3]. Also, a recent textbook
by Tannor [4] contains much useful information for a broad spectrum of
methods and phenomena that require consideration of the solutions W(t) of
the TDSE. In the following paragraphs, we focus on certain formal results
in order to recall the fact that, although formalism is often available in ele-
gant forms, its practical implementation for the solution of TDMEDPs in real
systems remains a desideratum.

1.3.1. Time-independent operators
We distinguish two cases:

H(t) > H=H, 4)

or
H(t) - H = HA/M + Vext 7 (5)
V.« is an external static electric or magnetic field. For H,,, we will assume

the Born—-Oppenheimer approximation, which allows the decoupling of the
motion of electrons from those of the nuclei.
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In order to describe the time-resolved dynamics of an unstable state in
terms of the Hamiltonian H, it is necessary that the initial state, say at f = 0,
not be an eigenstate of H. Otherwise the system would be stable [i.e., would
have the form of Eq. (1)]. Now, instead of Eq. (1), the formal “solution” of the
TDSE is given by (7 = 1)

U(t) = e ™ |W(0)). (6a)

1.311. Case of Eq. (4). The time-resolved decay of many-electron autoionizing states
For the case of Eq. (4), there is conceptual and computational difficulty
in choosing the initial state wavefunction. The energy E, of ¥(0) is inside
the continuous spectrum of the atomic or molecular system and is not an
eigenfunction of an explicitly constructed local operator. Therefore, care and
justification are needed when applying standard computational methods
which have been developed for ground or low-lying discrete states. When
the problem is about electronic spectra, W¥(0) is a many-electron, square-
integrable wavepacket at t = 0, whose definition and systematic computation
in the framework of the state-specific theory are discussed in Ref. [1].

The computation of Eq. (6a) implies the possibility of determining reli-
ably the result of the action of the evolution operator e on |¥(0)) for all ¢.
Obviously, if the problem has to do with many-electron H and |¥(0)), we
have a serious and insoluble TDMEP since a direct algebraic computation is
not practical, and one must employ efficient methods of representation and
evaluation of the propagator e-™ as it acts on the wavepacket |¥(0)). For
purely nuclear motion, much work has been done on the efficient propaga-
tion of wavepackets on Born-Oppenheimer potential energy surfaces (PESs).
(Mostly, only one PES has been considered, that of the ground state, and
only a few degrees of freedom have been handled in practice.) The subject of
nuclear wavepacket propagation is reviewed in, e.g., Refs. [4-8]. Aspects of
it are covered and discussed by Atabek et al. in chapter 2 of this book.

On the other hand, Eq. (6a) may be handled formally in special but impor-
tant cases of unstable states where the “motion” and correlations of electrons
need not be taken into account explicitly. One such case is concerned with
semiquantitative phenomenology. It involves the transformation of Eq. (6a)
in terms of the energy spectral resolution of the atom or molecule and the
derivation of formulae for the time evolution. Isolated unstable states inside
a purely continuous spectrum decay exponentially, with deviations at very
short and very long times (in general), whose explicit form and magnitude
depend on the assumed form of the energy distribution. [The topic of decay-
ing states is discussed in Chapters 4 (Ref. [1]), 7, and 9 of this book]. However,
if ¥(0) belongs to a system that does not have a continuous spectrum but
only discrete levels, however dense, its decay curve is distorted from the
exponential form, in ways which depend on the type of the spectrum and of
the interaction.
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For an isolated decaying state, there are alternative ways of writing
Eq. (6a), which connect time evolution to the spectral properties of H. The
first is straight forward to obtain: By inserting the spectral resolution of
identity, the energy—time Fourier transformation emerges

W(t) = f dE |W;) (W |W(0)) e = / dEc(E)e ™ |Wy) . (6b)
0

0

Expression (6b) does not include the discrete spectrum—if it exists. This is
the normal assumption when the irreversible decay of W(0) into the contin-
uum is examined. However, there are exceptional cases of extreme proximity
of W(0) to the threshold of the spectrum of a Coulomb potential where the
Rydberg series accumulate. A study of the time evolution in this case is
reported in Ref. [9].

A mathematically richer expression emerges when the resolvent of the
Hamiltonian, R(z) = 1/(z — H),z=E £ in, n — 0, is used:

Y(t) =e ™ |W(0)) = 2__7111 R(z)e #dz |W(0)). (6¢)

spectrum

Aspects of analysis of decaying states based on Eq. (6c) can be found in
Refs. [3, 10, 11]. The basic formal theory concerning the connection between
the time-evolution operator and the resolvent of the Hamiltonian goes back
to the 1951 publication of Schonberg [2, 12].

When the contour surrounds the spectrum of H on the first Riemann sheet
of E, the integral (6¢) is valid for t > 0 and for t < 0. Since R(z) is analytic on
the first Riemann sheet, any of its possible simple complex poles must appear
on the second sheet. Indeed, Eq. (6¢) leads naturally to the identification of
the isolated unstable state corresponding to W(0) with a complex energy of
Eq. (2) that is identical to a complex pole of (¥(0)| R(z) [¥(0))on the second
Riemann sheet below the real axis, for t > 0[1, 3, 10, 11].

Inspection and consideration of Egs. (6b and 6c) lead to the conclusion
that computation of the physically relevant amplitude, (¥(0) | ¥(¢)) (or of
any other amplitude involving the overlap of W(t) with a final state), which
gives the time evolution of decay, implies knowledge of either the coefficients
c(E) or of the matrix element (Green’s function) (¥ (0)| R(z) | ¥(0)). If the prob-
lem requires the determination of this Green’s function for a many-electron
system in terms of its electronic states, then such a calculation from first prin-
ciples remains to be done. On the other hand, it is possible to compute it for
unstable physical systems that are solvable along the fragmentation coordi-
nate. A recent such example is the ab initio calculation of the positions and
the autodissociation widths of the five vibrational levels of the intrinsically
unstable molecule He; " =, which were obtained accurately by calculating
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the complex poles of the semiclassical Green’s function via a path integral
formulation [13].

As regards the TDMEP in computing the W(t) of nonstationary atomic
or molecular electronic states, the purpose of this review is to explain how
the state-specific expansion approach (SSEA), which was introduced and first
applied in 1993-1994 as an alternative to the grid method that was then
restricted to effectively one-electron problems (see Section 2), does not start
from Eq. (6a). Rather, it deals with the differential form (3), which is trans-
formed into a set of coupled integro-differential equations by expanding
Y (t) in terms of state-specific many-electron stationary wavefunctions for
the discrete as well as for the energy-normalized continuous spectrum. In
this context, apart from the requirement of a robust numerical technique for
integrating over time the TDSE, the basic aim is the reliable computation
of state-specific wavefunctions for that part of the discrete and continu-
ous spectrum which is physically significant and to compute accurately the
bound-bound, bound-scattering, and scattering—scattering matrix elements
involving the coupling operators (see Sections 4 and 6).

In one case of its implementation during the 1990s, the SSEA was applied
to the numerical computation from first principles of the process of autoion-
ization from a time-dependent point of view. This application produced the
first theoretical results—which are still the only ones—on the time-resolved
decay, for very short to very long times ¢, of prototypical unstable states of
H, of polyelectronic atoms and negative ions, decaying via Coulomb or
via Breit-Pauli relativistic couplings [14-16]. The regimes of exponential and
of nonexponential decay were thus revealed for each state in a quantitative
way. It is worth noting that the time dependence of the decay of an autoion-
izing atomic state was first measured in 2002, in an XUV pump-laser probe
experiment by Drescher et al. [17]. However, only the exponential regime
was registered.

1.31.2. Case of Eq. (5). The time-resolved ionization by a static electric field For the
case of Eq. (5), the initial state, ¥(0), is normally in the discrete spectrum
and so it is easily recognized as a single-energy eigenstate of H, ;. The com-
putation of such a state can be achieved according to methods of standard
quantum chemistry, especially if it is the ground state. The application of
say an external static electric field, which is assumed to be done suddenly,
introduces, in combination with the atomic Coulomb attraction, an effective
potential with a barrier, whose shape depends on the strength of the field.
This fact allows the field-dependent mixing of the discrete state with the
continuous spectrum, thereby turning it into an unstable state, whose energy
not only is shifted from the unperturbed position but also has a width. This
width represents the rate of ionization either via the direct mechanism of
over the barrier transition or via tunneling through the barrier.
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The problem of determining rates of the ionization processes induced by
an external electric static field was for decades limited to one-electron or
to model one-electron systems and semiempirical approaches. In the late
1980s and 1990s, publications where the time-independent complex eigen-
value Schridinger equation (CESE) approach was applied [1], showed how
the problem can be handled nonperturbatively for polyelectronic states, for
electric, e.g., Refs. [18-20] as well as for magnetic fields [21]. Comparisons
with extensively used semiclassical and semiempirical one-electron mod-
els, for weak and for strong fields, were presented in Refs. [20, 22]. From
our calculations, as well as from independent calculations on He by Scrinzi
[23], the advantages and limitations of these models (see Ref. [20]) were
recognized quantitatively. It is worth noting that recent computations by
Parker et al. [24], of intense field ionization of He in the static-field limit
via the time-dependent solution of the TDSE by a full-dimensionality two-
electron grid method, led to the same conclusions as the ones published in
Refs. [20, 22, 23].

When time resolution is required, then it is time-dependent probabilities
rather than rates (= probability per unit of time) that have to be computed.
For the case of the static field, the SSEA has not been applied yet. How-
ever, for the one-electron hydrogen atom, the problem of the time-resolved
evolution of its ground and its first excited states was tackled a few years
ago, first by Geltman [25], who used an expansion method (the TDSE turns
into a set of coupled equations), with a box-normalized discretized con-
tinuum, and then, more extensively, by Durand and Paidarova [26], who
approached the problem in terms of Eq. (6¢) and the complex coordinate rota-
tion method. In addition to their numerical results, the publications [25, 26]
contain interpretations and critical remarks on aspects of the dynamics.

1.3.2. Time-dependent operators
This is the case whose treatment via the SSEA is discussed in this review. The
total Hamiltonian has the form

H(t) = HA,M + Vext(t)/ (7)

where the time-dependent interactionV.(t) is assumed to have a temporal
envelop, normally resembling a Gaussian or a sin® function.

From a rigorous point of view, it is clear that the solution of the TDSE
with H(t) of Eq. (7) (we discuss the explicit form of V,(t) in Sections 4 and 6)
constitutes a serious TDMEP with conceptual as well as computational ques-
tions. In fact, the appropriate approach depends not only on the nature of the
initial state of H, y; but also on the characteristics of V() in connection with
the discrete and continuous spectrum of Hy .

Thus, for a pulse whose field strength is considered weak for the problem
in question, an approach based on first-order, time-dependent perturbation
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theory (TDPT) may suffice. For example, recent publications on pump—probe
excitation of triply excited states, or on the time-dependent preparation of
the profile of an autoionizing state, present analytic results in the framework
of first-order TDPT [27, 28].

On the other hand, a variety of interesting and challenging experimental
situations exist where the coupling is due to a time-dependent pulse which is
strong, and, therefore, the many-electron TDSE must be solved to all orders
of TDPT or, equivalently, directly and nonperturbatively.

In order to illustrate the magnitude of the computational difficulty for
the case of strong fields, we recall that the formal solution of the TDSE on
the interval (0,t) is obtained as a time-ordered infinite perturbation series, the
Dyson series [3, 4, 29]:

n!

W(t) = i (=9 / dt, / dt, ... / dt, / dhT{H(t,) ... Ht)H(H)) [(0)),

(8a)
which is equivalent to the integrated expression

—iftH(t’)dt’
() =Te © 1w (0)), (8b)

|[W(0)) is now an eigenfunction of Hyy and T is the time-ordering opera-
tor [3, 4, 29]. The operators H(t') and H(t") (defined at different times) do
not commute. The operation of T enforces causality, i.e.,, T {H(t")H(t')} = 0
fort" <t

The rigorous implementation of Eqs. (8) is not a computationally practical
approach to the solution of TDMEPs to all orders. Indeed, no calculations
exist which apply Egs. (8), or other possible rearrangement of TDPT, in order
to solve the TDMEP to all orders for a polyelectronic atom or molecule
interacting with a time-dependent strong radiation pulse. The fundamental
difficulty has to do with the requirement of accounting for the interelectronic
interactions.

On the other hand, approximations to Eq. (8) and time-integration tech-
niques, suitable especially for time-independent Hamiltonians, under the
requirement of only a few degrees of freedom and short-time evolution,
have been developed and applied extensively in connection with grid-type
techniques (see Section 2), by focusing on appropriate algebraic expansions
of the exponential form. For example, such a approach is effected by the
split-operator method [4] and references there in.

The approach to the solution of the TDSE that is presented in this review
does not focus on the handling of the time-evolution operator and on its
various approximate expressions acting on a wavefunction defined on a lat-
tice of points in configuration space. Instead, it focuses on the appropriate
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calculation of W(f) via its time-dependent expansion in terms of state-specific
many-electron stationary states. Based on a series of characteristic calcula-
tions since 1993-1994, in the following sections it will be argued that the
SSEA, which constitutes a direct implementation of basic QM provided
the MEP can be dealt with efficiently, can provide reliable and transparent
solutions to a variety of TDMEPs.

The review covers, apart from the methodology of solving the TDSE, the
theory for the solution of the MEP in two broad subjects of modern research:
One which refers to isolated discrete and resonance states, and one which
refers to the series of states just below and just above the fragmentation
threshold. Thus, it is also concerned with the theory of the quantum defect
and of related issues. The applications which are mentioned or are discussed
briefly, involve either the ab initio computation of the time-resolved decay
of autoionizing states, or, especially, prototypical TDMEPs of absorption of
one or of many photons by atoms, by negative ions and by diatomics. In the
latter case, we demonstrate how the ‘multipolar” interaction expressing the
full atom-field interaction, (and not just the electric dipole approximation),
can be incorporated into a practical computational methodology.

2. ON THE NONPERTURBATIVE SOLUTION OF THE TDSE
FOR PROBLEMS WHERE A GROUND OR AN EXCITED STATE
OF AN ATOM (MOLECULE) INTERACTS WITH A STRONG
ELECTROMAGNETIC PULSE OF SHORT DURATION

Starting in the 1970s and, more extensively, in the 1980s, it became pos-
sible, scientifically and technologically, to generate static and, especially,
dynamic EMFs at different frequencies, with the following main charac-
teristic: When used to probe atomic and molecular systems in the ground
state or in excited states, the corresponding coupling is strong enough that
the concomitant phenomena and properties cannot be explained, let alone
described quantitatively, by applying standard time-independent or TDPT
to lowest order. For example, such cases occur with multiphoton processes
that lead either to ionization or to dissociation or to both. When the field
is strong relative to the system under consideration, free—free transitions
coupling many states of different angular momenta become important. The
results of such transitions are phenomena like above-threshold ionization (ATI)
or above-threshold dissociation or high-harmonic generation (HHG).

By the end of the 1980s and early 1990s, the literature on the various
aspects and directions of the general theme of atoms (molecules) interact-
ing with strong EMFs was already extensive. (We recall that the atomic unit
of radiation intensity is = 3.5 x 10"*W / cm®). Since the scope of the present
article is concerned mainly with computation-oriented theory (rather than
with phenomenology), that is capable of handling nonperturbatively the
TDMEP in real systems, we cite three books published around 1990, rather
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than the large number of related articles published in scientific journals. The
first is the 1987 monograph by Faisal [30]. The second is the book edited by
Nicolaides et al. [31], which contains the lectures at a NATO ASI that took
place on Kos, Greece, in 1988. The subjects of the articles refer to dynamic
as well as to static fields. The third is the 1992 book edited by Gavrila [32],
which contains invited papers that focus on a variety of phenomena and on
stationary as well as time-dependent methods involving dynamic fields.

The well-understood fact of the breakdown of “lowest-order perturbation
theory” (LOPT) in the area of atom (molecule)—EMEF interactions ushered
theoretical research into a new age, whose substantial progress depends,
apart from establishing the fundamentals of phenomenology, on the trans-
parency and efficiency of theoretical approaches to handle the multifarious
MEP within computational schemes that go beyond the LOPT. These fall
into two types of frameworks: One which employs, where appropriate,
stationary-state formalism (e.g., see Refs. [1, 30-32]), and another in which
the aim is the computation of W(t) by solving the TDSE.

It is the latter case with which the present review is concerned, especially
as regards the possibility of tackling efficiently a variety of TDMEPs. These
TDMEPs are consequences of a great number of current or future experi-
mental possibilities that use radiation pulses whose wavelengths can range
from the microwave to the X-ray spectrum, and whose duration can be in
the range of femtoseconds (1fs = 107" sec) or even attoseconds (1 as =
1078 sec). This means that when the corresponding matter—field interaction
takes place, it may induce single or multiphoton ionization and dissociation
processes involving either outer or inner electrons, or Rydberg levels, or neg-
ative ions, or vibrational levels and bond fragmentation, or atomic collisions.
The pulses are assumed to be not only strong but also short, so that the atom—
field interaction has a temporal shape expressing the rise, the maximum, and
the decline of its strength, with the number of field cycles ranging, according
to experimental conditions, from one half to a few hundreds.

2. Two approaches to the solution of problems of time-dependent
processes induced by strong pulses

211. The grid method

The first results on real (not model) atoms, specifically on H, He, and Xe, for
the time-dependent multiphoton ionization induced by strong laser pulses
were published by Kulander and co-workers [33-38] who implemented the
grid method, e.g., Refs. [4, 6, 33] and references therein. Use of the grid method
is the approach that remains popular among many researchers working on
problems of pulse-atom (molecule) interactions, even though it cannot han-
dle the plethora of cases involving arbitrary polyelectronic structures which
would require the possibility of propagating the solution of the Schrédinger
partial differential equation on multidimensional grids while accounting for
interelectronic couplings.
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In this approach, one looks at the TDSE as a parabolic differential equa-
tion and attempts a direct numerical integration by propagating W(t) (the
wavepacket) on a grid of points in time and in a space of suitable coordi-
nates, i.e., on a multidimensional lattice, subject to proper initial boundary
conditions, up to a distance that is assumed to be sufficiently large. The
reflection of the flux at the end of the boundary is avoided in practice by
using some form of “absorbing potential.” Although time-space pictures of
the wavepacket reveal aspects of the physics, the quantitative information
about properties must be obtained from the projection of the solution onto
relevant stationary states.

The first implementation of the grid method to the time-dependent ioniza-
tion by a laser pulse was done on a simple one-dimensional model in 1978 by
Goldberg and Shore [39]. In 1987, Kulander [34] introduced it to the study of
the time-dependent ionization of H by a laser pulse. His grid-method publi-
cations continued in 1988 with applications to He and to Xe in the framework
of the independent electron model (IEM) [35, 36]. Specifically, Kulander’s
original [34-36] and subsequent papers, e.g., Refs. [33, 37, 38], produced
the first quantitative information about time-dependent multiphoton ioniza-
tion and new phenomena, such as HHG. However, those computations were
restricted to simple cases of independent one-electron time-dependent quan-
tum mechanical motion, with the initial state being a single determinant.
The first such application was to He [35] and involved the single deter-
minantal time-dependent Hartree-Fock (TDHF) approximation. The second
application was based on the practical concept of the single active-electron
approximation (SAEA), where the time-dependent wavefunction of only one-
electron moving in an average local atomic potential is computed [36]. It was
applied to the multiphoton ionization of Xenon, where again, the initial state
was approximated by a single determinant.

The grid-implemented SAEA has been restricted to closed-shell, single
determinantal initial states. In general, it should be expected to have
advantages and disadvantages similar to those that characterize the IEM in
various time-independent problems. In other words, it is a computationally
tractable approach which is the first step toward the understanding of pro-
cesses and phenomena that are associated with the ionization of atoms and
molecules by intense laser pulses. Its physical relevance depends on the level
of accuracy at which a particular phenomenon and/or quantity need to be
known. For example, when considering the multiphoton ionization of the
noble gases at certain wavelengths, certain gross features of ionization prob-
abilities, of ATI or of HHG, are obtainable in the framework of the SAEA.
Yet, one must bear in mind that, even for the noble gases beyond Neon,
i.e., even for simple closed-shell ground states (let alone arbitrary open-shell
zero-order wavefunctions), the SAEA misses features of electronic structure
and of concomitant excitations that may be important when accurate quan-
titative information is desired. Such a statement is based on theoretical and



346 T. Mercouris et al.

computational analysis and experience on the more conventional problem of
the rates of one-photon transitions due to weak interactions [40, 41]. (See also
Ref. [42] and its references.)

Specifically, theoretical and computational results from the late 1960s to
the 1970s indicate that, regardless of whether the perturbing field is weak
or strong, the electronic structure of the initial state in atoms other than
He and Ne and in many molecules at geometries away from equilibrium,
even in closed-shell ground molecular states, requires the adoption of a mul-
ticonfigurational zero-order Fermi-Sea wavefunction [40—42]. This concept
and its implementation creates conditions for important electronic excitation
amplitudes, whose basis is both nonorthonormality and electron correlation,
and which are different than those predicted by simple models such as the
mean-field IEM or the algorithm of the random phase approximation [40-42].

Since Kulander’s early work, the grid method for laser pulse-induced
time-dependent electron excitation has been used, in one form or another,
by a number of researchers. Of major concern has been the development of
efficient techniques for propagating the solution in three-dimensional lat-
tices, e.g., Refs. [43, 44]. Furthermore, in order to account for interelectronic
interactions in closed-shell systems beyond the one-electron models, two
types of developments have received attention, both based on algorithms
that need access to powerful computers in order to make them practical
even for two-electron closed-shell systems. In one development, the direct
integration of the TDSE for the two electrons in a fully dimensional scheme
has been achieved at different laser frequencies for the He ground state
[23, 45]. In the other development, the single determinantal TDHF method
is replaced by time-dependent multiconfigurational self-consistent field
methods, where both orbitals and mixing coefficients are time-dependent,
e.g., Refs. [7, 46-48].

In spite of notable advances in techniques in conjunction with hugely
increased computational power, it is a moot question whether it will be
made possible and economic to render these computation-intensive, grid-
dependent methods applicable in a practical way to the solution of laser-
induced TDMEPs with arbitrary electronic structures.

21.2. The method of expanding W(t) in terms of the stationary states

In the textbook discussions of the phenomenology of the interaction between
quantized matter and an external EMF, the standard approach for develop-
ing the formalism (e.g., TDPT or schemes of two- or three-level systems),
is the expansion of the full solution of the TDSE, W(f), in terms of the
eigenstates of the unperturbed H, ), say ®,, with time-dependent mixing
coefficients, b,(t). According to the rules of QM, |b,(t)|* (or |be(t)I*dE for a
state of the continuous spectrum) is the probability for a measurement to
find the system in a stationary state |®, > at the time ¢ (e.g., see chapter IV
of Heitler [2]).
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The TDMEDPs that are of concern in this review acquire their serious dif-
ficulty not only from the fact that the eigenfunctions of the states of real
systems, ®,, have many-electron structures and are not solvable one-electron
models but also from the fact that many discrete states may be involved
while the multichannel continuous spectrum, including resonances with
multiply excited structures, becomes critically important.

The task of understanding and of solving reliably such TDMEPs is much
more complicated and demanding than that where the goal is simply to
deduce only the phenomenology. Instead, the ultimate goal is, or ought to
be, the ab initio quantitative computation of time-dependent quantities and
the physical transparency of the calculations, in which case phenomenology
can also be tested when possible, and vice versa. However, now the final
states in these TDMEPs are, in general, in the ionization or in the dissociation
continuum. Therefore, what is required according to the expansion approach
mentioned above is the possibility of computing and using both the &, and
the b,(t), for both the discrete and the continuous spectra, where the val-
ues of the complex b, (f) depend on the characteristics of the time-dependent
interaction.

Although it appears from the literature that the grid method has attracted
the overwhelming part of attention by a large number of researchers, we
argue that the expansion method, if properly implemented, is more flexible
as regards the variety of problems that it can handle, at least for atoms and
small molecules, in initially ground or excited states. Proper implementation
implies that one must capitalize on the theory and the computational know-
how of computing wavefunctions for ground and excited stationary states
that contain all the crucial for each problem features of electronic structure
and of electron correlations.

The SSEA, which is the subject of this review, was introduced in 1993-1994
with the purpose of exploring the potential and the efficiency of using
state-specific wavefunctions in solving from first principles TDMEPs related
to laser pulse-induced properties and phenomena. In a large number of
applications since then, it has been demonstrated that this fundamental,
yet conceptually simple, approach to such TDMEPs can indeed be realized
computationally.

Furthermore, if the spirit of the SSEA is followed, there are benefits of
transparency and of economy for the following reason: By paying atten-
tion to the choice of the function space entering into the calculation of the
wavefunctions that represent the states of physical and computational sig-
nificance, one can easily acquire a feeling of the overall calculation as regards
the importance and the degree of contribution of the various states, or sets of
states, for each problem of interest.

By “state-specific” we mean that the expansion consists of wavefunctions
that are as close as possible, considering the requirements of each problem,
to the exact eigenfunctions of the spectrum on the real energy axis (see also
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Ref. [1]). For example, this is easily understood for exactly solvable poten-
tials (analytically or numerically), ranging from models to, say, the systems
of the Morse molecule, of the hydrogen atom or of the H; molecule. In fact,
in such cases, even the standard approach of quantum chemistry which
obtains eigenfunctions via the diagonalization of the relevant Hamiltonian
over a basis set may provide a practical way of obtaining identifiable and
usable representations of the stationary states comprising the discrete and
the continuous spectrum. For example, since in such systems where there
is no electronic structure and interchannel mixings and the continuum is
smooth, as, e.g., is the case with the multiphoton dissociation of diatomics,
the use of a box-normalized basis set may be sufficient for the purposes of a
corresponding problem (see examples of Section 3).

However, the “diagonalization-on-a-large-basis-set” approach to the com-
putation of the stationary states of the whole spectrum loses its usefulness
when it comes to the requirement of solving in a manageable way the
TDSE for TDMEPs in polyelectronic systems. Indeed, when it comes to elec-
tronic continua of multielectronic atoms (molecules) that open in ionization
processes by strong laser pulses, then the issue of their proper representation
is certainly critical to calculation of quantities such as ionization probabili-
ties, angular distributions of emitted electrons, HHG. As we will show in the
following sections, in this case, as well as in cases of dissociation by strong
tields where the free—free transitions in the continuum play a heavier role,
the appropriate (more reliable) choice according to the SSEA is to use energy-
normalized scattering wavefunctions, computed separately for each value of
energy on a dense energy mesh.

In the following sections, the examples and the discussions on the the-
ory and methodology of the SSEA have been apportioned according to the
relative significance of the continuous spectrum.

Specifically, in Section 3 we cite four examples from our early work on
the solution of the TDSE for TDMEPs, which focused on novel molecu-
lar processes in diatomic molecules [49-52]. These were computed from
first principles, in terms of configuration interaction (CI) wavefunctions,
corresponding energies, and coupling matrix elements, within the Born-
Oppenheimer approximation. For the vibrational motion and the corre-
sponding continuum, a box-normalized trigonometric basis set was used
[50, 51]. On the other hand, this approximation is rectified in the example
of multiphoton dissociation of the Morse molecule by low-frequency strong
fields. In this case, it is preferable that the free—free coupling matrix elements
be computed systematically and accurately, and so the SSEA is applied in a
rigorous way, in terms of energy-normalized scattering states of the Morse
potential [53].

Starting with Section 4, we describe the essentials of the SSEA for the sys-
tematic treatment of various electronic processes in atoms and diatomics. In
Section 5 we focus on the theory and computation of the state-specific ®, for
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atoms and negative ions (indicating its possible extension to diatomics), of
the free—free matrix elements with numerical energy-normalized scattering
functions and of the b, (t).

The essentials of the SSEA for numerically computed energy-normalized
N-electron wavefunctions were published in 1994 by Mercouris et al. [54].
The first application was not only to the multiphoton ionization of H (whose
spectrum is known exactly analytically), as a test case, but also to the mul-
tiphoton detachment of the four-electron Li~ negative ion, with two free
channels, Li 1s*2s 2S and 1s*2p 2P°. Li~ (or Be) is the first system of the
Periodic Table for which the proper description of the zero-order electronic
structure requires a multiconfigurational Hartree-Fock (MCHF) description.
In the context of the review of the SSEA, we also discuss briefly the formula-
tion of the problem in terms of the full atom—EMF interaction, V.(t), which is
computationally convenient as well as necessary for certain problems involv-
ing, say, off-resonance coupling of Rydberg states, for which use of just the
electric dipole term is inadequate [55-57].

3. AB INITIO COMPUTATION OF UNUSUAL TIME-DEPENDENT
MOLECULAR PROCESSES USING JUDICIOUSLY CHOSEN
EXPANSIONS FOR THE VY (t)

The following examples are drawn from the publications [49-52]. Those
results were obtained by solving the TDSE using molecular data that were
computed in terms of CI electronic wavefunctions and energies for a large
number of values of the internuclear distance R.

3. Time-dependent laser-induced molecular formation from
repulsive surfaces [49, 52]

The normal experimental or theoretical study of laser-induced time-
dependent processes is concerned with transitions that start from a bound
state, mostly the ground bound state, and, if the intensity is not very weak,
end with some probability inside the continuous spectrum.

Sometime ago [49, 52], we considered a rather novel at that time TDMEP,
which involved time-dependent molecular processes in the reverse direction,
namely, repulsive-to-bound state molecular radiative transitions. Specifi-
cally, the problem that was constructed and the question that we asked were
as follows.

There are molecules which, in the Born-Oppenheimer approximation, can
be bound only in excited states, such as the “excimer” molecules (HeH)*,
(NeH)", (ArH)", and (HeF)". These excited bound states decay to the disso-
ciative continuum of the ground state either via radiative transitions or via
radiationless transitions, each having its characteristic probability. Suppose
we look at the collision of the (ground repulsive state) free atoms in the
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presence of a relatively intense femtosecond laser pulse that can connect the
corresponding wavepacket radiatively, on resonance at the right internuclear
distance, to, say, the lowest excited bound state in its equilibrium geometry.

The resonance character of the problem might lead one to the conclusion
that a first-order theory is sufficient to provide answers. However, since the
times for the interaction and for the lifetime of the collision complex in the
desired geometry are very short, the pulse intensity has to be relatively high
for any significant population transfer to take place. Therefore, it is important
to explore the significance of the contribution in higher order of the off-
resonance higher lying electronic states. This means that the time-dependent
formation and the decay of the first excited state depends not only on the
direct interaction between the laser pulse and the colliding atoms but also on
the population transfer among the excited states which is induced by the cou-
pling matrix elements among all the states. How can we compute the time-
dependent probabilities for these processes and draw useful conclusions?

The construction of such a TDMEP was in harmony with femtosecond
experiments of “transition state spectroscopy” that had been done in the late
1980s [58, 59]. It is also relevant to phenomena in current ultracold collision
physics that go under the name “photoassociation” [60].

Accordingly, we computed the time-dependent probabilities for the laser-
induced molecular formation (LIMF) of (HeH)", (NeH)", (ArH)", and (HeF)",
for laser frequencies around the energy difference between the colliding
atoms and the first excited bound state at its equilibrium distance, while
taking into account the contribution of higher lying molecular bound states
via the nonperturbative solution of the TDSE. The influence of the induced or
the spontaneous decays of all the states, i.e., collision time, photoionization,
radiative, and radiationless dissociation, was taken into account by using
complex energies, where the imaginary part represents the sum of the rates
of such decays. The results were obtained for laser pulses of different shapes,
duration (in the range of fs), frequency, and intensity.

As exemplars, two of the resonance photoreactions between the repulsive
initial state, considered as a narrow wavepacket with a lifetime of a few fem-
tosecond, and the first excited bound state are shown below. The first, (i), is
from Ref. [49] and the second, (ii), is from Ref. [52].

laser

(i) [H(1s) + He(1s%)] repulsive X% — (HeH)" bound A’X" state,

fs

aser

(i) [F2p°) + He(1s?)] repulsive *IT f—> (HeF)* bound 2*% " state.
s

The TDSE was solved nonperturbatively by starting from the finite expan-
sion over N molecular stationary states:

\Ij(r, R, t) = Z bn(R/ t) |q)n(rr R)) (9)

n=1
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For (i), the expansion (9) included the initial state plus 10 Rydberg-bound
excited states at their equilibrium distance of R, = 1.5a.u. Six were of
?Ytsymmetry, three of *IT symmetry, and one of A symmetry. All had
been previously obtained from extensive CI calculations together with dipole
matrix elements and non-adiabatic couplings [61].

For (ii), the initial state, 1°T], is the second repulsive state of the HeF sys-
tem, the first (lowest) state having 1°X*symmetry [62]. The excited bound
states in the sum of Eq. (9) consisted of two *E"and two *IIstates. The dipole
coupling was computed at Ry = 2.0 a.u., which is the equilibrium distance
for the first three bound excited > *states, whose energy differences from the
122 *were calculated as [62]: 9.36 eV for 22X+, 10.51 eV for 322", and 11.58 eV
for 4%+,

Having computed energies and coupling matrix elements, the calculations
were based on the following equations: Substitution of Eq. (9) into the TDSE
gives the coupled equations,

i%bm(R,t) = £,b,(Rt) — E(t) XN; b,(R,)D,,.(R) (10)

where
Dyu(R) = (@ (r,R)Ir1®,(r,R)) , (11)
8m=Um—éFm,m:1,2,...,N, (12)
E(t) = f(t)Fy sin (wt), (13)

U, is the energy of the mth state and T',,is inversely proportional to the life-
time of each state. f(t) is the temporal shape of the linearly polarized pulse,
taken to have forms such a Gaussian or a sech function. F is the peak field
strength and w is the monochromatic frequency.

For the repulsive states at slow collisions, the lifetime is of the order of
a few femtoseconds. Our conclusion regarding this quantity was that “as
expected and confirmed by our computations, it constitutes a very significant
parameter for the realization or not of the excitation probability” [52]. For the
excited states, the lifetime is caused by spontaneous emission, predissocia-
tion (when present), and by possible photoionization by the same pulse. The
rates for these processes are computed from first principles. For example, for
the (HeF)" 22X *state, its multichannel predissociation rate (partial as well as
total widths) to the repulsive 1’ and 1°I1 states was computed from first
principles in Ref. [63], using the theory of the CESE for unstable states that is
presented in Ref. [1].

The solution of the coupled equations as a function of time follows a Taylor
expansion which is discussed later in the text. Although the coefficients in
Egs. (10) can be obtained by vibrational averaging, computational economy
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Figure 61 Probabilities for transferring population from the 1*IT repulsive excited
electronic state of HeF to the 22X *bound excited state, for decreasing collision times
(a)—(c), and peak intensities from 8.75 x 10°W/cm? to 3.5 x 10W / cm’. (From Ref. [52].)

is secured by choosing only one value of R, the one at the equilibrium of the
excited bound state, R, [49, 52].

Figure 6.1 shows the results on (HeF)" from Ref. [52], regarding the time-
dependent probabilities for transferring population from the 1°I1 repulsive
excited electronic state to the 2> *bound excited state, for different collision
times of the two atoms, i.e., for 12 fs, 8 fs, and 4.8 fs, and for peak intensities
of 8.75 x 10¥W/cm? and 3.5 x 10*W/cm?.

3.2. Time-dependent multiphoton dissociation above and below
the threshold of diatomic “volcanic” states [50, 51]

In the normal ground states of diatomic molecules, the minimum energy at
equilibrium is an absolute minimum. On the other hand, there are a few
exceptions where the minimum at which the molecule has its equilibrium
geometry is a local minimum, lying above the dissociation threshold, e.g.,
Refs. [13, 50, 51, 64] and Figure 6.2 below. Because of the special shape
of their potential surfaces, we have called such ground states, “volcanic”
states. In Refs. [50, 51] the expansion method was applied for the ab initio
nonperturbative solution of the TDSE describing the infrared multiphoton
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Figure 6.2 The volcano-like potential of the ground state of BeH" ™. Its minimum is local,
since it is above the dissociation limit of Be" + H*. The curve was computed by the method
of configuration interaction. Also depicted are the corresponding eigenfunctions of the 8
shape resonance states that this potential can support, e.g., Ref. [13]. These, as well as those
representing states above the barrier, were obtained from the diagonalization of a basis of
120 box-normalized trigonometric functions. The box length was R, =10 a.u. The picture of
tunneling is clearly enhanced for the top two shape resonances. (From Ref. [50].)

computation of two such molecules, the BeH * and the NO * * . The lat-
ter has an excited electronic “volcanic” state, A’Il, embedded inside the
vibrational spectrum of the ground state, X*<*, which is also volcanic.

In Refs. [50, 51] we examined the infrared time-dependent multiphoton
dissociation of such molecules. The nonstationary state, W(t), is formally
written as a time-dependent sum of the vibrational quasi-bound levels,®,,
and of the dissociated states, X,

()= a,()d, + / be(t) XdE. (14)

For this type of states, the repulsive potential of the fragmentation
continuum, e.g., Be" 4+ H, starts asymptotically below the local minimum.
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Therefore, the energies, ¢,, of the ®, are embedded in the energy continuum
[0,00).

Substitution of Eq. (14) into the TDSE produces coupled equations
analogous to those of Eq. 10, only that now there are the additional
terms with the coupling matrix elements of bound—free and free—free
transitions [50]. The question is how to compute and use conveniently
the state functions of the discrete and of the continuous spectrum of
the diatomic potentials, and from these, to obtain the coupling matrix
elements.

Given that this is a simple and smooth continuum of a one-dimensional
potential without structure, we adopted the approach of diagonalizing the
unperturbed Hamiltonian, H, = —217V2 + V(R) (no rotation), with a sin-
gle basis of box-normalized functions, in which case the continuum is
discretized. Box normalization of states of the continuum is a decades-
old technique of mathematical physics and of QM. In general, for sim-
ple problems of essentially one coordinate the approximation is tractable
and not demanding computationally. For example, regarding the theme
of solving the TDSE for the ionization of an atom by a laser pulse, in
the late 1970s Austin [65] produced results of descriptive value using the
simple delta function potential and box-normalized scattering stationary
states.

When discretizing the continuum by placing the system in a box, a
critical element of the approximation is the proper choice of the density
of states, since the box-normalized function is proportional to the energy-
normalized function, the proportionality coefficient being the square root
of the density of the scattering states. For the basis set given below, the
Stieltjes derivative approximation [66, 67] indicates that an accurate connec-
tion between the energy-normalized X; and the corresponding discrete Xy of

2
energy &g is Xg & | ——  Xk. [50].

Ek+1 — Ek-1
The calculations in Refs. [50, 51] proceeded by first computing from
tirst principles in terms of CI wavefunctions, the potential energy, V(R),
and the dipole moment, D(R). Then comes the calculation of the coupling
matrix elements, (®,,| D(R) |®,), (®,,| D(R) |Xk), and (Xx |D(R)| X/). The sta-
tionary states ®, and Xy and the corresponding discrete energies, ¢, and
gk, are obtained from the diagonalization of H,, on the basis set of the trigono-

1 2 2rnR 2 | 2mwnR 19
N mcos R \/R_Lsm R n = 12,...,max,
where R, is the upper integration limit. E.g., for BeH tt , a series of conver-
gence tests which included the number of basis functions suggested that a
number of only 120 states with R; = 10 a.u. suffices to provide stable results.
Of these 120 states, 8 represent the quasi-bound states inside the potential

well.

metric functions
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In this framework, the time-dependent dissociation probability is

Po(t) =1 = la.(t)P, (15)

n=1

while the quantity |bx(t)|* gives the probability distribution as a function of
gk, i.e., it provides the time-dependent photofragment spectrum.

References [50, 51] contain a number of results from these nonperturba-
tive calculations. One of them is the prediction, in a quantitative way, of
the process of below threshold multiphoton dissociation, which reflects the fact
that, for the volcanic molecules, the vibrational states are essentially unsta-
ble states (resonances), e.g., Refs. [13, 64], due to tunneling. This means that
their energies must be written as complex numbers, ¢, — %Fn, where the tun-
neling rate T, is obtainable either from semiclassical formulae [64] or from
more sophisticated theories [13].

The picture of what is happening with the eigenfunctions as the energy
reaches the barrier top can be seen in the spectrum of Figure 6.2 [50]. The
number of quasi-bound levels predicted by the calculations is eight. The
wavefunctions of the two closest to the barrier top show clearly the mixing
of components from the inner and the outer region.

4. THE STATE-SPECIFIC EXPANSION APPROACH (SSEA)

41. General

The ab initio computations of time-dependent processes in novel molecular
systems that were described in the previous section provided to us evidence,
in the early 1990s, of the advantages of implementing the method of expand-
ing W(t) in terms of the stationary states of real, polyelectronic atoms, and
small molecules, when attempting the nonperturbative solution of the TDSE.
This basic quantum mechanical approach presupposes that, for the problem
of interest, the separation of the total H(t) as in Eq. (7) is meaningful. The
proviso is the possibility of implementing the expansion method in terms
of wavefunctions that represent reliably the stationary states of H,, which
contribute in a significant way, directly or indirectly, to the phenomenon
under investigation. In other words, if the strength of the external EMF is
not so high so as to destroy the meaning of the relevant spectra of atoms
and molecules, then, conceptually and computationally, the physics of these
TDMEPs can still be understood by using as reference point the spectra
of Hy u.

The above assumption permeates the theory and methodology described
here. It certainly works for many types of problems where the intensity
of the field compared to the binding of the affected atomic electrons is
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not overwhelming. On the other hand, it is expected that its convergence
property will deteriorate rapidly for problems where, together with the pulse
that excites the atom (molecule) to the continuous spectrum, an extra intense
field of low frequency is applied, thereby causing strong perturbations in the
continuous spectrum, which is now essentially “dressed” by the extra field.
These types of pump-probe experimental arrangements have been achieved
in recent years in terms of the synchronized application of ultrashort exci-
tation pulses and strong IR lasers which probe directly the (multichannel in
general) scattering continuum. For treatments of such problems from theo-
retical and experimental viewpoints, see the articles by Maquet and Taieb
[68] and by Kienberger et al. [69] and especially by Kelkensberg et al. [70]
where experimental and theoretical results on the dissociative ionization
of H, are obtained and compared. In Ref. [70], the wavepacket propaga-
tion needed for the problem was achieved in one dimension using the grid
method.

Although the case of simultaneously applied two pulses is treatable by
the SSEA, e.g., Ref. [71a], the pump—probe scheme of “XUV plus strong IR”
pulses presents special difficulties as regards the possibility of proper conver-
gence, since, now, the field-free continuum is perturbed very strongly and
may lose its physical and mathematical character. One might argue that a
direct numerical multidimensional integration on the space-time lattice is
the best approach. However, before we comment on this, it is perhaps inter-
esting to quote Maquet and Taieb from their paper of 2007 [68, p. 1850]: “In
principle, the experimental data could be retrieved by solving the TDSE for
the atomic system, in the presence of the two pulses. However, the precise
calculation of the response of the rare gas atom presents considerable diffi-
culties. This is because the numerical resolution of the TDSE for a multielec-
tron system remains well beyond the capability of present-day computers
and that no satisfactory solutions will be available in the foreseeable future.”

The above assessment is appropriate for methods that are based on inte-
grations over space-time lattices. However, the prospects of expansion meth-
ods such as the SSEA may turn out to be feasible and practical, especially
since they can account for a variety of electronic structures. In such cases, the
SSEA which is discussed in this review could be adapted so as to employ a
combination of field-free and field-dressed Volkov-type wavefunctions, the
latter incorporating the information from the interaction of the IR laser with
the scattering electron. It is outside the scope of the present review to report
on the progress that we have made within this “field-dressed SSEA.”

We return to the normal SSEA, which employs the eigenstates of
H, . As was already mentioned in previous paragraphs, for the monoelec-
tronic H and Hj the notion that the TDSE can be solved using the SSEA
is easily acceptable, since one is comfortable with the fact that the exact
eigenfunctions are accessible, analytically or numerically, for the discrete and
for the continuous spectrum. The same holds for the discrete and for the
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energy-normalized continuous levels of the one-dimensional potentials of
diatomic molecules. Such calculations have been carried out in, e.g., Refs.
[54, 56, 72, 73] for the H atom and in Ref. [53] for the Morse molecule. On
the other hand, when it comes to TDMEPs, the nature of the requirements
changes drastically, since the exact solutions of the TISE for the spectra of
H, »r are unknown. Therefore, in order for the expansion approach to be prac-
tical and tractable, it is desirable to achieve a level of theory and computation
capable of satisfying three major requirements:

1. First, the structure and methods of the theoretical approach must be able
to compute economically polyelectronic wavefunctions and their energies
representing optimally the N-electron, M-nuclei states of both the discrete
and the continuous spectrum of Hy »;. This means that the theory must be
of the many-body type, with separation of the exact wavefunction into a
zero-order and a correlation part, the characteristics of which depend on
the types of states comprising the expansion. In other words, brute-force
methods that simply diagonalize the fixed nuclei H,, on approximate
wavefunctions that are constructed from a large single set of L* functions
are not capable of providing accurate N-electron wavefunctions for all
the important to the TDMEP states of both the discrete and the contin-
uous spectrum. Of course, special cases of one- or two-electron systems
may turn out to be amenable to such computations [74]. In general, how-
ever, this approach is very limited and inapplicable when it comes to the
reliable treatment of the great variety of TDMEPs requiring the ab initio
solution of the TDSE for arbitrary polyelectronic structures.

2. Second, the framework of the approach must allow the practical use and
analysis of these wavefunctions. This means that, upon their substitution
into the TDSE, the solution of the resulting coupled equations is tractable.
“Solution” means that numerically accurate and physically meaningful
expansion coefficients, b,(t) and bg(t), are obtained.

3. Third, the choice of the form of the atom-field interaction operator must
be correct and appropriate for the TDMEPs under investigation. This is
crucial not only for the accuracy of the computation of b,(f) and bg(t)
but also for ensuring that |b,(f)]> and |be(f)|*dE indeed represent the
time-dependent occupation probabilities that correspond to the stationary
states of interest labeled by &, (discrete states) or by & (scattering states).

4.2. Choice of the atom—field interaction operator. Formulation
in terms of the full multipolar interaction

We start from the last item of the previous section, namely the choice of the
form of the interaction operator.

In the general area of atom—field interactions, when these are treated either
semiclassically (the field is classical) or in terms of quantum electrodynamics,
this subject has given rise to many discussions, expression of different
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opinions, and occasional controversy, e.g., Refs. [75-105]. For example,
Lamb, Schlicher and Scully [101] introduce their 1987 paper with the fol-
lowing statement: “It is perhaps surprising to note that one of the out-
standing problems of modern quantum optics is the choice between the two
matter—field interaction Hamiltonians which are commonly used: —eE-Fand
—(e/m)p - A+ (e*/ 2m);12. These two different interactions correspond to two
different gauges of the EME.”

The choices that we made in Ref. [54] [the electric dipole approximation
(EDA) in the “velocity” form] and in Refs. [55-57] (full interaction in the
multipolar form [75-77, 106]) were based on this extensive literature and on
our analysis as regards the proper nonperturbative solution of the TDSE for
specific problems. Elements of this work are presented here and in Section 6.
Furthermore, in Ref. [105] we discussed the computation of free—free cou-
pling matrix elements in the EDA, when using, on the one hand energy-
normalized scattering functions and on the other hand box-normalized
discrete representations of the continuous spectrum.

When solving the TDSE nonperturbatively by the expansion approach
where V() is a perturbation, in principle the whole spectrum of states of
H, , is involved. Of course, the relative importance and contribution of each
state depends on the characteristics of the pulse, and this is the most serious
feature of the interplay between the probe and the structure and spectrum of
the atom (molecule). For example, given a spectrum and a pulse (frequency,
intensity, temporal shape), the (few-if any) on-resonance states, or the ones
that are shifted close to resonance, contribute to the time-evolution of the
system much more distinctly than those states which are off-resonance. On the
other hand, in many cases of large order processes it is the cumulative effect
of the numerous off-resonance states in the discrete as well as in the continu-
ous spectrum that determines the overall result. In particular, as intensity
increases, the participation of virtual transitions of higher order than the
one predicted by the LOPT increases. It is also in this context that the ques-
tion arises of the choice of the operator that expresses the coupling, V.. (t),
between the atom (molecule) and the field. The normal choice in the liter-
ature of the nonperturbative solution of the TDSE invokes the well-known
EDA [2, 106].

In the EDA there is no dependence on the spatial coordinates of the elec-
tric field or of the corresponding vector potential. Specifically, suppose we
consider the minimal coupling Hamiltonian [2, 106] which is obtained by the
standard substitution of p by p — EA(?), where A(7) is the vector potential.
(Bold letters symbolize operators.) This substitution produces the interaction
between the atomic electrons and the EMF as [2, 106]

2

¢ = Z Az(?j) "minimal coupling”.  (16)
j

micou: e = - -
Va0 = — 3 AF) B+ 5
i
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For a pulse of temporal shape f(f) at a single frequency, w, the corresponding
form of the field is chosen as

- d- -
E() = — 2 A() = Ef()sin (1), 17)

where |E, [ is proportional to the radiation intensity.

When the radiation wavelength is much longer than the “atomic dimen-
sions,” i.e., when kr << 1, the “long-wavelength approximation” (LWA) is
valid, meaning that (with V.A= 0)

AR =8, =& [1+k-F+...] kr << 1 (LWA), (18)

&, is the polarization vector, © numbers the two possible transverse polar-
izations of the field, and ks the photon wavevector, with k- &, = 0.Itis the
first term that gives the EDA, in which case A(?), (or A(?,t)), is independent
of the space coordinates. Then, the atomic electron—field interaction causing
transitions is reduced to ;1(0) - p, which is the so-called velocity form.

Loudon [106], in his transparent discussion on the problem of the inter-
action of atomic electrons with the EMFE, comments as follows [106, p. 167]:
“This form (Eq. (16) is not convenient for calculations, since it is expressed
in terms of the vector potential, which takes different values for different
choices of gauge.”

In a different gauge, it is possible to construct the multipolar Hamiltonian
which is obtained by applying a unitary transformation to the minimal cou-
pling Hamiltonian [75-77, 106]. In the multipolar Hamiltonian, it is the trans-
verse electric field, E-(7), and the magnetic field, TB(?) (satisfying Maxwell’s

dB

equation, V x ET = —47), that appear, rather than the vector potential. Now,

the interaction is written as

1 1
mulpol - pd - e - - = =
VIR = e [ BwRa - £ 3 [ 7,5 Body
iy iy
2

1
2
¢ Z / AF; x B(A7,)dx ¢ "multipolar coupling”.  (19)
I o

2mc?

The A—integration permits the writing of expressions involving infinite
expansions in a compact form.

The three terms of Eq. (19) are the electric, the paramagnetic, and the dia-
magnetic operators. Now, upon applying the LWA, and the EDA, the
corresponding interaction operator is the “length” form, ET(O) - ¥, i.e., the
operator acting on the electrons is 7. The usual approach to such an analysis
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[75-77, 106] involves the Taylor expansion about the origin of the fields,
which are described by plane waves, followed by the evaluation of the
A—integrals. The length form is obtained by keeping the first term of the
expansion of the electric field.

In what follows, we show how to reduce the first term in Eq. (19) to a work-
able form for the computation of matrix elements with atomic wavefunctions
that are expressed as superpositions of Slater determinants. Note that, con-
cerning orders of magnitude, the second and the third terms are divided by
c and by ¢?, respectively. In atomic units, ¢ ~ 137.

We use the expansion of the plane wave describing the field into partial
spherical waves, since the latter waves are convenient and practical for the
representation of the angular part of the atomic orbitals. Consequently, the
integration over angles is evaluated analytically in terms of the 3—j sym-
bols and the infinite expansion is truncated by the triangular inequalities
I = ;] <1 < I; + I, where [; and [ are the initial and the final angular
momenta, respectively. These inequalities specify which of the 3-j symbols
are nonzero. Due to another property, I + I; 4+ I; must be even. Consequently,
the index I in the expansion of spherical harmonics increases in steps of two
and the summation is either a real or a purely imaginary number. For exam-
ple, in the case of the dipole-allowed transitions /s = [; £ 1 and, therefore,
1=1,3,...,2; £ 1.

In the next step, the A-integrals are re-expressed as integrals over the radial
variable:

1 r
1
/j] (Akr)k"dk = m /]] (kr/)r’”dr/, (20)
0 0

where the Bessel functions, j;(kr), result from the partial-wave expansion of
the plane waves. For reasons of simplicity, the z-axis is chosen in the direction

of the wavevector, k. For the polarization of I:;‘T, we choose the x-axis.
The result of these choices (see Ref. [55] for details), is that the operators of
the atom—field interaction are put in a computationally convenient form:

Ox = X(t) i i+imin (21 + 1)F,(r)@1(8,0) + c.c.. (21)

I=lmin

Specifically, for the electric field operator (I, = 1, X(t) = Eo(t)e™™")

1
PZ(T) = %/ ;j;(kr/)dr/ (22)
and
00.9) = —vir | LDy vy 23)

2l +1
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causing transitions with Am = £1. For values of k — 0, only the first term
survives.
A useful insight is gained by examining the large-r behavior of F,. We write

o0

1 /sin(kr—ln/Z)
——dr

97 e r?

1
Fl(r)larger ~ 7

. , (24)

r

where ¢ is the value of the integral (24) from 0 to co

VAT (l/z)
C2(4+1)T (1/2 + 1/2)

C (25)

Thus, for sufficiently large values of r, the operator F, reaches a constant
value. This is in contrast to the LWA, where the values of the length operator
increase indefinitely. An elaboration of this result is given in Ref. [55].

4.2]. Atom-field interaction operators and computations

As already stated, the “velocity” operator p = —ihV) expresses the EDA
to the interaction operator Vg, () (Eq. 16), while the “length” operator

mulpol

(7) expresses the EDA to the interaction operator Vg (f) (Eq. 19). These two
operators are directly connected via the Heisenberg equations of motion and
so is related a third form, the “acceleration” operator, which, for Coulomb
interactions, is 7/7°. These expressions are expected to give the same answers
when exact wavefunctions and an exact treatment in terms of complete sets
are carried out. On the other hand, when approximations are made, as is nec-
essary when dealing with real systems with many electrons, the issue arises
as to which expression is more appropriate. This holds even for the calcula-
tion of the formulae representing the rates for the on-resonance one-photon
transitions [107].
In view of the above, the following considerations are relevant:

1. On the one hand, one must account for the fact that the level of accu-
racy in the computation of off-diagonal matrix elements depends on the
degree of the correctness of the matching between the spatial features
of the operator and those of the wavefunctions of the two states [107].
Thus, it is easily understood that the length operator, 7, once inside the
dipole integral, adds in a smooth way significant contributions from the
outer parts of the wavefunctions. Therefore, it is important for the outer
part to be numerically accurate, even though its contribution to the total
energy of the N-electron state may be very small. For example, this is the
case with Rydberg states, for which it is important to compute accurately
the wavefunction as its outer orbital reaches the large-r region. Similar
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qualitative analysis applies to the velocity and the acceleration operators.
For example, the former contains a first derivative, and so the correspond-
ing dipole integrals are more sensitive to wavefunction variations in the
middle region than to the smoothly occurring in the asymptotic region
spatial decay of the wavefunctions. Finally, as regards the acceleration
form, this is the least reliable, since it places great emphasis on the accu-
racy of this matching very close to the nucleus, a requirement that is
not easily satisfied from ordinary calculations and is extremely hard to
achieve systematically [107].

The above short comments may serve as a reminder of why construct-
ing different N-electron states of an atomic (molecular) spectrum by
diagonalizing the Hamiltonian on a single basis set (irrespective of the
required size of such a Hamiltonian matrix) not only is computation-
ally inefficient or impossible but also is unreliable when attempting a
quantitative solution of a TDMEP. In other words, suppose that one is
interested in the nonperturbative solution of the TDSE at wavelengths
and strengths that require the consideration of excited states, in the dis-
crete and the continuous spectrum, of various types. And suppose that
the wavefunctions for these states are constructed (when possible, for
one- or two-electron atoms) by diagonalizing the electronic, fixed nuclei,
H, v, on a single basis set of discrete functions, such as the Gaussians or
B-splines. Regardless of a possible convergence of the calculation in such
a model space with respect to the length of the expansion, accuracy is
not necessarily obtained. This is because, for a given form of the coupling
operator the corresponding level of spatial accuracy of the various excited
state wavefunctions that are produced in such a brute-force method
need not be uniform. Furthermore, questions about the exact account
of the contributions from singularities in the free—free matrix elements
arise [105].

2. On the other hand, the treatment of the TDMEP in terms of the expansion
method and the nonperturbative solution of the TDSE requires the explicit
consideration of a large number of coupling matrix elements of transitions
that involve three types of wavefunctions: Bound-bound, bound—free,
and free—free. It follows that the optimal choice of the form of the dipole
operator may depend on the characteristics of the problem. For exam-
ple, in phenomena produced during excitation and ionization by short
and intense pulses of optical or shorter wavelengths, Rydberg and scat-
tering states may be involved in transitions on- and off-resonance. As a
consequence, a serious issue as to the proper choice of the form for the
atom—field interaction arises [54-57 and section 6] in contradistinction to
the calculation of the rates of one-photon transitions induced by weak
fields, in which case the problem is understood in terms of rather simple
arguments [107].
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4.3. The method

In the case of neutral atoms and of small molecules in the fixed-
nuclei Born-Oppenheimer approximation, the electronic spectrum has the
characteristics that are shown schematically in Figure 6.3. In the case of
negative ions the discrete spectrum consists of only a few states. However,
uncovering all of them is experimentally and theoretically hard due to the
high total spin that they normally have, e.g., Ref. [108] and references therein.

Figure 6.3 indicates the existence of low-lying and high-lying discrete
states, of resonance states in the scattering continuums, and of different scat-
tering channels. Currently existing experimental capabilities suggest that all
types of these states can, in principle, be probed in investigations of time-
dependent processes, using radiation pulses with photons in the energy
range from the microwave to the X-ray region. The SSEA has been devel-
oped as a practical and flexible tool for the solution of the TDSE as it applies
to TDMEDPs that involve single- or multiphoton transitions, mainly in atoms,
since it is in atoms where the existing computational methods allow the sys-
tematic computation of state-specific wavefunctions for excited discrete and
scattering states.

The theory and computation of state-specific wavefunctions for discrete
and continuous atomic spectra are discussed in Section 5. These are con-
structed in terms of numerical as well as of analytic orbitals, each set

Atomic multichannel energy spectrum
for a given symmetry

Resonances
Channel 1 Autoionizing Channel 2
states

= = [

O

Perturbed
Rydberg

!

Mixed
Valence—Rydberg

Ground state

Figure 6.3 A schematically drawn electronic energy spectrum for a given symmetry
of a polyelectronic atom or of a molecule for a fixed nuclear geometrical point.
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representing different parts of the required zero-order and correlation func-
tion space. The same types of approach and computational techniques
apply to the calculation of ground or excited electronic states of diatomic
molecules [109-111]. For the case of the vibrational continuum in diatomic
molecules, numerical as well as analytic orbitals have been used for the
generally applicable Morse potential [53]. For the electronic continuum of
diatomic molecules, published results [112-114] suggest that the basis set
of energy-normalized wavefunctions can be computed in the frozen-core
approximation.

Let us assume that the field is polarized linearly and that V.(t) is
described in the EDA. There is the question of which form to use. It turns out
that only in the length form of the EDA do the expansion coefficients rep-
resent directly probability amplitudes, e.g., Refs. [80, 83, 101]. On the other
hand, in the velocity form it is easier to handle numerically the singularity
that appears in the free-free dipole matrix elements [54, 105]. Therefore, we
choose the A(O) - p form, in which case, once the solution of the TDSE, W (7,t),
is obtained, we must multiply it by the phase factor e/ in order for the
new coefficients to acquire their correct meaning as probability amplitudes
[83, 101]. Furthermore, in order for the initial state at t = 0 to be a state of
H, i, the “preferential” gauge can be chosen in which A(f) = 0 whenever E(t)
becomes zero [[81b], [87]].

We now turn to the SSEA method of solving the TDSE. We write

W) = Y anivs o)+ 3 [ BEDENE, @6

where ;(n;r) are the atomic/molecular bound states plus the mul-
tiply excited states (MES) (autoionizing states) and ;(E;r) are the
energy-normalized continuum wavefunctions with the index i running over
the different channels. Substitution of Eq. (26) into the TDSE results in the
system of coupled integro-differential equations:

iLa, () = ey, f) + A(E) Y Byy(nm)ey(m,b) + iA(t) Y. [ by(E,HD;(n,E)AE
jm j

i9b/(E,t) = Eb/(E,t) +iA(t) 3 Dij(E;m)ey(mt) + iA(t) Y. [ bj(E' t)C;(E,E)dE,
jom j
(27)

&;, are the calculated energies of the bound and of the MES. B;;j(n,m) is
the bound-bound dipole matrix element, D;;(1,E) is the bound—free dipole
matrix element, and C;;(E,E’) is the free—free dipole matrix element. The
desideratum is to solve Egs. (27) properly and obtain the expansion coef-
ficients. The degree of convergence for each set of field parameters can be
studied as a function of the type and number of the stationary states enter-
ing in Eq. (26). The methods for the ab initio state-specific computation of
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these wavefunctions are presented in Section 5, with emphasis on the theory
of the Rydberg series and the lower part of the continuous spectrum.

4.3]. The singularity of the free—free dipole integral

The matrix elements B, ;(n,m) and D;;(n,E) are calculated numerically without
difficulty since they contain at least one bound orbital. On the contrary, the
free—free dipole matrix elements C;;(E,E’), whose role is crucial in the process
of strong field ionization and of ATI, contain an on-shell singularity. Fortu-
nately, this singularity turns out to be integrable, meaning that the integrals
containing C;;(E,E') in Eq. (27) have a finite value. Let us see how.

For hydrogenic atoms, where the scattering wavefunctions are known
(these are hypergeometric functions), this singularity can be identified and
handled analytically [115, 116]. On the other hand, the SSEA uses numerical
scattering orbitals as a basis, computed within a term-dependent, frozen-core
HF scheme. This is done so as to be able to handle arbitrary many-electron
structures for small as well as for large values of energy. Therefore, a differ-
ent type of analysis was needed and was implemented in Ref. [54] (See also
Ref. [105]). It was shown that the C;;(E,E’) can be written as

Cy(EE) = C;™™"™(E,E') + C;"*""(E,E (28a)
with
_ F(ee
CIE(E,E') = Fy(e,6)8(e — &) + P%, (28b)
) & — ’

where P signifies a principal value integral. The variables ¢, ¢' are the
positive energies of the free electrons above the thresholds of the i,j chan-
nels. Fi(g,e’), Fa(e,e’) are well-behaved functions of the energies and of
the phase shifts whose numerical calculation is straightforward when the
energy-normalized numerical HF scattering orbitals are used.

The integrals in Eqs. (27) are calculated, for each value of t, by perform-
ing the § function and the principal value integration of Eq. (28b). Briefly, we
adopt a high-energy cut-off and the energy range is constructed as a mesh of
elements Ae. The values of the time-dependent coefficients are to be found at
the mesh points. The nonprincipal value integrals of Eqs. (27) are performed
by the trapezoidal rule, which is valid when the integrand varies linearly
between consecutive energy mesh points. Finally, for the principal value inte-
gral it is assumed that the well-behaved part of the integrand b;(¢’,t)F,(¢ ")
varies linearly with energy between consecutive mesh points and then the
integral is calculated exactly. Thus, the system of integro-differential equa-
tions (27) is reduced to a system of ordinary differential equations of the
following form:

i%a‘c(t) = [A + F(H)BIX(t), (29)
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X(t) is the vector of the unknown time-dependent coefficients «;(1,t) and
bi(Et), A is the matrix representation of the field-free Hamiltonian in the

N-electron basis set of Eq. (26), B is the matrix representation of the dipole
operator, and F(t) is the time-dependent part of the interaction in the velocity
form.

It should be noted that when the solution is propagated to times t for
which the values of Ae x t are not very close to zero, the ratio of the oscil-

e

lating parts e_,(;%g)t = &% of the consecutive time-dependent coefficients
bi(e,t) and bj(e 4 Ae,t) is not ~ 1. This fact does not support the assumption
that the integrand b;(x,t)(D;;(n,x) or C;;(x,&"))varies linearly between consecu-
tive energy mesh points. Therefore, instead of applying the trapezoidal rule,
one has to perform an analytic integration with respect to x between ¢ and
& + Ae by considering explicitly the oscillating part e~ and assuming that
the rest of the integrand e™b;(x,t)(D;;(n,x) or C;;(x,')) varies linearly in this
range. The integration, in cases where the free—free dipole matrix elements
do not exhibit on-shell singularity (e.g., in problems of molecular multipho-
ton dissociation where the dipole operator for large distances may go to zero
exponentially), results in a system of differential equations with a numerical
type very similar to that of Eq. (29):

iAet

sin (0.5A¢t)

d - 7 B
i X() = [A+ F()B, + F (t)< (0.5A¢t)

) () = [A + F)B, + FOBaIi(),

(29a)
where 31 contains the bound-bound and free-bound part of B, while BZ
contain its bound—free and free—free ones.

The solution of the system of Egs. (29) is achieved by a method that utilizes
the expansion of the vector X(f) and of F(t) for t = t, + At around f,,

(At)

X(t) = Z X (£y)~—= (30a)
n=0
(Af)
F(t) = ZP% ) (30b)
n=0
where x"(t,) is the nth derivative of X(t) for t = t, and XO(t;)) = X(t).

Then, assuming that it is possible to calculate X" (t;), the solution can be
obtained by performing the summation of Eq. (30). The details of the inte-
gration technique, which follows a Taylor-series expansion method (TSEM),
and especially the determination of the number of terms, M, for each t;, can
be found in Ref. [54, appendix B]. The justification for adopting the TSEM
is that it is almost five times faster than the standard powerful methods for
ordinary differential equations, such as the adaptive Bulirsch-Stéer [117].
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As variable parameters for testing convergence are used, the number and
the type of the state-specific wavefunctions, the time step At, and the overall
range in time for the propagation to provide a normalized solution, X(f),
equal to 1. The criterion of stable normalization is directly related to the
overall adequacy of the N-electron basis set.

The following points are relevant to the methodology.

Given that for the velocity form the coefficients are not the correct prob-
ability amplitudes, it is convenient to calculate any quantity at those time
instants where the vector potential A(t) is equal to zero.

The time step At that normally provides convergent results turns out to be
of the order of tenths to a few hundredths of the optical cycle T = 27 /w.

By far the greater portion of the number of states entering Eq. (27) comes
from the continuous spectrum. In fact, regardless of the number of electrons
the system has, the number of the discrete states normally contributing to
the sum is relatively small, say a few decades, unless the problem deals
explicitly with the Rydberg spectrum. On the other hand, the number of
energy-normalized scattering states runs into the many thousands, depend-
ing mainly on the pulse characteristics. In fact, thus far, the maximum
number of equations that have been processed, is of the order of 10° [118],
where the necessity came from the presence of double continua.

The solution of Eq. (27) provides the time-dependent coefficients «;(1,t)
and b;(E,t). Given that these correspond to the true states of the unperturbed
system, the quantities of interest can be computed in a direct and transparent
way. For example, photoionization probabilities and rates are deduced from
Eq. (15) where the summation runs over the discrete states of the system.
Also, the total ATI spectrum as well as the partial ATI spectra are obtained
from

dP.(t)
de

AP 2
=2 7_Z|b,-(15,t)|, (31)

where dP. (t) is the probability that the free electron has energy between &
and ¢ + de in the channel i.

Related to the above quantities are the photoelectron angular distributions
(PAD), which are very sensitive to quantum interference. In order to compute
them, the solution W(7,t) is projected on an energy-dependent state, ¥~ (¢),
composed of an incoming spherical wave and an outgoing plane wave with
phase shift §,. The relevant probability distribution is given by

PP (kb .
e (W (r,t) ¥ (e))

2
7

(32a)
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where the ¢ = 1k* is the positive energy of the free electron above

threshold and k is its direction of propagation. The energy-normalized ¥~ (¢)
is given by

li
W(e) = 4n/§ >3 ety By, AWGO ® U,  (32b)

I m=-—1;

where Y, are the spherical harmonics and Uj,(¢;r) is the energy-normalized
radial part of the term-dependent scattering orbital used to construct the
N-electron wavefunction in the continuum, ¥,(E;r)= A2, (r) ® U, (e;1)),
E=E.. + &. U,(g;r), and its phase shift §,are calculated numerically in the
fixed-core HF approximation. Combining Egs. (26, 32a, and 32b), we obtain
the probability distribution:

li

2
2 I . ~
LD 5 S (e, (bED)| (33)
dkde ;

i m=—l;

which connects the PAD’s to the calculated time-dependent coefficients
bi(Eb).

Finally, HHG can be studied by Fourier transforming the induced time-
dependent dipole moment, D(t) = (¥(7,)|D|V¥ (1)), where D is the dipole
operator in the polarization of the EMF [33]. For the one-electron hydrogen
atom, our choice of the form of the dipole operator has been the acceleration
form since, in this case, the computation of the free—free matrix elements
is both efficient and accurate [119]. However, in later work on the multi-
photon ionization from the two-electron metastable excited state of He, the
1s2s 'S, we stressed that for many-electron systems, “calculations of har-
monic spectra based on the use of the acceleration form of the dipole operator
will produce, in general, unreliable results even when some correlations are
accounted for” [120].

The first applications of the SSEA to the multiphoton above-threshold detach-
ment (ATD) spectra of the negative ion Li-, to the ATI, HHG, and PADs
in hydrogen, and in He were published in Refs. [54, 72, 73, 105, 119-123].
Additional types of applications are reviewed briefly in Section 6.

5. THE THEORY AND COMPUTATION OF STATIONARY
STATE-SPECIFIC WAVEFUNCTIONS FOR LOW- AND HIGH-LYING
STATES

In order to have a SSEA which is applicable to the variety of TDMEPs that
may arise depending on the experimental arrangement (real or hypothetical),
it is necessary to be able to obtain reliable wavefunctions for each state and
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for each class of states of the spectrum of Figure 6.3. In fact, the aim within
the state-specific theory is for these wavefunctions to be relatively compact
and transparent so as to facilitate the solution of the coupled Egs. (27) and
allow the easy analysis of the nonstationaryW(t) for each problem of interest.

The significance of the above statement must be understood in the context
of possible problems involving a large variety of electronic structures and/or
scattering channels that characterize the states of both the discrete and the
continuous spectrum.

Our approach to the quantitative investigation of such problems in pro-
totypical cases has been based on the following assertion: The electronic
structures and properties of the states of Figure 6.3 can be explored for-
malistically and computationally by separating them into two categories.
In the first category are states whose wavefunctions are computed from
separate, state-specific treatments. For example, such states are the ground
state, certain low-lying excited states, relatively isolated MES, and “unper-
turbed” low-lying Rydberg states. In the second category are states that
belong to channels and are treated as elements of unperturbed or perturbed
symmetry-labeled series in the discrete and the continuous spectrum.

51. Methodology for the state-specific computation of N-electron
wavefunctions of isolated states

As regards the ground state of a given symmetry, the fundamental theoretical
tool is the existence of the energy lower bound. This fact allows Rayleigh—
Ritz variational calculations to converge monotonically upon variation of the
size of the basis set and/or of linear or nonlinear variational parameters.

As regards the excited states (discrete or resonance states) of a given sym-
metry that can be treated individually as isolated or as a component of a
very small superposition of nearly degenerate states, judicious choices for
each system of interest may identify as such a few low-lying discrete states
and a number of high-lying multiply excited discrete or resonance states.
For low-lying discrete states, say the first three or four in the spectrum of
a polyelectronic atom (molecule), it is practical to compute them via the
diagonalization of a properly constructed Hamiltonian matrix and optimiza-
tion of each root separately, based on the property of the separation and of
upper boundness of eigenvalues, also known in quantum chemistry as the
Hylleraas—-Undheim-MacDonald theorem [124, 125]. On the other hand, not
only for the low-lying but also for high-lying MES [normally these are dou-
bly excited states (DES)], the state-specific approach bypasses the bottleneck
of requiring the presence in a Hamiltonian matrix of vectors representing
all the lower states of the same symmetry [1]. By excluding the function
space that is expected to represent the channels interacting with the local-
ized component of the MES, it is possible to first optimize the computation
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of such states efficiently and reliably and then proceed with the overall mix-
ing of the total wavefunction [1, 126-129]. In this way;, it is possible to tackle
difficult problems of electron correlation and of CI in the upper part of the
discrete spectrum and in the continuous spectrum (see below). As an exam-
ple of the difficulties that such cases have in store when a state-specific
separation of function spaces is not followed and when the corresponding
wavefunctions are not optimized in terms of the self-consistent field and of
electron correlation, we refer to a paper by Bartschat and Greene [130] on
the “6p*>” 'S autoionizing state of Barium. These authors discussed previous
discrepancies between R-matrix calculations and attributed them to a lack
of proper treatment of relaxation and correlation effects in this state. Such
effects are taken into account systematically in the state-specific theory for
isolated states, which is outlined below.

The basics of the analysis and computational methodology that we have
followed for this category go back to publications from the 1970s [1, 40, 41,
131]. A review of certain important ideas and new results on specific issues
were given in Ref. [42]. Below, instead of repeating the arguments concerning
the gist of the theory, we quote from the introduction of a 1984 article by
Petsalakis et al. [132] on the sudden polarization effect in molecules.

“Historical reasons, theoretical constraints and computational conve-
nience have led to the development and application of many-body methods
for excited states of atoms and molecules in terms of single orthonormal basis
sets corresponding, most often, to an energy optimized one-electron poten-
tial of ground states. With such methods, the emphasis is on efficiency in
terms of manipulation of the one- and two-electron integrals and on poten-
tial generality as regards the types of states that are treatable. Enlargement
of the basis set improves the reliability of the computation. However, the
n* —n° dependence of the overall calculation (1 is the number of one-electron
basis functions) quickly puts limitations on the size of the possible many-
body calculations, even with today’s super computers. Furthermore, certain
excited state calculations of energetics or other properties can be very sen-
sitive to the choice of basis sets, regardless of the size of the system. This is
mainly due to a lack of suitability of the zeroth-order orbitals, whose induced
error is difficult to correct subsequently, even with large-scale electron cor-
relation calculations. This fact can be observed easily in atomic structure
calculations where the excited state orbitals corresponding to a particular
configuration can be computed accurately by a variety of methods, e.g.,
hydrogenic, configurational average HF, restricted HEF, multiconfigurational
HE"” [132].

The aforementioned approach to the TIMEP of ground or low-lying
excited states that is based on the use of a single basis set characterized
for many years the conventional quantum chemistry methods. These are
the methods which obtain the wavefunctions and real energies either by
direct diagonalization of huge Hamiltonian matrices or by incorporating the
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electron correlation corrections in a hierarchical way, using zero-order and
correlation function spaces constructed from large sets of Gaussian or Slater
(or similar) orbitals.

An alternative to the conventional methods of quantum chemistry is the
state-specific theory, useful especially for excited states [1, 42, 131, 132]. Such a
theory is based on the choice and optimization of the function spaces for each
excited state of interest, both at the zeroth-order and at the correlation level.
This allows the systematic inclusion of relaxation and correlation effects to a
very good degree of accuracy and the reliable description of phenomena and
calculation of properties with small wavefunctions. Furthermore, physical
and chemical concepts become more transparent while aspects of transfer-
ability of parts of the energy or of the wavefunctions and their distinct effects
on spectroscopy, on properties, and on chemical bonding in excited states
may be systematized.

The general form of state-specific wavefunctions for discrete and for
resonance states is Refs. [1, 42] and references therein,

W,(E) = & + Xl 4 X (34)

where the symbols represent the following:

W, (E): The energy dependence refers only to the case of resonances, in
which case the wavefunction has scattering components corresponding to
the open channels. In the SSEA, only the terms @ + X! are used (the
localized component), since the smooth continuum is represented by a set
of numerically obtained, energy-normalized scattering functions, which are
then allowed to mix during the solution of the TDSE.

®': This is the zero-order (reference) multiconfigurational description,
with configurations consisting of the self-consistently optimized “Fermi-
Sea” (FS) orbitals [40-42, 131]. In other words,

finite

cb,};S = Z Ck(pk/ (35)
k

where the ¢, are symmetry-adapted configurations with self-consistent field
orbitals.

A brief discussion on the background and significance of the concept and
practical choice of ®!° in the theory and computation of electronic structures
and dynamics is given in Ref. [42].

For atoms and diatomics, the ®™ for a state that is treated as isolated
(e.g., a multiply excited valence state) can be obtained for the root labeled
by the configuration(s) of interest. In cases of strong configurational mix-
ing, the rate of convergence of the overall calculation is sensitive to the
radial details of the FS orbitals. This is why in the state-specific theory
these are obtained numerically, when possible. When configurations in &
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representing different states mix heavily (e.g., cases of valence-Rydberg,
covalent-ionic state mixing), the state-specific solution for each root of inter-
est may be very hard if not impossible to achieve correctly via a canonical
MCHEF calculation, due to the orbital structure of the mixing configura-
tions. An alternative and reliable avenue to the proper @ is then to use
nonorthonormal configuration-interaction with separately optimized parts
of ®'5, for each physically relevant part of the total system, e.g., Refs. [42, 132].

Xle: Represents the remaining localized electron correlation for the dis-
crete states or for the localized component of resonances [1, 42]. It is
computed variationally by optimizing symmetry-adapted single, pair, triple,
etc., correlation functions that are expressed in terms of parameterized Slater-
or Gaussian-type orbitals [42, 131]. The combination of state-specific numer-
ical HF or MCHF orbitals (for the zero-order function space), with analytic
and variationally optimized orbitals for the correlation function space, is
one of the basic features of the methodology which was introduced in
the 1970s for efficient computations of ground or excited atomic structures
[40-42, 131].

X?: It symbolizes the “asymptotic” correlation that is function spaces that
represent the energetically open channels and contain the information about
the interaction of the free electrons with the core state and about the possible
interchannel couplings. It is zero when the state is discrete. For quantities
where the open continuum is important, such as the energy-dependent pho-
toabsorption cross-sections, or for the full description of resonance states, the
proper computation and consideration of X?* are essential.

For computations using scattering theory formalism based on real ener-
gies, the scattering wavefunctions for each of its open channels are com-
puted from a basis set of a term-dependent, fixed-core HF wavefunctions.
The effects of interchannel coupling are computed through a multichannel
reaction (K-) matrix approach [126-129] and below. Alternatively, the state-
specific approach for resonance states of many-electron atoms and small
molecules can be applied in the framework of methods that solve the complex
eigenvalue Schrodinger equation [1].

Thus far, SSEA computations have been carried out by including in the
expansion scattering wavefunctions of real energies and the localized com-
ponents of resonance states. The basis set of the fixed-core scattering states
is computed for a dense energy mesh which is found to secure convergence,
each state being energy normalized to a § function, §(s — ¢’).

5.2. Unified theory and ab initio computation of the wavefunctions
and spectra just below and just above the fragmentation
threshold, with application to atoms

5.21. Introduction
For a given short- or long-range potential with a discrete and a continuous
spectrum, the point of energy ¢ = 0 signifies the necessary change in the
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boundary conditions at infinity on the acceptable solutions of the TISE and
the consequent fundamental difference in the formalism and computational
methods of QM for the rigorous treatment of the respective states and phe-
nomena. In spite of this difference, it is known that, in general, information
which is obtained very close, above or below, the fragmentation threshold,
e =0, can be used to obtain physically meaningful information on the other
side of this point. For example, this is the case of “Levinson’s theorem”
[3], according to which, for a short-range potential, from the variation of
the scattering phase-shift as ¢ — 0 from above, one can obtain the number of
bound states that the potential can support for ¢ < 0.

Based on the fact that significant quantities related to spectroscopy vary
with energy near the threshold very slowly, except when resonances are
present, formal theories, and notions of smoothness and continuity in this
region of the spectrum have been developed in order to deduce useful infor-
mation from knowledge of only a few data, via extrapolation or, better, as we
shall show here, via interpolation.

As regards atoms and molecules and the corresponding long-range
Coulomb potential, ever since the early stages of the application of QM to
atomic spectra, the point ¢ =0, which is the first ionization threshold (IT), has
created interest in the mathematics, the computation and the physical obser-
vation of energy-dependent quantities as the values of energy reach the IT
from above (positive values) or from below (negative values). It appears
that this issue was first discussed systematically in terms of the use and
analysis of hydrogenic Coulomb (and related) wavefunctions of the dis-
crete and the continuous spectrum in 1927 by Sugiura [133] on Hydrogen
and in 1929 by Hargreaves [134, 135] on Lithium. For example, the notion
of continuity of absorption oscillator strength across the IT for a Coulomb
potential was established, with f. |g=0 = n3fn}n_)oo, where f, involves energy-
normalized scattering functions. Furthermore, Hargreaves analyzed aspects
of the quantum defect in the Rydberg series spectrum, in terms of properties of
wavefunctions, such as asymptotic forms and normalization, and of concepts
of matching inner and outer (Coulomb) regions of the “motion” of the outer
electron [134, 135].

Starting in the 1950s, the publications of Kuhn and van Vleck [136] and
of Ham [137] shone additional theoretical light on the “quantum defect
method,” mainly by paying attention to the matching conditions at some
radius, 7, for bound solutions. Then, Seaton [138, 139] started a system-
atic investigation of spectral features of the Coulomb potential, by exploiting
mathematical properties of Coulomb functions for both the discrete and the
continuous spectrum. His first relevant result related the quantum defect for
n — oo and electron angular momentum ¢ to the scattering phase shift at
E = 0as, 6,(0) = oo [138]. Following a significant contribution by Gailitis
[140] on near-threshold behavior of cross-sections for Coulomb potentials in
terms of multichannel-effective radius theory, a series of papers by Seaton
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[141, 142] and references there in, penetrated into and further developed the
theory of Coulomb-like spectra, for one or for many channels, close to the
IT, based on the mathematical properties of the Coulomb function. The accu-
mulated knowledge led to the standard Quantum Defect Theory (QDT) [142].
According to Seaton, “QDT is concerned with the properties of an electron in
the field of a positive ion and, in particular, with expressing those properties
in terms of analytical functions of the energy. It provides a unified theory of
bound states, including series perturbations, autoionization and electron-ion
scattering, both elastic and inelastic” (Abstract of [142]).

The notion of unification of the treatment of the highly dense number of
states just below and just above the IT was emphasized and pursued from
a different, and in some cases more heuristic, point of view by Fano in the
1970s [143-147]—see below.

The development of theory and of a practical methodology for computing
usable state-specific N-electron wavefunctions of states across the IT, for the
Coulomb potential, or, more generally, of states around the fragmentation
threshold for a non-Coulomb potential, via the establishment of analyticity
and of continuity across threshold, has been the aim of the work which is
briefly reviewed in this section. Its details and prototypical applications can
be found in Refs. [126-129]. The fundamentals of the theory were developed
and applied by two of us in 1985-1986 [126, 127], soon after the publication of
the 1983 comprehensive review article by Seaton [142]. In contradistinction
to the standard QDT, D the Komninos-Nicolaides theory and formalism do
not utilize explicitly the “base pair” of regular and irregular functions, are
not based on the mathematical properties of Coulomb functions, and do not
separate the configuration space into an “inner” and an “outer” region.

5.2.2. Background essentials

We start by focusing on Seaton’s work [142]. The essence of his approach
lies in the construction of a pair of linearly independent solutions for the
Coulomb potential, which are analytic in energy (both positive and negative
values). The use of such a pair of solutions constitutes the hallmark of the
standard QDT.

For the Coulomb potential, the regular solution has the asymptotic form
fur) ~ sin (kr + 2log2kr — % + o) and fulfils the condition of analytic-
ity. On the other hand, the irregular solution, whose asymptotic form is
m(r) ~ cos (kr+ 2log2kr — 1% + 07), is not analytic in energy. The recipe
that Seaton devised in order to establish analyticity across the IT consists
of constructing an irregular function in the form of the superposition g(+) =
fi(r) — G(k)ni(r), eq. 2.38 of Ref. [142], such that it is an analytic function of
the energy. G(k) is expressed in terms of digamma functions, eq. 2.35 of Ref.
[142]. Having proven this result, Seaton could derive formulas concerning
the upper part of the discrete spectrum from information obtained for the
continuous spectrum close to the IT.
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A linear combination of the hydrogenic functions mentioned above can be
used to describe the asymptotic part of any atomic state where the Coulomb
potential dominates beyond a chosen (rather arbitrarily) radius, 7. Then, by
matching this solution with the inner region of the wavefunction, one can
obtain, depending on the value of energy, the phase shifts or the quantum
defects and from there produce information on spectra. This information
is usually produced via the use of QDT parameters which are obtained
empirically. In cases where the aim is for the standard QDT to be imple-
mented from first principles, R-matrix-type theories have been employed,
e.g., Ref. [130].

Seaton’s mathematical analyses and methods can explain, in principle,
the perturbed spectra on both sides of the IT of a Coulomb potential. On
the other hand, Fano [143, 144] recognized that QDT could be simplified
and generalized by imposing conditions of smoothness rather than analyt-
icity. As a consequence, he was able to connect aspects of the QDT to a
formalism that utilizes a combination of the scattering K-matrix [3] with
CI [145-147]. Based on this work, Greene, Fano and Strinati [148] extended
the QDT formalism to potentials other than the Coulomb. As they state in
the abstract, “Quantum defects are generalized to eigenvalues of a reaction
matrix, as in Seaton’s work, but this matrix can now be calculated even
below threshold energies with the introduction of a ‘smooth” Green’s func-
tion appropriate to QDT applications.” In subsequent work, Greene et al.
[149] connected QDT to the WKB theory, thereby generalizing the original
results of Ham [137].

From the point of view of the state-specific approach, which ultimately
employs the method of CI in order to solve the problems with which stan-
dard QDT has dealt, two major characteristics of QDT have to be dropped.
The first is the use of the base pair of functions and the second is the separa-
tion of space into an inner and an outer region. This is because we want to use
true wavefunction representations of the eigenstates of both the discrete and
the continuous spectrum. This means that, on the one hand, valence state
wavefunctions (e.g., for DES or MES) are optimized separately, and on the
other hand a complete set of wavefunctions which are regular at the origin
have to be used, consisting of square integrable and of delta function energy-
normalized scattering orbitals. This method employs off-the-energy-shell
multichannel K-matrices which produce the wavefunction over the whole of
space, in contrast to on-the-energy-shell K-matrices which produce only the
asymptotic part of the wavefunction. In the resulting formulation, the cause
of the non-analyticity becomes obvious since it is due to poles corresponding
to the energies of the Rydberg series (see section IVa of Ref. [126]).

Having realized the source of non-analyticity of the total wavefunction
as a function of energy, Komninos and Nicolaides [126] proposed a math-
ematical technique that leads to analytic wavefunctions by subtracting the
contribution of the poles. Specifically, the wavefunction (i, j are channel
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indices):
Tin "‘ 7 1 -
Wi =Ui + Z Z Ui, =—— E_EL, Kig,, je + Z p / AE'Uip —— E_E Kip i
Ny
— ) U Gi(E)Kig e (36)

P denotes principal value integration. N is the number of channels below

the IT, E:‘h. We stress that the energy can assume values above E;‘h as well.
The K-matrix satisfies a Lippmann-Schwinger type equation:

~ T ~ , ~
Kig,ie = Wi j& + Z Z Wit g, ﬁKﬂfm JE+ Z p / dE' Wig e E_F Kip i
i " — Lin 1
Nel ~
- Z Wz‘E, ZEGI(E)KZE, jE (37)
I
The quantity
WiE,jE’ = Vg, jE T ESg, JE/ (38)

is defined in terms of the residual interaction and overlap matrices derived
from the matrix elements between zero-order channel functions,

(U;‘E |H — E| qu’) = (E - E)5i/‘5(E - E/) + WiE,jE'/ (39)
Finally, in atomic units,
1+e

GEM =" 4 p / de’

— Ein

(40)

For each channel, the total energy, E, equals the ionization energy of this
channel plus the energy of the Rydberg/free electron orbital. That is, E =

Eth 4 ¢, where ¢ can be positive or negative.
For the case of the Coulomb potential,

Z? 08, 7?2
in = — 5, Tin = S —. (41)
2(n — i) on (n— )
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In the wavefunctions entering in the matrix elements of Eq. (38), both
the Rydberg and the scattering orbitals are energy normalized. For hydro-
genic Rydberg orbitals this is achieved by multiplying the usual volume-
normalized orbitals by n*?, e.g., Ref. [150]. Since 2 o n’, this opera-
tion results in energy-normalized bound orbitals. This is essential in order
that the inner parts of the wavefunctions around the IT have comparable
magnitudes.

We emphasize that we employ a fixed-core HF basis set of Rydberg/free
orbitals and not hydrogenic ones. This fact implies that they carry a state-
dependent zero-order quantum defect or phase shift. Additional impor-
tant contributions arise from interelectron interactions, such as interchannel
couplings and resonances.

The effect of the summation in the G function is to cancel the poles, while
the integral simply provides a —loge term which cancels a similar term
originating from the sum. Consequently, the wavefunction, thus modified,
is now analytic in energy.

For the Coulomb potential, the function G is expressed in terms of
digamma functions (see Ref. [126] for details). Indeed, it is analogous to the
G function of eq. (2.34) of Ref. [142], which was derived through a totally
different approach. Specifically the Seaton G function is defined as a deriva-
tive with respect to a variable, A, whose integer values, ¢ are the quantum
numbers of the angular momentum.

We point out that expression (36) for the wavefunction holds in general,
regardless of the potential. This fact implies that, given a many-electron sys-
tem and a particular potential seen by the outer electron, what is important
is to be able to compute, at least numerically, a zero-order complete basis
set. In cases where valence or inner-hole excited resonances are present,
the calculation of their wavefunctions is done separately, as described in
Section 5.1.

Furthermore, its has been shown [129] on general grounds, via the use of
the Mittag-Leffler theorem for analytic functions, that our G function can be
written as

_ | KE), E>E
G(E) = { J(E) 4+ m cotmv, E < E:ﬁ ! (42)

where v comes from the functional form of the energy spectrum below the
IT, E = E,. The explicit form of the function J(E) depends on the potential.

Having obtained the above results, a unitary transformation exists
[126, 129] such that the G function in the last term of Eqgs. (36 and 37) is
replaced by a new function, Gy4nsf(E), which is zero for energies above and
7 cot v for energies below the IT. In other words,

0, E> Egy,

cotmy, E < Eth (43)

G(E) — Gtransf(E) = {
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The corresponding wavefunction does not have complete analyticity. How-
ever, it is smooth across the IT. It is worth noting that this wavefunction
is identical to the one derived by Fano via a totally different method,
egs. (17-20) of Ref. [145].

5.2.3. Formal results and outline of the computational methodology

The wavefunctions of Eq. (36) are in a form suitable for computation. How-
ever, they do not constitute an orthonormal set. This is rectified by choosing
a particular linear combination, the so-called eigenchannel wavefunctions,
which has the desired property. Specifically, the orthonormal set has the form

W = Z WiBj, cosn,, (44)

where 1, are the eigenphase shifts given by the eigenvalues of the on-the-
energy-shell (meaning equal total energies) K-matrix

1
Z KigjeBj, = — p tan 7, B, (45)
j

and Bj; are real coefficients forming a unitary matrix,
1

In Eq. (44), multiplication by the cosine of the phase shift ensures
normalization.

As defined above, an eigenchannel is a superposition of standing waves in
all channels with a common phase shift.

The first use of the eigenchannels was made in the context of the coupled
equations approach of scattering theory [3]. However, in such approaches,
there are problems of convergence which become progressively serious, if
not insoluble for many cases.

In our case, the eigenchannels are used in the context of a K-matrix CI
approach whose origins can be found in Fano’s work [146, 147].

We now consider wavefunctions that satisfy boundary conditions.

The asymptotic form of the (standing wave) eigenchannels is a simple
expression,

2
Wi > Y7\ [ —sin (ko) + 8+ 1m,)Bs, (47)

where W¢ are the core N-electron wavefunctions and §; are the phase shifts
for the zero-order basis set. (For example, in the case of the Coulomb
potential, this would be a fixed-core HF basis.)
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Of special and broad interest is the process of photoionization. In this case,
the boundary condition on the real energy axis requires incoming waves

in all channels and a single outgoing wave in a particular channel. This is
achieved by choosing

Wi =) Wpe Bl (48)
A

as can be confirmed by separating the outgoing- and the incoming-wave
components in Eq. (47). The asymptotic form of Eq. (48) is then,

1 2 . 1 2 . . ,
\.IJ_(f) —\I’C = ik \I—’C _L o —ig(ki,r) —15,‘51"' —i8; , 49
W e T Y e S, @)

Si =) Bue ™"Bj (50)
A

where,

is the scattering matrix that incorporates the interchannel interaction.
Combining Egs. (44 and 48) we express the incoming boundary condition
wavefunction in terms of the S-matrix

. 1 s
W = Y W55y S 61)

In order to avoid misunderstandings, we emphasize that the present dis-
cussion utilizes real energies and the scattering wavefunctions are defined
according to the chosen boundary conditions. We do not use complex
energies and corresponding boundary conditions that are appropriate for
the energy-dependent definition and computation of resonance states,
e.g., Ref. [1].

5.2.4. Presence of MES
As is shown schematically in Figure 6.3, inside both the discrete and
the continuous spectrum there are states labeled by doubly or multiply
excited valence electron configurations or by inner-hole configurations,
whose energy is embedded inside the channels of single-electron excitation
of the same symmetry. Their mixing produces perturbation of the discrete
Rydberg wavefunctions and spectra or the appearance of resonances in the
continuous spectrum.

In order to describe formally and implement computationally the results
of such mixings, the theory of the previous paragraphs must be extended.
The basis for doing so in the framework of the state-specific methodology is
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found in Fano’s comprehensive mathematical treatment of the problem of CI
in the continuum [146, 147].

Let @, be the bound wavefunctions describing MES. Then, the total wave-
function will be a combination of functions of the type of Eq. (36) and of
functions of the form:

Y, = +ZPdeu,E, K, (52)
where
1
Kqu - iEq + ZP/dE/ {120 i — E_FE KIE A (53)
and
Wil_f,q = ViEg — ESil::,q (54)

For reasons of simplicity we have not included in Eqgs. (44—45) the Rydberg
summation and the terms containing the G function, see Eqgs. (36 and 37).

Below, we shall illustrate the method for the special case where the inter-
channel coupling can be neglected, i.e., W; ~ 0, in which case Ki, & Wig,,
while only one excited state, say ®,, is present. Details about the general case
can be found in Ref. [126].

The zero-order channels are coupled indirectly through their interaction
with the MES, producing the eigenchannels

1
W = {Z UieBy + |:®o + ZP/dEUisE s 1;0:| CO} COS 1y, (55)

The requirement that the Hamiltonian is diagonal in the space of the W;;
functions gives the condition

> Wy:.B; — [E — Eg — F(E)IC, =0, (56)

where E| is the zero-order energy of &, and

1

FE) = 3P [ dEWae g Wi 7)

is an energy shift produced by the second-order interaction. Solving with
respect to C, and putting,

1
K, JE = Wiy mwo, JE (58)
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allows us to write the eigenchannels in the form:

1
\I‘IAE = Z U,-E B[}L + Z / dE’u,'E/ mK;E/,]‘EBM + CD()CO cos 1, (59)
i i

The eigenphase shifts and the mixing coefficients of the eigenchannel wave-
functions are obtained by solving the eigenvalue problem:

1
ZKZE jEDj = —; tan T'])LBI‘)L. (60)

Because of the special form of the K" matrix, there is only one nonzero
eigenvalue,

4 Z ]EO
t L A 1
o E—EO—F(E) (61)
corresponding to the eigenvector
Wi
Bo= $ (62)
/Z W,
In this case,
> (Wieo)?
]
Co=————"= 63
" E—E,—F(E) 63)
The quantity
P=mY (Wgo) (64)
]

is equal to the half-life of the excited state.

Thus, the phase shift varies rapidly as E passes through the energy E,
Ey+F(E,). This variation shows up in matrix elements and leads to a resonant
behavior. For this reason, W, represents a resonance state. On the other hand,
the eigenvectors corresponding to the zero eigenvalues are solutions of the
system

Z Wo,jEBjA =0 (65)
j
and represent continua decoupled from the excited state since in this case
Co=0. As such, they are of little interest contributing only a smooth back-
ground.
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A well-studied case of such a resonance state is the one produced by the
“2s2p” 'P° DES of He which is embedded in the 1sep 'P° continuum and
can be populated through a dipole transition from the 1s* 'S ground or the
1s2s 'S metastable state. According to the state-specific methodology, the
DES can be represented optimally by a three-term MCHF wavefunction, with
configurations 2s2p, 2p3d, and 3s3p, while the scattering basis set is repre-
sented by fixed-core 1sep HF functions. In this way, the computations not
only are accurate but are also economic, allowing the transparent solution
of the TDSE for novel problems, such as the time-resolved formation of the
autoionization profile [151].

Additional applications have been carried out for prototypical (at the time)
problems, such as the photoionization of He in the energy region around the
second IT [127], or the photoabsorption of the Al ?D relativistic] = 5/2,3/2
spectrum [128, 129]. In the former example, it was possible to compute cross-
sections by reaching energies very close to the n = 2 threshold [127]. In
the latter example, which involves a 13-electron system, the calculation was
carried out from first principles and revealed the details of the perturbation
at the Breit-Pauli relativistic level of the Al KL3s*1(¢)d *D channel by the
series of correlated excited state wavefunctions labeled by the KL3s3p* D
and KL3s3pnp *D configurations. Oscillator strengths, quantum defects, and
fine structures were obtained and showed, for the first time for such a system,
very good agreement with experiment.

6. APPLICATIONS OF THE SSEA

The SSEA has been applied to the solution of a number of prototypical
TDMEDPs. Here we review briefly the following cases:

1. The multiphoton electron detachment from Li~ with photon energies of
fiw =1.36 eV [54].

2. Time-resolved hyperfast processes of strongly correlated electrons during the
coherent excitation and decay of multiply excited and inner-hole excited states
[118].

3. The significance of electron correlation and of state symmetries in the interaction
of strong laser pulses with He ~ 1s* 'S [122].

4. The computation of the time-dependent excitation of high-lying Rydberg
wavepackets by laser pulses interacting with electrons via the full multipolar
interaction operator [55-57].

6.1. The multiphoton electron detachment from Li~ with photon
energies of hw =136 eV [54]

The first application of the SSEA to a many-electron system was to the
TDMEP of the multiphoton electron detachment from the ground state of
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Figure 6.4 The parts of the Li~and Li spectra involved in this study.

the negative ion of Lithium, 'S [54], with photon energies of ho = 1.36eV
(9116 A). Figure 6.4 shows the corresponding energy spectrum for the
absorption of up to two photons.

The Li~ calculation of 1994 [54] constitutes a prototypical demonstration
of how the SSEA accounts in a systematic way for the interplay between
nonperturbative dynamics (on the one hand) and electronic structure, elec-
tron correlation, and interchannel coupling in the continuum (on the other
hand). The initial state wavefunction is obtained as a superposition of the
most important optimized configurations representing the overwhelming
part of electron correlation that is relevant to photoabsorption(Ref. [40]
and Section 5). In the case of Li~, this correlated wavefunction is domi-
nated by a multiconfigurational zero-order wavefunction [a(1s*2s?) + b(1s*2p*)]'S,
for which the numerical solution of the MCHF equations with n=2 and
n=23 configurations produces a=0.933 and b=0.360. Thus, instead of a
single-electron or a single determinant model (in fact, in order to cir-
cumvent the MEP, there are many publications on various topics where
negative atomic ions are represented by single-electron parameterized
potentials), the ground state was treated as a system of four electrons
moving in a multiconfigurational central field while interacting with each
other.

Given the energetics shown in Figure 6.4, the absorption of one such pho-
ton ejects the electron above the Li 1s?2s S threshold, and absorption of
two photons ejects it above the Lils*2p *P° threshold. Hence, since the sin-
glet excited state discrete spectrum of Li~ is empty, this TDMEP involves a
correlated initial wavefunction and term-dependent scattering channels cor-
responding to the two thresholds. Because of the energy range that we chose
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to investigate, the higher lying scattering resonances of Li~ were not included
in the expansion.

In lowest order of transition processes, the scattering open channels are
the Li~ [1s*2s *Sep] 'P° and the Li~ [1s*2p *P° ep] 'S, 'P, and 'D. How-
ever, when the solution of the TDSE to all orders is required, additional
scattering channels, i.e., states with additional angular momenta, account-
ing for virtual dipole transitions in the continuum, must be included in the
expansion of Eq. (26). Their final number is decided through the study of
convergence of the overall calculation of the quantity of interest. The sig-
nificance of states with angular momenta larger than the ones predicted by
LOPT is emphasized in the example (iii) concerning He.

In the computations of Ref. [54], the following channels (both parities)
were found to produce good convergence:

Threshold 1 (1s*2s 2S): ®(Lq),E, + &) — 1s*2s?Sel, Lyy = 'S,'P,'D
Threshold 2 (1°2p *P°): ®,(Ly;E, + ¢') — 1s?2p ?Se’¢, Lp) = 'S,'P,'D

Due to their simple structure, the core wavefunctions 1s?2s 2S and 1s*2p *P°
were represented by HF wavefunctions. The basis set of bound orbitals and
of the energy-normalized scattering orbitals, ¢ and ¢¢, were computed
numerically from separate calculations via the term-dependent HF scheme.

Details of the calculations and the corresponding results are presented
in Ref. [54]. Here we include the results from figure 7 of Ref. [54], as
Figure 6.5, which depict the probability %22 for ATD, without (i.e., only the
HF 1s?2s* 'S wavefunction is used) and with electron correlation in the ini-
tial state, for peak intensity I = 1.12 x 10> W/cm?, for pulse duration of
7 cycles. The difference in these two spectra was a simple as well as compre-
hensive demonstration of the dramatic effect that electron correlation may
have in such cases of multiphoton ionization.

We give a few details: A series of peaks appear whose separation is differ-
ent than %iw. This is explained by the fact that the total ATD spectrum consists
of two partial ones. The first series of equidistant peaks located at the energy
points nw — |E; — Eg|, n > 1 (the ponderomotive shift is negligible) corre-
sponds to the first threshold, while the second series at nw — |E, — Ey|, n > 2
corresponds to the second threshold. In addition, the field-induced interchannel
coupling gives rise to additional peaks in the partial ATD spectra.

When comparing Figures 6.5a and b differences can be seen. For example,
the fourth peak located at 2w — |E; — Ey|, corresponding to the absorption
of two photons above the first threshold, is considerably lower. This means
that the angular correlation in the initial state, 1s*2p?, is reflected signifi-
cantly on the final-state probability distribution through the field-induced
coupling: 1s°2p? fiw 1s°2p,&'d hw 1s*2s,ed. (The initial state MCHF orbitals

of Li" are not the same as those of the final-state Li thresholds.) Similarly,
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Figure 6.5 Li~1s’2s> ATD spectra of Li~irradiated by a pulse of duration of 7 cycles, with
peak intensity [ =112 x 10” W/cm? and w =1.36 eV. (a) The initial state wavefunction contains
the 1s”2p” correlation configuration. (b) The initial state wavefunction is represented by the
15?25 HF function. The solid line corresponds to the peaks of the first threshold, while the
dashed line corresponds to the peaks of the second one [54] .

the third peak located at 3w — |E, — E,|, corresponding to the absorption of
two photons above the second threshold, is larger. Finally, the fifth peak in
Figure 6.5a, located at 4w — |E, — E;|, which corresponds to the absorption of
three photons above the second detachment threshold, is attributed to initial
state correlation.

6.2. Time-resolved hyperfast processes of strongly correlated
electrons during the coherent excitation and decay of multiply
excited and inner-hole excited states [ 71a, 118]

Significant advances in the production and use of attosecond pulses have
been made during the past few years [152].
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As regards the desideratum of electronic spectroscopy in the attosecond
regime, in 2002 we published the first ab initio many-electron calculations
and analysis with the aim of exploring the degree of relevance of the attosec-
ond scale to the correlated motion of pairs of electrons [71a]. Specifically,
our initial work dealt with the computation of the time-dependent coher-
ent excitation and decay of doubly excited resonances which are reached via
the interaction of Helium with two high-frequency pulses. The ab initio cal-
culations produced quantitative results about the amplitude of oscillations
between the heavily mixing states (electron correlation oscillations) whose
frequency is in the attosecond range. Furthermore, the exponential autoion-
ization decay as well as the time-dependent geometrical variations of pairs
of electrons due to electron correlation was time-resolved [71a].

A much harder calculation of coherent time-dependent excitation and
decay in a polyelectronic, open-shell system was published in 2007 [118].
Specifically, as a prototypical application of the SSEA to a complex sys-
tem, we chose the problem of the time-resolved coherent excitation and
decay of the 2s-hole 1s?2s2p®3s?3p *P° Auger states of Aluminum, where
the dominant channels representing one- as well as two-electron continua
are taken into account. In the following paragraphs, we explain how these
computations were done.

The overall excitation-decay scheme involves the following transitions:

Al" 1s?2s2p°3s?3p °P° + &1p,

A) Al 1s*2s*2p®3s°3p *P°+ h
(A) §£872p 987 op +n — Al* 1s2252p°3s23p 'P° + £,p,

(B) Al 1s°28*2p°3s°3p *P° + hv — Al""[1s?25*2p°3s* *P°e*P°le’p °L
¢=s,d,’L="7S,%P,’D

Auger decay
B

(C) Al" 1s*2s2p°3s°3p>'P° Al 1°28°2p°3s” *P° + &¢.

The energy differences in the scheme (A, B, C) are realistic with respect
to currently available light-pulse sources. The pulse ejects the 2s electron,
creating Auger states in which electron pair rearrangement of the type
(2p,3p) — (2s,8¢), £ = s, d, leads to a symmetry-restricted decay into only
two Auger channels, the Al™" 15?2s?2p°(*P°)(3s? S)es, ed '°P°. Because of
constraints of symmetry and electronic structure, this sequence is less com-
plex than other possible ones, such as the ones involving a 2p-hole state
or electron pair rearrangements of the type 2p3s <> 2sep (rather than the
2p3p <> 2sed one). In spite of the fact that open-shell states are involved,
the ab initio solution of the TDSE for the above scheme is computation-
ally tractable within the SSEA. In carrying out the relevant calculations the
assumption was made that the magnitude of the essential physics is not
altered by interchannel coupling, which is therefore left out.
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In process (A), the 2s subshell of the ground state is ionized by
the electromagnetic pulse. In the EDA, two final LS-coupled core states
are reached, each with its own self-consistent field and its own cor-
relation effects. (The approximation which is often made in various
types of calculations, namely taking the same orbital and N-electron
functions for such multiplet terms, contains errors.) The corresponding
energy-normalized scattering orbitals are labeled by &p, and ep, and
are computed as term-dependent functions in the fixed HF potential of
the core.

In process (B), the same pulse ejects two electrons, one occupying the
3p orbital and one occupying the 2p orbital. The pairs of uncorrelated
orbitals representing the two free electrons are labeled by (¢d,e'p). Other
combinations of orbital angular momenta for scattering orbitals are left out,
for reasons of computational economy. The resulting two-electron contin-
uum is degenerate with the one created by (A) and the subsequent Auger
process (C).

In process (C), the Auger electron orbital is labeled by &¢ = és, &d.

For the problem of interest here, the evolution is driven by the coher-
ent time-dependent superposition of the amplitudes for (A), (B), and (C).
The structure of the SSEA is such that it allows the control of the type
and the size of the computation for each problem of interest. In Ref.
[118], in order to render the overall calculation attractive from the point
of view of computational effort, we had to reduce its overall magnitude
while keeping the parts that produce the important information for this
problem.

For example, each physically significant wavefunction entering in the
expansion was represented by a state-specific HF function, thereby omit-
ting terms representing the localized electron correlation of each state. Of
course, due to the Hamiltonian interaction matrix elements, a variety of
CI effects are automatically accounted for, while solving the TDSE via
the SSEA, including those causing the autoionization, (2p,3p)— (2s,éd).
Also, no account for electron correlation in the two-electron contin-
uum produced by direct ionization was taken. This type of possible
interaction cannot change the essence of the herein calculated phenom-
ena. In addition, one Auger channel was excluded. Specifically, the

Al* 2s-hole state decays into the continua 1s°2s°2p°3s’e 13p°, g=sord,
during and after the interaction with the laser pulse, and the matrix
elements < ®"("P°)ep *LIHAom |5 (CP°)el) 1f?’P"s’p 2. > account for
autoionization. In the spirit of the SSEA, the terms representing the 2p3p <
2ses rearrangement were not included in the final calculations since, for the
'P° channel which is the most important (see Figures 6.6a and b), the cor-
responding matrix elements are one order of magnitude smaller than the
2p3p <> 2sed ones.
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Figure 6.6 (a). Integrated, over the energy ¢’ of the &'p scattering orbital, probability
distribution of the Al (1s2s?2p°3s’d)'P° &’ p continuum states as a function of energy & and
of time t. The Al ground state ?P° interacts with a trapezoidal laser pulse of duration 450 a.u.
(10.9 fs) with Tyise = Toer = 94 as, frequency @ = 4.851a.u. (132 eV) and intensity

875 x 10" W/cm?. For this frequency, the atom is excited to 4.1 eV above the 2s-hole state
(1s*252p®3s*3p)'P°. The percentage of the initial state population that ionizes is very small,
only 0.02%. The Auger energy distribution exhibits a Fano-type asymmetry with peak value at
317 eV. (b). As in (a), but for the Al (1s?2s*2p*3s’ed)’P° &’ p continuum states. The Auger
energy distribution is essentially symmetric [118].
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The explicit form of the time-dependent wavefunction,Wggp A (t), was,

WegpA (1) = a(t)®o(P°) + / de Y Ch (e )N CP)ep 2L
0 L

+ / de 3" CL (e )N (P)ep L]

, (66)
’ L ’ 10N 2po 3P0 /o 2
+ / 0/ dede XL:D3 (e,6' H(PONCP)ed) *Pe’p 2L]

+ / / deds’ " Dt (e,6 HI(@IONCP)ed) 'Pe'p *L]
0 L

where, ®,(°P°), ®{"(°P°), & "('P°), and ®y"(*P°) are numerical HF func-
tions for the Al KL3s?3p 2P°, Al" 1s*2s2p°3s3p °P°, Al" 1s*2s2p°3s”3p P,
and A1T T 15°2s2p°3s” 2P° configurations, respectively. The corresponding
energy differences from the ground state, ®,(*P°), are, 4.686 a.u., 4.701 a.u.,
and 3.457 a.u.. The label L stands for S, P, and D symmetries. The energy-
normalized scattering orbitals are obtained numerically in the frozen-core
HF approximation. The orbitals ¢'p and sd were obtained from two indepen-
dent computations, the first in the field of CID(‘]"“(LSP0
field of ®{"(*P°).

The interaction Hamiltonian (EDA in the length form) had a trapezoidal
temporal shape. The values of the field strength, F, were in the range from
the weak-field limit, where perturbation theory holds, to higher values. In
the nonperturbative regime, one may see a time-dependent large population
transfer that takes place from the Al ground state. Furthermore, the time-
dependent decay of the Auger states exhibits the expected exponential law.
For example, for the Al™ 2s-hole Auger state (15°2s2p°3s”3p) 'P°, which inter-
acts mainly with the continuum states (1s*2s*2p°3s”)?P°¢ed, the autoionization
lifetime which is associated with the exponential decay is 5.7 fs.

As another exemplar of the results of these computations [118], we chose
to reproduce figure 3 of Ref. [118]. This is shown here as Figure 6.6. It
represents the first ab initio theoretical-computational demonstration of
the time-resolved formation of the interference-induced asymmetric profile
during the creation of an inner-hole Auger state [118, 151, 153].

) and the second in the

6.3. The significance of electron correlation and of state symmetries
in the interaction of strong laser pulses with He 1s* 'S [122]

For problems where an atom in its ground state interacts with a strong laser
pulse, say of intensities higher than 5 x 10 W / cm?, the issue arises as to
which extent electron correlations determine the time evolution of the system
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so as to produce observable characteristics that would be absent if it were not
for the participation of electron correlation. The concept has already been
discussed in Section (1) with the analysis of the effects of electron correlation
in the negative ion of Lithium.

Some time ago, Moiseyev and Weinhold [154] examined the problem of
the quantitative understanding of the production of HHG in Helium for
photon energies of 5 eV. They adopted a model where the participating in
the computations correlated wavefunctions had only 'S and 'P° symmetries.
Based on the corresponding results, they argued that HHG is largely due to
what they called dynamic correlations, rather than to one-electron excitation.
Specifically, they concluded that “Harmonic generation spectra in He can be
treated as a single Floquet mode phenomenon” [154, p. 2103]. Regardless of
the level of complexity of the calculations of Ref. [154], we considered that
the choice of just the two state symmetries, 'S and 'P°, which are the ones dic-
tated by LOPT, needed further exploration before reliable conclusions could
be drawn [122]. To this purpose we employed the SSEA in order to com-
pute and analyze the time-dependent response of He 'S to a laser pulse of
A = 248nm, whose strength is sufficiently high to saturate ionization [122].
The temporal shape of the pulse had the sin’ (%) form, lasting for 20 cycles.
We obtained results for

(¢) Multiphoton ionization rates for peak intensities 4 x 10 — 1.3
x 101 W / cm?.

(B) Spectra of ATI and characteristic PADs.

(y) The HHG spectrum.

For (B) and (y), three intensities were used, 6 x 10", 8 x 10", and
3.46 x 10° W / cm”.

Three types of calculation were carried out, with and without electron
correlation, since the aim was to study the effect of electron correlation, of
DES and of states of symmetry higher than 'P°, as a function of intensity.
Our complete and final results were obtained by including in the expansion
the following state-specific wavefunctions, which correspond to the basic
features of the energy spectrum:

1. Initial state, He 1s* 'S: A ten-term MCHF wavefunction, consisting
of the configurations 1s?,2¢%, 2§>2, ..., 4f. The dominant coefficients are
0.996(1s%), - 0.061(2s%), 0.062(2p”). The orbitals are in numerical form.

2. The discrete spectrum consisted of state-specific wavefunctions represent-
ing the Rydberg states 1sn¢, up to n = 20 and ¢ = 12. The wavefunction
for each of these states, except the first seven of 'S symmetry (see below),
was computed numerically by solving the corresponding HF equations.

3. The first seven excited Rydberg states of 'S symmetry were represented
by a,,(1sms) + b,,(1s>) MCHF numerical solutions, m = 2,3, .. .. The solu-
tion of the HF equations for the (I1sms) 'S states must be done in the
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presence of the 1s® 'S configuration so as to avoid inaccuracies due to
convergence errors.

4. The state-specific, correlated, localized wavefunctions of the n = 2 DES,
2%, 2p°1S, 2s2p 'P° and 2p” 'D were included. The theory and justifica-
tion of the computation of the localized component of resonance states is
discussed in Ref. [1]. Since it takes 12 photons of 2 = 248 nm to reach these
DES, which lie around 60 eV above the ground state, and since the expan-
sion included the scattering states for the one-electron continuum up to
110 eV, it is unnecessary to consider the infinity of DES between 60 and
79 eV (which is the two-electron IT).

5. The energy-normalized scattering wavefunctions, 1sel, were computed
numerically by the fixed-core HF method, for energies up to 4.03 a.u. in
steps of 0.004 a.u. and for angular momenta/ =0, 1,...,15.

Using the above wavefunctions, the number of the resulting coupled differ-
ential equations, whose solution produces the time-dependent coefficients,
is of the order of 16 000.

Here we stress that, regardless of the number of electrons in the atom
(molecule), the overwhelming number of terms in the SSEA comes from the
continuous spectrum. In general, the number of discrete states with any sig-
nificant participation is relatively small. Of course, their computation must
be done accurately.

The complete list of computations and results can be found in the original
work [122]. Here we recall that the SSEA results revealed in a transparent
and systematic way the relative role of all types of states in the spectrum.
Furthermore, and most important as regards the original motivation of this
work, it was demonstrated that, for this nonperturbative problem, in order
to describe the phenomena of ATI, of PADs, and of HHG, conclusions based
on the consideration of just the two symmetries 'S and 'P° are unreliable.
Instead, for Helium interacting with the A = 248 nm (5 eV) pulse, when
the intensity reaches about 10° W / cm?, in order for reasonably converged
results to be obtained, well-represented states with symmetries up to at least
15 1p° 1D and 'F° must be included. We note that in the SSEA calcula-
tions of Ref. [122] we studied convergence quantitatively with symmetries
uptoL = 15.

6.4. The computation of the time-dependent excitation of high-lying
Rydberg wavepackets by laser pulses interacting with electrons
via the full interaction Hamiltonian [55-57]

In Section 4, we referred to the issue of the proper choice of the form of
the EMF-atom interaction. In the example of this section, this issue is dis-
cussed in the context of the problem of processes of excitation and ionization
involving directly high-lying Rydberg states and wavepackets.
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Let us turn to the EDA of Eq. (18). Although the notion of a single » for
a transition matrix element may be ambiguous, practically it refers to the
less extended wavefunction of the two. One obvious case where the EDA
breaks down in normal problems of photoabsorption is when the wave-
length becomes very small, i.e., toward the X-ray region. For example, if the
initial state is the 1s of hydrogen, then the quantity kr becomes unity when
the ionizing radiation has a wavelength of 1 ~ 6.6 A.

A different source of possible breakdown of condition (18) appears in sit-
uations where, even for not too short wavelengths—say, from 8000 A to
800 A—the wavefunctions that become involved in the coupling matrix ele-
ments are very extended. For example, in hydrogen, for the n = 50 Rydberg
state, the outer classical point, r, = 2n?, is at 5000 A. This means that the
quantity kr, is unity for A ~ 16600 A.

The consequences of such a case were investigated, formally and compu-
tationally, in Refs. [55-57]. Specifically, the application involved the ab initio
calculation and analysis of angular Rydberg wavepackets in highly excited
hydrogen, a theme that was first discussed within the EDA by Corless and
Stroud [155]. Among other things, our work showed that, when solving
the TDSE to all orders, because of off-resonance couplings the EDA loses
its validity completely. This was achieved by comparing the EDA results
with those that were obtained, for the first time, from SSEA calculations that
employed the full atom-field interaction that was expressed in a suitable
form [55-57] based on the multipolar interaction (Eq. 19).

The problem can be stated as follows:

Suppose high-lying Rydberg states and wavepackets have been excited
and are allowed to interact with an EMF, either the same as the one that
caused their excitation or a different one. Such interactions can, in princi-
ple, cause a number of phenomena, depending on the features of the field
and of the particular spectrum. Given that the degeneracy of a nonrela-
tivistic hydrogenic state is n?, the number of levels involved at a particular
n and its surroundings becomes rapidly huge. Depending on the wavelength
and on the intensity of the field, the interaction can couple either closely
lying Rydberg states or Rydberg with scattering states, or both. The question
that was asked is the following: What is the physically meaningful form of
this coupling and how does it affect the time-dependent dynamics? Even if
calculations became possible, is it valid to draw conclusions about a number
of aspects of the physics of Rydberg states and wavepackets based on the
EDA?

6.41. On- and off-resonance excitation of Rydberg states and the theme

of angular momentum wavepackets
We consider the case discussed by Corless and Stroud [155].The 1s state
of Hydrogen interacts with a weak field of wavelength suitable for excit-
ing Rydberg levels. Because of the small extent of the initial state, the
EDA is valid for the weak-field excitation process. Therefore, considering
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on-resonance transitions, a narrow laser pulse of central frequency
o =[1-1/1?]/2 ought to excite only np levels, individually or as radial
wavepackets. On the other hand, for the length form of the EDA the magni-
tude of the intrashell Rydberg-Rydberg interaction matrix elements, which
is given by 2ny/n? — £2, increases rapidly as n increases. It is then natural that
as n increases, the contribution of the intrashell matrix elements in a non-
perturbative solution of the TDSE should affect significantly the dynamics,
including the degree of excitation of angular wavepackets.

In view of questions such the degree of validity of the EDA, the form of the
operator and the degree of participation of the degenerate and nearly degen-
erate Rydberg levels, we implemented the SSEA by adopting a model which
we named the multimanifold intrashell approximation [55-57]. In this approxi-
mation, the coupling between states of different principal quantum number
were neglected. In other words, only the intrashell coupling matrix elements
for each hydrogenic manifold was included in the expansion of the SSEA.

A series of calculations were carried out, without and with the incorpora-
tion of the effects of the intrashell matrix elements belonging to a relatively
large number of hydrogenic manifolds surrounding the one which is con-
nected to the central frequency of the laser pulse. The intensity is weak, so
as to render the effects of multiphoton ionization negligible, while the dura-
tion of the pulse was in the picosecond range. Two forms of the atom—-EMF
interaction operator were used. The first is the EDA in the length form. The
second is the interaction to all multipole orders, expressed in terms of the first
term of the multipolar interaction, Eq. (19). The temporal shape was chosen
as a Gaussian, with a FWHM of 10 ps. Such a pulse was found by Parker and
Stroud [156] to drive optimally this hydrogenic system toward the formation
of coherent wavepackets.

6.4.2. Angular wavepackets excited by the length operator, 7, of the EDA
The calculations were done for long laser pulses (duration of the order of
50 ps), and for weak fields, with peak intensity around 10°® W/cm?. Because
of the weakness of the fields that were used, scattering functions were
excluded from the expansion. A series of results were obtained, of which,
for reasons of economy, only a few important ones are presented here. For
example, we computed quantities such as the time-dependent probability of
hydrogen remaining in the 1s state while interacting with the laser pulse,
Pis(t), the distribution of probability over angular momentum states and the
constructive and destructive movement of the wavepackets after the end of
the pulse.

The resonance excitation was taken systematically up to the n = 85 man-
ifold, for which our results are shown in Figures 6.7 and 6.8. For manifolds
excited resonantly from the 1s state with n. < 50, these weak-field cal-
culations indicate that Pig(t) is essentially insensitive to whether or not
the intrashell matrix elements are included. Although we do not show the
relevant results here, we report that, when these matrix elements are ignored,
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Figure 6.7 Time-dependent survival probability, P,(t), calculated without (solid line) and
with (dotted line) the intrashell interaction matrix elements, within the EDA. The initial
hydrogen state, Ts, interacts with a laser pulse of @ = (1 —1/n%)/2, N, = 85, 0f F=5 x 10>
a.u. and of duration 50 ps (FWHM =10 ps).
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Figure 6.8 The occupation probabilities, |t (Tenq)I*, at the end of the hydrogen—laser
pulse interaction (see the caption of figure (6.7)), for the states with n > 2. The numbering of

the states that are involved in the calculation is given with ngtates, which counts first the
states with £ = 0, then the states with £ =1, etc. The probabilities obtained without and with

the intrashell interaction matrix elements are shown with open circles and solid squares,
respectively. The peaks correspond to the various angular momentum quantum numbers ¢,

as shown in the figure.
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a coherent wavepacket consisting of np states is generated at the end of the
pulse, which oscillates around the nucleus, in agreement with the pioneer-
ing findings of Parker and Stroud [156]. Also significant is the fact that the
results of our multimanifold intrashell approximation are in essential agree-
ment with those of Nilsen and Hansen [157] where both the intrashell and the
intershell matrix elements are included in the overall calculation. Nilsen and
Hansen [157] computed the dynamics of wavepacket formation, within the
EDA, when the laser pulse excites resonantly the 7,., = 10 and 7,.,, = 11 levels.
Their computations showed that dynamical angular and radial wavepack-
ets containing a large fraction of high angular momentum states could be
generated.

Our results [56] concern the resonant excitation of the n = 85 manifold, by
a laser pulse of F =5 x 107° a.u., of frequency

W= (1 B 1/”%es)/2r

nres = 85 and of Gaussian temporal shape with FWHM = 10 ps. The final
size of the hydrogenic basis set (after the usual convergence tests) consisted
of hydrogen bound functions withn =1, 2,...,110and £ =0, 1,..., 10.

The probability P;s(t) for nres = 85 was calculated within the multiman-
ifold approximation, without and with the incorporation of the intrashell
matrix elements of each manifold of states included in the expansion. The
results are depicted in Figure 6.7. Contrary to the case of lower manifolds,
the effect of the intrashell matrix elements is now clearly visible.

Figure 6.8 shows the occupation probabilities, at the end of the pulse, for
the states with n > 2 for various angular momenta £, when only intrashell
couplings are included in the computation. The coherent wavepacket which
is generated consists, mainly, of both np and nf (¢ = 3) states. Although
the occupation probabilities for the states with £ # 1 are much smaller than
the ones with ¢ = 1, their effect on them is clearly visible. The “partial”
wavepackets that consist of purely £ = 3 or £ = 5 states are coherent, having
an uncertainty product ArAp, that is minimum ~0.5, with similar behavior to
the one with ¢ = 1, albeit with much smaller amplitudes. We found that this
behavior becomes more distinct as the peak intensity increases. Specifically,
the wavepacket which is now generated is less coherent and consists of states
with ¢ =1,3,5,... which are of comparable amplitudes. It appears that as the
field becomes more intense, the wavepacket starts breaking up into smaller
parts—in this case two—which are oscillating around the nucleus producing
destructive and constructive interferences.

On the other hand, when the intrashell couplings are not included in the
calculation, the intense field radial wavepacket is qualitatively identical with
the ones obtained with weak fields. In this case, the wavepackets for weak as
well as for strong fields oscillate in the same way.
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6.4.3. Angular wavepackets excited by the full multipolar
interaction, VP! (#)

ext

Three categories of calculations were carried out, characterized by the man-
ner in which we accounted for the contribution of the intrashell matrix
elements. In all cases, the same basis set was used with peak field strength
F =5 x 107 a.u. (intensity of 8.75 x 107 W/cm?).

The computations of the first category used the EDA with complete neglect
of the intrashell matrix elements. The computations of the second category
used the EDA and included the intrashell matrix elements. The computa-
tions of the third category employed the electric field part of Vi ™ (f) of
Eq. (19) and the intrashell matrix elements of all the manifold states that
were included in the expansion. In all cases, given the smallness of the size
of the 1s wavefunction compared to the radiation wavelength, the excitation
matrix element from the 1s state to the high-lying states is treated within the
EDA.

As with the EDA calculations, for reasons of computational feasibility we
did not include any scattering states in the basis set, since the field was weak,
8.75x10” W/cm?. On the other hand, for peak intensities many orders of
magnitude larger than the one used in this application, the effect of the con-
tinuum states on the formation of coherent wavepackets and on the various
multiphoton processes cannot be ignored. However, in that case, the solution
of the TDSE with the full electric operator would be a formidable task both
theoretically and computationally.

The basis set that we used, for each n,, from 7 to 50, contained the
states =M — 5,... Mres, -+, Mees + 5, £=0,1, ... s — 1, m=—4¢, ..., L
In spite of the absence of scattering states, as ., increases, the num-
ber of the states mixing according to the above algorithm, increases
enormously.

For n,s < 10, all three categories of calculation produce P14(t) that are
equal. Within the EDA, P14(t) remains essentially the same whether the
intrashell matrix elements are taken into account or not, for 7., <50 and
F=5x10"° a.u.

For n,s = 10, the results from the use of the full electric operator
start deviating from those for which the EDA was used. As #,
increases, this deviation becomes significant both quantitatively and quali-
tatively [56].

Figure 6.9 shows the three P14(t) for n., = 50. In this case, the abso-
lute difference of the two EDA Pi(f) is larger than the ones for n,, < 50
and its presence is now visible. The most important conclusion is that
when a complete calculation is carried out properly, using the intrashell
Rydberg-Rydberg interactions in conjunction with the full electric operator,
the results indicate clearly that for such or similar problems the EDA is
inadequate.
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Figure 6.9 The survival probability Py(t), obtained from three categories of calculation.
Solid line: EDA and multimanifold approximation without intrashell matrix elements. Dashed
line: EDA and multimanifold approximation with intrashell matrix elements. Dotted line: Full
electric operator interaction, in the multimanifold intrashell approximation. The laser pulse

characteristics are frequency @ = (1 —1/n}es)/2, nres = 50, peak field strength
F =5 x 10°au. (875 x 10" W/cm’), and duration = 50 ps (FWHM = 10 ps).

7. CONCLUSION

In a series of papers since 1993-1994, we have demonstrated that it is possible
to solve quantitatively a variety of TDMEPs in atoms and small molecules,
by expanding the nonstationary W(t) in terms of the state-specific wavefunc-
tions for the discrete and the continuous energy spectrum of the unperturbed
system. This SSEA to the solution of the TDSE bypasses the serious, and at
present insurmountable, difficulties that the extensively used “grid” meth-
ods have, when it comes to solving problems with arbitrary polyelectronic,
ground or excited states. Furthermore, it allows, in a transparent and system-
atic way, the monitoring and control of the dependence of the final results on
the type and number of the stationary states that enter into the expansion
that defines the wavepacket W(f).

The SSEA capitalizes on decades-old theory and experience of computing
self-consistent orbitals and correlated wavefunctions for ground and excited
states, as well as energy-normalized scattering functions and inner-hole or
MES, both with nonrelativistic and with relativistic Hamiltonians. In this
context, a unified theory and computational methodology for the compu-
tation of wavefunctions of channels for energies just below and just above
the fragmentation threshold has been described in Section 5.
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Finally, as regards the issue of the operator describing matter-EMF
interactions, we have implemented the SSEA at two levels of accuracy,
depending on the problems under investigation: The normal case employs
the EDA. In exceptional cases, we have demonstrated how to implement the
full interaction, using the “multipolar” Hamiltonian.

Obviously, there is much room for further development of the basic con-
cepts of the SSEA and for improvement of its methodology, as well as for
additional applications to new and challenging TDMEPs. In all cases, the
fundamental issue is how to identify and construct the wavefunctions that
are considered relevant to each problem. For example, the possibility of
treating correctly the contribution from two-electron continua is an open
question. Even if two-electron products of energy-normalized scattering
states are used as basis sets, the computational requirements of this (mul-
tichannel in general) problem are huge, and so its solution would require
dedicated effort and powerful computers.
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equation. This leads to complex energy eigenvalues and hence to a non-Hermi-
tian quantum-mechanical formulation. This paper discusses some rigorous ana-
lytical results of this formalism for potentials of finite range with applications
to scattering and the time evolution of decay.

1. INTRODUCTION

Resonant states were introduced by Gamow, in 1928, in the early times of
quantum mechanics, to describe the process of a decay which refers to a sit-
uation where an o particle, initially confined inside a radioactive nucleus,
goes out of it by tunneling [1, 2]. This constituted one of the first theoreti-
cal treatments of an open quantum system. In order to describe the above
process, Gamow considered solutions to the Schrédinger equation which
at large distances consist only of purely outgoing waves. This is physically
appealing because it yields an outward flux for the decaying particle out-
side the interaction region. Gamow realized, however, that the absence of
incoming waves in the solution at large distances leads to complex energy
eigenvalues. This was satisfactory because it led to the interpretation of the
imaginary part of the energy as the inverse of the lifetime 7z in the expo-
nential decay law exp(— f/7), and thus it provided a theoretical framework
for the understanding of the exponential decay law in quantum mechan-
ics. However, since the amplitude of resonant states increases exponentially
with distance, the usual rules of normalization, orthogonality, and complete-
ness do not apply. Nonetheless, the approach developed by Gamow was
very successful in describing a decay [1, 2] and in fact it constituted also
one of the first successful descriptions of tunneling phenomena in quantum
mechanics.

The vanishing of the incoming wave in the solution for distances beyond
the range of the interaction requires that the corresponding coefficient be
zero. For scattering in the energy domain, this corresponds to a complex pole
of the S-matrix to the problem. Already in 1939, this was noticed by Siegert
who used purely outgoing boundary conditions to derive a dispersion for-
mula for elastic scattering by a potential of finite range [3]. Although Siegert
does not refer to Gamow’s paper, he mentions that his states correspond to
the “radioactive states” of the system [3], which suggests that Siegert was
aware of Gamow’s work. Years later, in 1961, resonant states were employed
by Humblet and Rosenfeld to formulate a theory of nuclear reactions based
on Mittag-Leffler resonance expansions of the S-matrix for finite range poten-
tials [4]. This theory was further developed by these authors, Jeukenne and
Mahaux [5-12]. It is worth noticing that for scattering, the resonant state
requires to be evaluated only at a single spatial point, usually at the radius of
the potential, and hence the problem of the exponential grow of the resonant
state with distance does not arise in these treatments.
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Later developments on the properties of resonant states at the end of the
1960s and along the 1970s involved consideration of the analytical properties
of the outgoing Green’s function [13-18]. This provided a suitable theoret-
ical framework to address the issues of normalization and eigenfunction
expansions involving resonant states.

Regarding the normalization issue, one finds in the literature several pro-
cedures. One of them is the regularization method of Zel'dovich [19] that
was adopted by Berggren [13]. Another procedure refers to a technique
known as complex scaling or complex rotation, which was developed in
atomic and molecular physics where one usually deals with long-range inter-
actions [20, 21]. Here we consider a normalization of resonant states that
follows from the residues at the complex poles of the outgoing Green func-
tion of the problem [17, 18]. This normalization condition is similar to that
obtained from the residues at the complex poles of the S-matrix [22]. It
may be shown, however, that for finite range interactions both Zel’dovich’s
regularization method and complex scaling are identical to the expression
obtained from the residue at the complex pole of the outgoing Green’s
function [23].

In general, expansions involving resonant states may be divided in two
broad classes: a first class that involves bound, resonant, and continuum
states, where usually resonant states are considered in the interval (0,00)
[13, 17, 21, 24], and a second class that refers to expansions defined in the
interval (0, a), where a stands for the radius of the finite range potential,
that involves the full set of bound, antibound (virtual), and resonant states.
Here, the expansions are purely discrete and follow using Cauchy’s inte-
gral theorem [15, 16, 18, 25]. Some of these expansions are discussed in
Ref. [26].

Since resonances are genuine intrinsic properties of quantum systems,
the treatments involving resonant states have been extended from nuclear
physics to other realms of physics to describe open quantum systems. More-
over, it has continued to have a vigorous development in that field, mainly
using the first class of resonant expansions mentioned above, presumably
because they adapt better to the many-body features of nuclei [27, 28].
Resonant states are also known in the literature by a variety of names:
Gamow states [29], Siegert states [30, 31], as a combination of both [32] or
as quasinormal-modes, as in work originated in the 1990s on leaky optical
cavities [33], and more recently on photonic band structures [34].

This work discusses some rigorous analytical results for resonant states.
It will be mainly concerned with full discrete resonant expansions, i.e., the
second class of expansions mentioned above. We shall restrict the discussion
to coherent (elastic) processes in one (1D) and three (3D) dimensions. It is
worth mentioning, however, that there is work extending the formalism of
resonant states totwo dimensions (2D) [35, 36] and also describing incoherent
processes [35, 37].
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A point we would like to stress is that purely outgoing boundary condi-
tions imply that the corresponding quantum system is open. This fact has not
been sufficiently emphasized in the past. As we shall see, the non-Hermitian
nature of the Hamiltonian does not prevent that resonant states are able to
provide exact analytical descriptions of physical processes. We shall refer to
exactly solvable examples of tunneling and decay to exhibit that the results
of calculations using the resonant formalism are in fact indistinguishable
from numerical integration of the Schrédinger equation using continuum
wave solutions. However, the analytical expressions for scattering and decay
involving resonant states and complex energy eigenvalues provide a deeper
insight into the underlying physics of these processes and also much faster
computational algorithms.

We would like to contribute to modify a traditional view that considers the
non-Hermitian formulation involving resonant states and complex energy
eigenvalues as an approximate, phenomenological, and nonfundamental
description of physical processes as scattering and decay.

We would like to point out that the approach presented here, that may
be traced as sketched above to a line of developments occurring over the
years, has evolved independently of the so-called Rigged-Hilbert space
formulation of quantum mechanics [38]. It is not clear at all that the Rigged-
Hilbert space formulation is consistent with the formalism discussed here,
which is mainly concerned with the second class of resonant expansions
defined above, involving purely discrete expansions. One should notice,
however, that the integral term contribution in Ref. [17], which belongs to
the first class of expansions, may be expanded along the internal interaction
region in terms of the full discrete set of bound, antibound, and resonant
states [25], thus establishing in this case a link between both classes of
expansions.

The non-Hermitian formulation discussed in the present work is also
different from a recent formulation involving non-Hermitian Hamiltonians
where the mathematical axiom of Hermiticity is replaced by the condition of
space—time reflection symmetry [39].

The chapter is organized as follows: Section 2 summarizes first a num-
ber of properties of resonant states and then deals with resonant expansions
for the outgoing Green’s function to the problem and for the retarded time-
dependent Green’s function. Section 4 discusses scattering and tunneling
and provides some examples for multibarrier tunneling to demonstrate that
the resonant formalism provides an exact description. Section 5.1 deals with
the time evolution of decay and shows that the formalism of resonant states
provides an exact description of the dynamics. Section 6 presents some final
comments. The Appendix provides the derivation of the residue at a com-
plex pole of the outgoing Green’s function and considers some properties of
Moshinsky functions.
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2. PROPERTIES OF RESONANT STATES IN 3D (THE HALF-LINE IN 1D)

In what follows we shall refer to real spherically symmetric potentials U(r)
that are of finite range, i.e., U(r) = 0 for r > a for angular momentum ¢ = 0 in
3D. In this form, in addition to the simplicity in the presentation, the results
also hold for the half-line in 1D.

The Hamiltonian H to the system is given by

w d?
H = o 32 + U(r), (1)
with m the mass of the particle.

In what follows we shall demonstrate that for real energy E, or wave num-
ber k, is impossible to obtain a purely outgoing solution. For the Hamiltonian
given in Eq. (1), the radial Schrodinger equation for a continuum wave
solution ¥ (k, r) may be written as

;WW%0+W—V®WH%0=Q )

where V(r)=2mU(r)/h* and k* =2mE/R*. For r > a, the solution to Eq. (2)
may be written as

YDk, r) = A(k)e™ + B(k)e ™. 3)
From time reversal invariance, one has

Yk, 1) = A*(K)e ™ + B*(k)e™. @)

Absence of incoming waves in Eq. (3) requires B(k) = 0, and similarly, in
Eq. (4) requires A*(k) = 0, which clearly leads to the vanishing of the wave
function. Hence, it is not possible to have a purely outgoing solution for real
values of k.

Resonant states are defined as the solutions to the radial Schrodinger
equation,

d? )
ﬁun(r) + [Kn - V(T)] un(r) =0, (5)
obeying the boundary condition at the origin
uy(r =0) =0, (6)
and for r > g, the purely outgoing boundary condition

u,(r) = A,e™, (7)



412 G. Garcia-Calderén

which implies

Gun] =i ®
In Eq. (5)
k2 = 2mE, /K2 ©)
Writing «,, as
=, — 1B, (10)
gives
Eo=1 (ap — B))/2m; T, =2Ra,p,/m. (11)

Notice that the time reversed state u_,(r) = u’(r) satisfies the conjugate
of Eq. (5) with complex eigenvalue «2, = (k2)" and the outgoing boundary
condition with wavenumber

Koy = —K) = —a, —1f,. (12)

An interesting relationship follows by using Green’s theorem between Eq. (5)
and its complex conjugate to obtain

|:u (r) un( ) — u,,(r) i (r)] (k2 — (k7)) /Oa lu,(r)dr =0.  (13)

Then using the corresponding boundary conditions one readily obtains,
provided «, # 0, that

1 [u(@)P
2 [ Ju,(r)2dr”

The above equation proves that g, is identical to f_, and cannot be nega-
tive. On the other hand, it follows from Egs. (10, 12, and 14) that the complex
solutions are seated on the lower half of the k plane distributed symmetri-
cally with respect to the imaginary k-axis. For & = 0 one may have solutions
along positive and negative values on the imaginary k-axis.

For complex «,, it follows immediately by substitution of Eq. (10) into
Eq. (7) that along the external region, the amplitude of a resonant state
increases exponentially with distance, namely,

ﬂn - (14)

u,(r) = A erefr, (15)
The time dependence of a resonant state is given by

1y (1, ) = 1, ()e e TN, (16)
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which shows that the amplitude of a resonant state decreases exponentially
with time. The decaying width is related to the lifetime 7, of the state through
the relation 7, = i/ T,. Since the potential vanishes after a distance, for r > g,
Eq. (16) becomes, using Egs. (15) and (11),

un(r, t) — Ane"(uwffnf/ﬁ)eﬁn(V*Unf), (17)

where the velocity of the decaying particle is v, = fier,,/m. Equation (17) rep-
resents a propagating outgoing wave times a factor that depends on both the
distance from the interaction region and the time. The increase with distance
of the factor exp (8,7) may be interpreted, following Gamow and Critchfield
[2], as due to the fact that at a distance r one finds those particles that left
the decaying region at a time (t — /v,) when the amplitude there was larger
by the factor exp (8,7). This can be immediately corroborated by comparing
lu,(r, ) and |u,(r, t — r/v,)|?, namely,

|un(7’,t — r/vﬂ)|2 B eﬁn[’*vn(t*"/vn)]

— pbnr
- =e. 18
|un(r; t)lZ eﬂn[i’fvnt] ( )

Since the absolute modulus square of the resonance function varies with
time, it is of interest to see the result of applying the continuity equation, or
more precisely of the continuity equation integrated along the internal region
of the interaction,

2 / |un(r,t>|2dr=—Elm[u:w)iun(nt)] (19)
at J, m ar

0
Now, using Eq. (16) and the boundary conditions given by Egs. (6 and 8), one
obtains

2
ron () ot @
m ) [ u,(r)|? dr

which says that the decay width is proportional to the velocity of the decay-
ing particle times the probability to find the particle at the surface divided
by the probability to find it inside the interaction region. Notice from the

definition of ', given by Eq. (11) that Eq. (20) becomes Eq. (14).
In spite of the above considerations, it is a fact that the function u,(r, t) for

r > a and a fixed value of the time t, diverges with distance, i.e., from Eq. (17)
it follows that

| ()| ~ . 1)

The above is known as the “exponential catastrophe of a resonant state.”
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2.1. Normalization

One sees from the above results that the usual rules of normalization and
eigenfunction expansions do not apply for resonant states. A convenient way
to consider these issues for resonant states is via the properties of the out-
going Green'’s function of the problem [17]. In fact, already in 1954, Peierls
called the attention to the relationship between the complex poles of the
propagator and resonant states [40].

It is well known that the outgoing Green’s function may be written as [41]

)

G (r,r;k) = R

(22)

where r_ denotes the smaller of r and 7 and r., the larger. The function ¢(k, r)
stands for the regular solution to the Schrodinger equation of the problem,
satisfying the boundary conditions at the origin

¢(k,0) =0, ¢'(k0) =1, (23)

the prime indicating differentiation with respect to r. The function f, (k, ) is a
solution to the Schrodinger equation of the problem which is irregular at the
origin, and it is defined by the condition that for r > a (since the potential is
of finite range), it behaves as an outgoing wave, namely,

filkry=¢€", r>a (24)

Finally, the function J, (k) is given by the Wronskian [, (k) = [f,¢" — f.¢].

It is well known that for interactions of finite range, the outgoing Green’s
function can be extended analytically to the whole complex k-plane where it
possesses an infinite number of poles, i.e. the zeros of ], (k) [41]. These poles
are in general simple and it is assumed that this is the case here, since poles
of second or higher order occur only in special cases [42]. Their distribution
in the complex k plane is exactly the same as that discussed above for the
set of eigenvalues {«,} obtained from the solution to the resonant eigenvalue
equation given by Eq. (5).

Studying the behavior of the outgoing Green’s function near one of its
complex poles allows to obtain its residue. In general, near a complex pole
k, one may write

pu(r, 1)
k — «,
where x (r, 7; k) is a regular function.

Appendix A provides a detailed derivation for p,(r,#’). Following
Eq. (A.15), it may be written as

G (r,rik) ~ + x(r,73k), (25)
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@gummmv

’ 26
h? 2k, (26)

tr) = (

provided the resonant states u,(r) are normalized according to the condition

/ﬂ w2 (r)dr + i@ =1 (27)

K11

One sees from Eq. (26) that the residue is proportional to the resonant func-
tions u,(r) and u,(r'). The factors 2m/h* and 2«,, that appear respectively,
in the numerator and denominator, are there because the derivation was
made in the k plane. As shown by Eq. (A.16) these factors are absent if the
derivation performed in the complex energy plane.

The normalization condition given by Eq. (27) is formed by a volume term
along the internal interaction region and a surface term. Notice that it is inde-
pendent of the radius a in the sense that if one chooses a different finite value
of a, say B such that B > a, the expression remains equal to unity. Notice also
that for a bound state, where the complex pole is a purely imaginary positive
quantity, i.e., k, = iy,, the normalization condition given by Eq. (27) corre-
sponds exactly the usual normalization condition for bound states since the
surface term may be written as an integral that goes from r = a to r = oo.

An interesting expression follows by considering Green’s theorem
between Eq. (5) for u,(r) and a similar equation for u,/(r). Integrating the
resulting expression along the internal interaction region yields

a

d d .
[w@awm—wmawm]+&$«Q/w®w@wz& 28)

0

Then using the boundary conditions for u,(r), given by Egs. (6) and (8), and
analogous expressions for u,,(r) allows to write Eq. (28) as

/ w (Y (dr + @@ _ o (29)
0 Kn + Kﬂ’l
which, using Eq. (27), yields
f (i, (dr + 2@ _ s (30)
0 Kn + Km

that provides an orthonormality condition for resonant states, where in
addition to a volume term there appears a surface term.

One finds approaches in the literature where the residue is evaluated
directly from the expression for G*(r,7;k) given by Eq. (22) [14]. One may
write the regular solution ¢(k, ) as [41]
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1
ok, 1) = 2k Uif-Ce,r) = Tfo(k, 1], (31)

where f_(k, ) is defined by the condition of purely ingoing wave, f_(k,r) =
e, r > a, and J_(k) by the Wronskian J_(k) = [f-¢' —f ¢]. Using Eq. (31)
into Eq. (22) allows to write the residue r,(r,r') = limy_,,, (k — «,)G*(r, 7 k) at
a complex pole «, as

ra(r,7) = — (ZH—T) 211/c,, L(K:;ﬁ 1, 1)f 1 (e, 1), (32)

where the dot indicates differentiation with respect to k, and the Taylor s
expansion of |, (k) around «, has been used, i.e., [, (k) = (k — k)] 4 (k) + -
Using Eq. (31), one sees that at «,, f, (x,,, ¥) and ¢(k,, r) are proportional to each
other, namely,

2ik,
J- (Kn)

and hence it follows that the residue r,(r, ') may also be written in terms of
the ¢’s. Moreover, it may be shown [43] that the factor

f+(Kn/ ?’)

P(kn, 1), (33)

j+(Kn)
1] -(sen)

_ / F2 e 0+ 500, (34)

and hence r,(r,+') = p,(r,7') provided the u,’s in Eq. (A.15) are replaced by
the f,’s. In other words, the functions u,(r) are proportional to the f,’s and
similarly to the ¢’s.

2.2. Expansion of the outgoing Green’s function

This section discusses a full discrete expansion of the outgoing Green’s func-
tion in terms of all its poles in the complex k plane. The analysis is simpler
here because the outgoing Green’s function is a singled value function of k.

In what follows, in order to emphasize the relationship of resonant states
with the continuous spectra, the discussion will be restricted to potentials
where bound and antibound states are absent. This also simplify the math-
ematical content. It is important to stress, however, that the approach is
complete general.

Let us therefore, following Garcia-Calderén [18, 25], denote by |, the
integral

1 G*(r, k)

R R (35)
C
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Im K’
©
® k Re kK’
K ©
]
Cr

Figure 71 Integration contour C = Gz + ¢, + Zn ¢, used to obtain the resonant expansion
of G*(r,r’; k') in terms of the full set of complex poles. See text.

where C, as illustrated in Figure 7.1, represents a large closed contour
of radius L in the k plane about the origin in the clockwise direction which
excludes all the poles, «, and the value at k' = k. Since the integrand is ana-
lytic inside this contour, it follows using Cauchy’s theorem that ] = 0 and
hence one may write

, G*(k’ GH(K) G+(K)
27i] = — dk’ dk’ dk' =
] D3 / + [ Tk =0, @6)

Cr ck

where for simplicity G*(r, r’;k) is denoted by G*(k’). As shown in Figure 7.1,
the contour C is formed by a large circle centered at the origin, Cg, the con-
tours c, that encircle the poles «, and c, encircling the real value k' = k. All
these contours are in the counterclockwise direction. Applying the theorem of
residues to the previous expression gives, using Eq. (26),

2m -l Uy, (T)Mn (1’/) 1 G* (1’, T/;k)
+ k) 2 2 TR g 7
GH(r k) = <h2>21\]2kn(k—Kn)+2ni/;R PRSI

which is defined for all r,# > 0. Note that by increasing the radius L of the
circle Cr, more and more complex poles can be included in the sum term of
Eq. (37). However, in the limit L — oo, G(r,7’;k) diverges unless r < a and
¥ < a. In that case G*(r, 7;k) goes to zero along all directions in the complex
k plane [44, 45], namely,

G*(r,7;k) — 0 as |k| = oo (38)

and therefore by extending the radius L up to infinity the integral term along
Cr in Eq. (37) vanishes exactly. The above holds also if any of » or ' is
evaluated at the boundary radius a, but not both of them [18, 44]. The above
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conditions are denoted by (r,7')" < a. Hence we may write G'(r,7’;k) as an
infinite sum over the full set of resonant terms, namely,

F 2Kn(k - Kn) ’

=—00

G (r,1'K) = (2m> S )y <a (39)

The above expansion has been obtained by a number of authors [15, 16, 18,
46, 47], though authors in Refs. [15, 16] established the expansion only along
(r,r) <a.

Let us now discuss some properties of Eq. (39). Substitution of Eq. (39)
into Eq. (A.1), the equation for G*(r,7’;k), followed by the addition and
subtraction of the quantity «;u,(r), using Eq. (5), yields

Z k—;_ K 1w, (Nu,(r) = 8(r —7); (r,7) <a, (40)
KH

Equation (40) holds provided that the following relationships are fulfilled

[46, 47],

LY w@u) =se—ry o) <a (41)
and 7
- un(r)un(r,) . Nn. "\
";OK—n_O, (r,7) <a. (42)

Applying the Hamiltonian (1) on the left of Eq. (42) and using Eq. (2), i.e.,
Hu, () = «2u,(r)

one readily obtains

i nthy (MU (r') = 0; (r,r) <a. (43)

n=-—00

Equation (41) represents a closure relationship for resonant states and
Egs. (42) and (43) represent, respectively, sum rules obeyed by resonant
states.

Now, since

1 1 1 1
- = |+ = 44
2k,(k — k) 2k |:k — Ky * K,1:| (“44)
one may substitute Eq. (44) into Eq. (39), using the sum rule given by Eq. (42),
to write

(r,r) <a (45)

GH v ) = <2m> 1T o ua(Nu(r)

3 ﬁn}w k—«,
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that runs over the full set of resonant poles of the system. The above expres-
sion, of course also holds if one includes into the expansion bound and
antibound states. Equation (45) plays a relevant in the treatment of transient
effects in time-dependent tunneling [48] and in the time evolution of decay,
as discussed in the Section 2.3.

2.3. Expansion of the time-dependent retarded Green’s Function

The solution ¥(r, t) to the time-dependent Schrodinger
.0
|:1h§ — H} W(r,t) =0, (46)

with H given by Eq. (1), as an initial value problem may be written in terms
of the retarded Green’s function of the problem g(r, ';t) as

W(r,t) = / ' g(r, v; )W (r,0)dr, (47)

where W(r,0) stands for an arbitrary initial state inside the finite range
interaction region, i.e., V(r) = 0,r > a.

The time-dependent retarded Green’s function g(r,7;t) may be written,
using Laplace transform techniques as [17]

2
§(r, i) = (;—m> / G*(r, 7' k)e 42" 2kdk (48)

27

where G*(r,7;k) corresponds to the outgoing Green’s function of the prob-
lem and the integration contour c, along the k plane is shown in Figure 7.2.

Im k

Figure 7.2 Deformation of the contour in the k plane to go from Eq. (48) to Eq. (49).
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There are a number of suitable ways to close the integration contour along
the k plane. Here we evaluate the integral in Eq. (48) by closing the integra-
tion contour as shown in Figure 7.2. As k — oo along the upper left quadrant
one sees that the integrand to Eq. (48) goes to zero and hence the contour
Cr gives zero contribution. Consequently one may write the time-dependent
Green’s function as

. b e
g, vt = ZL (Zh_m> / G*(r, 7;k)e ™27 2k, (49)
7.[ —00

231 Internal region

First, we shall study the case where < a. This provides the time evolution of
W (r, t) along the internal region of the interaction including also the bound-
ary value at » = 4. Noticing that in Eq. (47), 7 runs along the internal region,
one may substitute the expansion for G*(r, 7';k) given by Eq. (45) into Eq. (49).
The resulting expression may be written as [25]

g(r,v'it) = i (N ()M(k, ), (r,7)" <, (50)

where M(k,, t) = M(0,«,, t) is the Moshinsky function [49] with » = 0. From
the general definition given in Appendix B, it follows using Egs. (B.1) and
(B.2), with z = r and g = «,,, that

i 00 e—ihkzt/Zm 1 .

M(O,k,, t) = M(y,) = 5 [m s dk = Ew(zyn), (51)
where w(iy,) is the Faddeyeva function [50], and we denote by 1% the
argument y, with » = 0, namely,

. m\Y2[ hk,
]/2 = —e 7/ (ﬁ) |: " ti| . (52)

Using the symmetry relations «k_, = —«; and u_,(r) = u%(r) allows to write
Eq. (50) as

oo

80,73ty = Y [t ()Mo, ) + (s (M (=3 0)], - (7)< a. (53)

n=1

One may then use a property of the functions M(x,, t) that establishes that
[25, 49, 51]

Mk, t) = e ™t/ — M( — &, £) (54)

provided, using Eq. (52), that the argument arg y° satisfies /2 < arg y° < 37/2.
It follows by inspection of y°, that proper resonant poles, ie., poles
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Kk, =0, —1if, having «,> B,, fulfill the above condition. Assuming that
this is the case, one sees, respectively, that both for M( — «,f) and
M (—«},t), —m/2 <argy" < /2 and hence these quantities do not exhibit an
exponential behavior.

It is of interest to exhibit the exponential contribution explicitly. Hence
using Eq. (54) one may write Eq. (50) as

g i) = > u, (M, (e M2 — I, ), () <a,  (55)
n=1
where

o]

I(r,7 t) = Z (1, (M, (FYM( = K, 1) — (P (r )M (=K 1) ] (56)

n=1
stands for the nonexponential contributions.

2.3.2. External region
Let us now consider the case r > a that allows to obtain the time evolution of
W (r, t) along the external region of the interaction [52].

Using Eq. (24) to write f, (k1) = exp (ika) allows to rewrite Eq. (22), for
¥ <aandr > a as,

G'(r,7;k) = G (a,r;k)e* ., (57)
Substitution of Eq. (57) into Eq. (49) yields
i hz +o0 ) s
g(r,v;t) = - <%) / G*(a,r;k)e* e """ 2kdk. (58)

Using Eq. (45), we substitute the resonant expansion of G*(a,+’;k) into Eq. (58)
to obtain

g(r,v;t) = Zun(a)un(r’)M(r —ak,t), v <a, r>a, (59)
where the function M(r — a,«,, t) follows from Eq. (B.1) with z replaced by
(r — a) and q by «,, namely,

i 00 eik(r—u)e—ihkzt/Zm
My, =M@ —aqgt) = — —dk 60
) =M —ngh =5 [ (60)

and consequently y,, given by Eq. (B.2), becomes

—einn (N gy - T
Yo =¢ <2th) |:(r a) mt . (61)



422 G. Garcia-Calderén

Using the symmetry relations «_, = —«* and u_,(r) = u:(r) allows to write
Eq. (59) as

o0

g(r,7;t) = Z [10a(@) 1, (FYM(r — a,ic,, £) + (@) (r )M (r —a, — «;,1)], - (62)

n=1

where v < a and r > a. The functions M(r — a,«,, t) appearing in Eq. (62) may
be written as

M(]’ —a,k,, t) — emn(r—a)e—ihk,zlt/Zm _ M(ﬂ — 7, — Ky, t) (63)

provided n/2 < arg y, < 3m/2. This requires, as for the case of the internal
region, that the resonant poles are proper, i.e., &, > B,, and in addition that in
Eq. (61), (r —a) < hk,t/m. When (r —a) > hk,t/m the behavior of M(r —a,k,, t)
is nonexponential as occurs also for M(a — 7, — k,, t) and M (r —a, — ki,t). In
all these cases —7/2 < argy, < /2.

It follows then, provided that (r — a) < #fk,t/m, that Eq. (62) may be
written as

i) = Y @, ()P M ), ¥ <arza (64)

n=1

where
o0

J(r, v b) = Z [w.@)u,(F)M(a — 7, — Ky, t) — w(@),(r )M (r — a, — ki,t)]  (65)

n=1

stands for the nonexponential contributions.

3. EXTENSION TO 1D (THE FULL LINE)

The main difference when one extends or generalizes the results presented
in the preceding sections to a full one-dimensional description, where we
denote the spatial variable by x, i.e., —0o < x < 00, is the fact that one goes
from a single channel description into a two channel description. Restricting
also the discussion to arbitrary potentials of finite range, the resonant states
1,(x) satisfy the Schrodinger equation [53, 54],

2

2 )+ [17 — V()] u,(x) = 0, (66)

where as before «? = 2mE,/h?, with E, = &, — il,/2, and now V(x) =
[2mU(x)]'?/h, where the arbitrary potential U(x) vanishes beyond the
interval 0 < x < L. The solutions to the above equation satisfy outgoing
boundary conditions at x = 0 and x = L, given, respectively, by,
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|:d;dxuni|x0 = —l'K,,M,,(O) (67)
and
d .
[_url] = lKnun(L)- (68)
dx x=L

The full one-dimensional description introduces the well-known parity sym-
metry that permits to classify the resonant eigenfunctions as even or odd
under the change x for —x.

Similarly, the outgoing Green function to the problem satisfies the
equation
2m

82 + /. 2 + 1) —
QG (x,xk) + [ = V(x)] G* (x,x'k) = ( =

) S(x — x'), (69)
where k¥* = 2mE/I?, with E the energy. The solution to Eq. (69) satisfies
outgoing boundary conditions at x = 0 and x = L given, respectively, by

d
[—G*(x,x’;k)} = —ikG*(x = 0,x';k) (70)
ox 0
and

a

[—G*(x,x’;k)} = ikG"(x = Lx';k). (71)

ox L
The residue at a pole of the Green’s function is obtained, in view of the
above boundary conditions, by a procedure similar to that discussed in
Appendix A. It may be shown that the residue p,(x,x") of G (x,x’;k) at a pole
Kk, is given by [54]

Un ()1t (X')

Pu(x,X) = o (72)
Ky
provided the resonant states are normalized according to the condition
L 2(0 2(L,
f 2dx 42O n0) (73)
0 2Kn

Notice, in a similar form as in the case of the half-line, that for a bound
state, i.e., k, = iy,, the contribution of the surface terms in Eq. (72), corre-
sponds exactly to two integral terms that allow to express the normalization
condition for the bound state in the usual form [~ u2(x)dx = 1.

By considering the Green’s theorem between Eq. (66) for u,(x) and a similar
equation for u,,(x) and then using the corresponding boundary conditions for
u,(x), i.e., Egs. (67) and (68), and similarly for u,,(x), to obtain

(0)u,,(0) + ua(L)uw(L)
Kﬂ + KW B

/ ! 1y ()1t (X)X + i 0. (74)
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In general, one may write the full expression for the resonant eigenfunc-
tion as
U, (x,t) = 1, (x)e Ent/hgTut/2h, (75)

We consider the continuity equation integrated along the internal interaction
region using Eq. (75) to obtain the one-dimensional analogue of Eq. (19),

L

9 /Llu (x,H)>dx = hIm u*(xt)au(xt) (76)
9t ; n\Ay = m n\As 9% n\As

0
Then by using the boundary conditions given by Eqs. (67 and 68) we may
write the width I',, as

r,=T+T, (77)
where I'Y and I'} define the partial widths for decay, respectively, through

x=0andx =1L,
han n O 2
r—p (_) |1, (0)] 78)

m) [ fu,(x)|? dx
and
It = h(ﬁ“") _nOF 79)
m ) [, (x))? dx

In the above, we recall that «, stands for the real part of «,, i.e., k, = o, — if,.

The above results provide the essential modifications needed to extend
the formalism of resonant states to a full one-dimensional description. The
analytical properties of the outgoing Green’s function on the complex k plane
remain the same as for the half-line, so we may write

2 =\ u, !
G = () X s oswwrsL 60

where in 1D, the notation (x, x')* means that the expansion does not hold at
the points x = ¥’ = 0 = L. The closure relation and the sum rules, given,

respectively, in the half-line by Eqs. (41)-(43), hold also in the full line. Hence
we have

% i w,(u,(x) = 8(x — %), 0=(xx) <L, (81)
i M,,(x)uﬂ(x/) _ !
3 K—”_O, 0<(xx) <L, (82)

n=-—00
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and

Z Kty ()14, (X') = 0 0<(x,x)<L. (83)
In a similar form as considered for the half-line, the expansion of the
outgoing Green’s function given by Eq. (45) may now be written as

2m\ 1 o= i, (X)u,(x)
Gxxh)=—= )= /s 0 (o x) < L 84
e = () X e 0swHrsL e

One may also derive, using also Cauchy’s theorem, an expansion of the
outgoing Green’s function in the energy or k* planes in terms of resonant
states [17, 55]. Such an expansion may be written as

2m> L) |y, 0<@x) <L (89)

Gt(x,xk) = <? 2

n=1 n
where B(E) stands for a background term which presumably varies slowly
with energy and may be neglected provided that the value of N includes the
relevant set of resonances.

The time-dependent considerations discussed in Section 2.3 are also valid
in 1D [56-58]. One may replace the variable r by the variable x in the corre-
sponding equations of that section taking care of the range of validity of the
values of x and x’ in these expressions. Thus, for example, along the internal
interaction region Eq. (50) becomes

8o Xit) = Y (MU, (X)M, 1), 0= (xx) <L, (86)
and similarly along the external region x > L, Eq. (59) becomes
g(x,x;t) = Z u,(L)u, (X' YM(x — Lx,,t), 0<x' <L, x>L. (87)

Notice that there is now the additional expression along the external region
for negative values of x,

§e,xit) =, (Ou,(x)M(xk,, 1), 0<x <L, x=0. (88)

—00

In the sections that follow, we shall switch from 1D (the full line) to 3D
(with angular momentum ¢ = 0, the half-line), or vice versa as the discussion
demands it.



426 G. Garcia-Calderén
4. SCATTERING AND TUNNELING IN THE ENERGY DOMAIN

It is well known since the early days of resonant expansions in 3D, the impos-
sibility of a purely discrete expansion of the S-matrix of the problem [3, 4].
Mittag-Leffler expansions of the S-matrix include always an unknown entire
function, which presumably varies slowly with energy and is small. How-
ever, this is not in general the case. Subsequent developments that took
advantage of a relationship between the S-matrix and the outgoing Green’s
function of the problem evaluated at the boundary value, showed that it is
indeed not possible to get rid of the entire contribution [18, 59]. However,
using the outgoing Green’s function it may be shown that along the internal
region one may have a purely discrete resonant expansion of the continuum
wave function [14, 18, 59].

In this section we refer to fully one-dimensional problems to show that
along the internal region of the interaction and for tunneling transmission,
purely resonant expansions provide an exact description of the correspond-
ing continuum wave solutions to the Schrodinger equation.

Let us therefore consider the relationship between the outgoing Green’s
function and the continuum wave function of the problem. The continuum
wave function satisfies the Schrodinger equation

2

d
eV + [ = V@)lykx) = 0. (89)

For a particle approaching the potential from the left (x < 0), the solutions to
the above equation read, respectively, forx < 0and x > L,

V(k,x) =™ + r(k)e ™, (90)

and
¥ (k, x) = t(k)e™, 91)

where r(k) and t(k) are, respectively, the reflection and transmission ampli-
tudes of the problem. Obviously, one may also consider the solutions for
scattering from the right (x > L). Applying Green’s theorem between
(89) and (69), followed by integration along the internal region, and then
using the boundary conditions (70) and (71), allows to write

2

0l ) = (3 ) kith ) = (6 DIG L, 3750

m

+ (%) [ikyr (k,0) + v (k,0)]G* (0, x: k), (92)
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where the prime indicates differentiation with respect to x evaluated at the
point indicated in each case. Using Egs. (90) and (91) into the above equation
leads to the expression

2
vk, x) = (h—) 2ikG*(0, x; k), 0<x<L. (93)
2m

By considering the solution of the wave function at x = L, given by Eq. (91),
into the above expression yields for the transmission amplitude

2
t(k) = <h—> 2ikG*(0,L;k)e ™, (94)
2m
and similarly, using Eq. (90), yields for the reflection amplitude
h?
— | ; + . _
r(k) = <2m) 2ikG*(0,0;k) — 1. (95)

Since at x =x'=0, the expansion of the outgoing Green’s function is diver-
gent, it is not possible to obtain a purely discrete expansion of r(k). As
discussed in Ref. [18] for the half-line, the expansion for the reflection ampli-
tude requires at least of two subtraction terms and will not be pursued here.
Substitution of Eq. (80) into Egs. (93) and (94) leads, respectively, to reso-
nance expansions for the continuum wave function along the internal region
and the transmission amplitude, namely,

w(kx)—kz%, 0O<x<L (96)
and
t(k) = Z 22 fl(f)) . 97)

N=—00

Using Eq. (85) one may also expand the transmission amplitude in the E
plane as

u(0)u, (L o—ikL
t(E) = 2ik ( ) Z m + Z(E), (98)

where Z(E) is a background term.

It turns out that one may also obtain another resonant expansions for
¥ (k, x) and t. For scattering from the left this follows by noting that the func-
tion G*(0, x; k') exp (—ik'x), with x < L, converges along all directions of the k
plane as k — oo, and hence, in an analogous way as discussed in Section 2.2,
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by replacing G*(r, ;k’) in the integrand to Eq. (36) by G*(0, x; k') exp(—ik'x)
leads to the expansion [60]

2m\ = U, (0)u,(x)enx )
G™(0,x;k) = (F) Z %ek , 0<(xx)<L. (99)

Substitution of Eq. (99), respectively, into Egs. (93) and (94), yields

1, (0)u, (x)e "
Wik x) = zk”;O = e e 0<x<L (100)
and
1, (0)u, (L)e nt
t(k) = kn;o h—c) (101)

4. Examples

411. Model
In order to exemplify the above results we calculate the transmission coeffi-
cient vs energy in multibarrier resonant tunneling structures which may be
modeled by a one-dimensional system formed by alternating N +1 rectangu-
lar barriers with N rectangular wells. We assume that the electrons possess
the same effective mass through the system and that the tunneling process is
coherent i.e., elastic [61].

The transmission coefficient T = |t|* may be written, using Eq. (98), as [55]

T= Z T, + Z T, + D(E), (102)

n<m

where T, stands for the nth single resonance, T,, represents the interfer-
ence term between the nth and mth resonance terms, and D(E) represents
the background contribution [55]. The expressions for T,(E) and T,,,(E) are
given by

k2 FOFL

MO = e ey T w2y 1

and

T, (E) =2C,,, (TOTLTOTE) x

n-n m= m

Re [ exp (idun) (104)

(E=& +il/2)E—-E, — iFm/Z)] ’
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where using u,(x) = |u,(x)|exp (ip;), with s = nm, we have I, =
fOL lus(x)|*dx, the widths T, T?, T, given, respectively, by Egs. (77)—~(79);
Cnm = kZInIm/(anam) and ¢nm = [¢n(0) + ¢VI(L) - ¢m(0) - ¢m(L)]

The above representation of the transmission coefficient is appropriate for
the description of overlapping resonances situated below the barrier heights
of multibarrier tunneling structures [55, 62, 63]. Itis worth stressing that there
are not free parameters here. All the quantities above depend on the values
of the complex poles and these are determined by the potential parameters.

It is well known that for a system with N + 1 barriers the resonance levels
form groups having each N resonance levels. These minibands are usually
sufficiently isolated from each other and hence one may expect that Eq. (102)
is an appropriate approximation to calculate the transmission coefficient
around a miniband.

We consider a quadruple barrier system with parameters: barrier heights,
U, = 0.23¢V; width of the two central barriers, b, = b; = 5.0nm; width of
the two external barriers, b; = b, = 3.0nm; and well widths a; = a4, = a; =
3.0nm. The complex poles may be calculated by using the Newton—-Raphson
method [64] and the set of corresponding resonant states by a modification of
the well-known transfer matrix method. The resonance energies and widths
of the complex energy poles belonging to the first miniband are, respectively:
& = 0.1199eV and I'; = 4.62meV; £ = 0.1308eV and I', = 11.96 meV;
& = 0.1499eV and I'; = 8.44meV. Notice that all of them possess resonance
energies below the height of the barriers.

Figure 7.3 shows the distribution of the first 15 complex poles in the fourth
quadrant of the k plane. One sees clearly that the first three-resonance poles
are very close together.

0.000+

—0.004 1

—0.008 -

Im x,

-0.012 .

-0.0161— T T T
0.04 0.08 0.12 0.16 0.20

Re x,

Figure 7.3 Distribution of the first 15 complex poles in the fourth quadrant of the k plane
of the quadruple barrier resonant tunneling system with parameters given in the text.
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Figure 74 Plot of the transmission coefficient T(E) vs E for a quadruple barrier system with
parameters as discussed in the text, around the first three-resonance miniband. The exact
numerical calculation (full line) is indistinguishable from the resonance expansion using the
three resonant poles (dashed line). The dotted line represents the calculation without the
interference resonant terms.

Figure 7.4 provides the result of the comparison of the exact numerical cal-
culation (full line) using the transfer matrix method and the three resonant
approximation, N = 3, using Eq. (102), which involves three direct reso-
nance terms T, and three interference terms T,,, (dashed line). One sees that
both calculations are almost identical in the relevant energy range, which
implies that the contribution of the background term D(E), which includes
the rest of resonance terms, is indeed negligible. Figure 7.4 also shows the
result of just adding the three direct resonance terms T, (dotted line). This
shows that the interference terms T,, are crucial to reproduce the exact
result.

In order to reproduce the transmission coefficient over a larger energy
interval, one needs to include more resonance terms, particularly in the
region where the resonance poles overlap strongly, i.e., |2,.1 — a,| ~ B, as
occurs at energies above the barrier heights. Figure 7.5 yields an example
of this for the same system discussed above. The calculation is performed
with Eq. (101), which possesses a much better convergence properties than
the other expansions. One sees in Figure 7.5 that as the number of poles
increases the resonant expansion gets closer to the numerical calculation of
the transmission coefficient obtained using the transfer matrix method (full
line).

Another example of the application of the resonant formalism to multi-
barrier systems is to consider the effect on resonant states when some of
the values of the potential parameters characterizing the system are gener-
ated randomly. We refer to a specific realization of such a disordered system.
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Figure 7.5 Plot of the transmission coefficient T(E) vs E for the quadruple barrier system
with parameters as discussed in the text as a function of different number of poles as
indicated in the inset. The considered energy range, using Eq. (101), extends up to five times
the height of the barriers. The region of many overlapping resonances requires of much more
poles to reproduce the exact numerical calculation.

Here we briefly discuss the example of a multibarrier system involving 20
barriers [63]. The parameters of the potential are as follows; barrier heights
Vi, = 0.3eV, barrier widths b = 5.0nm, and well widths w = 5.0nm. The
mass m = 0.067 m,, m, being the electron mass. The above system corre-
sponds to a symmetric periodic system. We now introduce disorder in the
potential profiles by letting the well widths to assume random values W,
within an interval centered at w of width 2AW, with AW the strength of
the disorder. That is, each W; is generated randomly between the interval
(w — AW) and (w — AW). Here we consider one of such specific random
configurations for the potential profile of the system. Figure 7.6 exhibits a
plot of the distribution of the complex energy poles E, = &, — il',/2 of
the first miniband for this periodic system involving 19 poles. These poles
distribute themselves along the E plane forming a “necklace” shape (full
circles). The distribution of poles along the E plane for the specific dis-
ordered configuration (open circles) reveals that most of these poles are
very close to the real energy axis, which implies that their correspond-
ing lifetimes, i.e.,, 7, = h/TI',, become very large. Notice, however, that
in this case two of the poles moved away from the real energy axis. The
continuous lines show the trajectories that poles of the symmetric case fol-
lowed to reach the disordered case. Clearly these trajectories are not unique
[63].

Figure 7.7 shows the plots of [u,(x)]* vs x for the resonant state with
n = 17 of the above multibarrier system. Figure 7.7a refers to the symmetric
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Figure 7.6 Position of the complex poles on the energy plane of the first miniband of the
multibarrier system with 20 barriers discussed in the text. Full circles represent the periodic
case, whereas open circles refer to the position reached by each pole in the disordered
system. The continuous lines indicate the trajectories followed by each pole of the periodic
system to its final position in the disordered system. See text.
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Figure 7.7  Plot of |u,(x)|? in arbitrary units, for n = 17, along the internal interaction region
of the multibarrier system considered in Figure 7.6. Figure (a) refers to the periodic case,
whereas Figure (b) corresponds to the disordered system, exhibiting quasi-localization of the
resonant state. See text.

case and one sees that the resonant eigenfunction extends through the
whole system, whereas Figure 7.7b displays the corresponding resonant
state for the disordered case. This state is confined in a short region in
the midsection of the system. It may be shown that it remains unaf-
fected by a perturbation on the boundaries of the system that corresponds
to Thouless criterion [65] for localized states. Since resonant states even-
tually decay, we refer to this type of states as quasi-localized resonant
states [63].
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5. TRANSIENT PHENOMENA

Quantum transients are temporary features that appear in the time evolution
of matter waves before they reach a stationary regime. They usually arise
as a result of a sudden switch interaction that modifies the confinement of
particles in a spatial region or after the preparation of a decaying state [48].
The archetypical quantum transient phenomena is diffraction in time which
consists of the sudden opening of a shutter to release a semi-infinite beam
producing temporal and spatial oscillations of the time evolving wave [49]. A
common feature in the mathematical description of quantum transient phe-
nomena is the Moshinsky function, which as we have seen is closely related
to the Faddeyeva function. Since in a recent review [48] there appears a dis-
cussion on transient phenomena for the dynamics of tunneling based on the
present resonant state formalism [54, 66-76], here we restrict the discussion
to the time evolution of quantum decay.

5.]. Decay

The time evolution of quantum decay is a subject as old as quantum mechan-
ics. At the end of the 1920s of the last century, the problem of a decay in
radioactive atomic nuclei led to a theoretical derivation of the exponential
decay law [1, 77]. In the 1950s, Khalfin [78] pointed out the approximate
validity of the exponential decay law. It was argued that deviations from
this law should occur both at very short and at very long times compared
with the lifetime of the decaying system. These theoretical predictions have
been confirmed experimentally in recent years in both the short [79] and the
long time [80] regimes.

Most theoretical treatments of decay consider the time evolution of an
initial state tunneling out of single well [81-85]. However, the present-day
possibility of designing the potential parameters of artificial quantum sys-
tems [61, 86], opens the way to study the issue of decay in more complex
potential profiles as exemplified by semiconductor multibarrier systems of
finite length which are formed by a succession of alternating barriers and
wells [57] and other artificial multibarrier structures as ultracold atomic
gases in optical lattices [86].

5.2. Time-dependent wave function

This section presents a full discrete expansion of the time-dependent wave
function in terms of resonant states by using the results in 3D (the half-line)
of Section 2.3. We first discuss the solution of the wave function along the
internal interaction region and then the propagating solution along the exter-
nal region out of the range of the interaction. As pointed out at the end of
Section 3, the extension to 1D (the full line) follows immediately by replacing
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in the expressions below the variable r by the variable x and the corre-
sponding ranges of validity from 3D (the half-line) to 1D (the full line), of
course taking into account the properties of resonant states in 1D discussed
in Section 3.

5.21. Internal region
Substitution of Eq. (50) into Eq. (47) gives the time evolution of the wave
function along the internal interaction region in the full time interval,

W(r,t) =Y Cu,(NMO, 1), r=a, (105)

where C, stands for the expansion coefficient

C, = /a ¥ (r,0)u,(r)dr, (106)

and the Moshinsky function M(0,«,, t) is given by Eq. (51). It is of interest to
address the limits of Eq. (105) as the time ¢ — 0. It follows from Eq. (B.5) that
for t = 0, the functions M(0,«,,t = 0) = 1/2 . This amounts to expand the
initial arbitrary function v (r, 0) as

1 oo
w(r,0) = 5 Y Cu(n, r=a (107)

If ¥(r,0) is normalized to unity along the internal interaction region, then
multiplying Eq. (107) by ¥*(r, t) followed by integration along the internal
region yields

1 < -
52 GCi=1, (108)
where C, is defined as
C, = / W (r, 0)u,,(r)dr. (109)
0

By using the symmetry relation u_,(r) = u(r) we may write Eq. (108) in the
more appealing form

Re {Xw: cnc‘:n} =1, (110)

which indicates that although Re C,C, cannot be interpreted as a probability
since in general it is not a positive definite quantity, it may be interpreted as
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the fraction of W(r,0) in the state u,(r). This is particularly useful when the
above sum adds up almost to unity with only a few resonant terms because
it means that one can disregard the rest of them. Clearly, Egs. (107) and (110)
may be obtained also using the closure relation given by Eq. (41). Using the
sum rules (42) and (43), one obtains

ZIm{C"Z—"(r)}=0, r<a 111)
n=1 n
and

Zlm {C,u,(Nk,} =0, r<a. (112)

n=1

In order to study the long-time behavior it is more convenient to exhibit
explicitly the exponential contributions to Eq. (105), so we substitute
Egs. (55) and (56) into Eq. (47) to obtain

lIl(rr t) = Z Cnun(r)e_iﬁrK%f/Zm

n=1

- i [Cottn(MM( — K, ) — Coil(NM (=5 ,t)], 7 <a. (113)

n=1

The long-time asymptotic expansion for M( — k,, t) and M (—k,t) is given by
Eq. (B.7) in Appendix B, so we may write

W(r, )~ Y Coup(ne /2

n=1

g2

n=1

Cn n Cn n * 1
_bz[ 1, (1) < Zs(r))}ﬁ—i'"" (114)

where a = (2m/h)"? (i/Z\/E) and b = (2m/h)*? (1/4@). Notice that the

term proportional to 1/t'/?, in view of Eq. (111) cancels out exactly and
therefore



436 G. Garcia-Calderén

= ) - Cn n ) ]'
q/(i’, t) ~ chun(r)e—mk%tﬂm — bz |:C,1un(r) . ( u (7)) j| 1.37 + ... (115)
n=1

3 3
n=1 Kn Ky

The above equation exhibits the crossover from exponential to an inverse
power law behavior, and therefore at asymptotically long times,

W(r, t) ~ _bi [Cn:;;(r) B <ang(r))*} ﬁ% T (116)

n n

The above result may also be obtained by the method of steepest
descents [85].

5.2.2. External region
Substitution of Eq. (59) into Eq. (47) gives the time evolution of the wave
function along the external region of the potential.

V(r,t) = i Catn(@M(r — ax,, t),  r=a, (117)

—00

where C, is given by Eq. (106) and the Moshinsky function by Eq. (60).
An expression resembling Eq. (117) has been reported in Ref. [87]. These
authors consider an approach that does not refer to resonant states. How-
ever, it is not difficult to convince oneself that in their expansion the residues
at the complex poles «, are indeed proportional to the resonant states of the
problem.

Similarly to the previous section, it is of interest to analyze, for a fixed
value of r, the limits of W(r, t) both as the time f goes to zero and as it becomes
very large. It turns out that in both limits the argument y,, given by Eq. (60),
becomes very large. Indeed, it follows from Eq. (61) that at very short time,
Y. becomes very large, i.e.,

Yy A e (ﬂ)l/2 (r —a), (118)

which is independent of the value of «,. Consequently, using Eq. (B.7) of
Appendix B,

) 2h 1/2
M(T’ —a,Ky, t) ~ em/4 <m> tl/z (119)

and hence M(r — a,k,,t) vanishes as t — 0. Therefore, ¥(r,t = 0) vanishes as
expected from the initial condition.
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Regarding the limit of very long times, it is first convenient to write
Eq. (117) as

W(r,t) = Z [Coutn@M(r — ak,, t) + Co(@M (r —a, — k,t)], r=a, (120)

n=1

and proceed as discussed in Section 2.3.2. Hence, provided that the resonant
poles «, = a, — ip, are proper, i.e., @, > B, and (r — a) < h«,t/m, we may
substitute Eq. (63) into Eq. (120) to obtain

o0
vt =) Ctt, (a)e™r -0 init/2n
n=1

— i [Coun(@M(a — 1, — k., t) — Cut(@)M (r —a, — «,t)], r > a. (121)

n=1

Now, by inspection of the arguments of M(a —r, — k,, t) and M (r —a, — k’;,,t),
using Eq. (61), one sees that for a fixed value of r and very long times, in both
cases the term proportional to r becomes negligible compared with h«,t/m
and hence y, behaves essentially as 1/, the argument along the internal region
given by Eq. (52). Therefore, at asymptotically long times the wave solution
for r > a behaves also as 1/#*/?, namely,

v~ by [C"ZZ(”) _ (Cnun(a)ﬂ t% b (122)

3
n Ky

On the other hand, it is worth noticing, as discussed in Section 2.3.2, that for
a fixed value of time t and a value of r, such that (r—a) > hix,t/m, the behavior
of both M(r — a,,,t) and M (r —a,—k}, t) is nonexponential and hence (121)
does not hold in that situation.

5.3. Comment on the exponential catastrophe

It is of interest to mention that the decaying solution considered by Gamow
would consist of just one exponential decaying term, say n = m, in Eq. (121),
that is,

. a2
\Ij(rl t)Gamow ~ e”(m(r—“)e—lh’(mt/zm, r> a/ (123)

where «,, = a,,—if,,, and that for fixed t diverges exponentially with distance.
The above is in contrast with the exact solution given by Eq. (117), which, as
discussed above is free of any exponential catastrophe.



438 G. Garcia-Calderén

5.4. Comment on completeness

Completeness of the set of resonant states along the internal region R = [0,4]
relates to two issues. The first, is that an arbitrary function may be expanded
in terms of resonant states and the second, that resonant states describe the
dynamics exactly.

Equation (107) gives the expansion of an arbitrary function in terms of
resonant states and equation (105), or equivalently (113), provides the exact
dynamical behavior at all times t > 0 and all r along the internal region
R. Notice that the sum rule (111) is crucial to obtain the correct asymptotic
post-exponential behavior as the inverse power of time /2.

5.5. Examples

5.51. The §-potential model

A convenient model to study the time evolution of quantum decay is the
8-potential. This model was considered many years ago by Winter [81]
and since then by many authors. In spite of its mathematical simplicity it
describes correctly the main physical features of the time evolution of decay
along the exponential and nonexponential long-time regimes. Here we dis-
cuss it by using the formalism of resonant states and make a comparison
with the solution to the problem in terms of continuum states.

We consider a §-potential of radius a and intensity A, namely,

V(r) = A8(r —a), (124)

where we choose units in which A = 2m = 1.
As the initial decaying state we consider the simple analytical expression
provided by the infinite box state

12
W(r,0) = (%) sin (’?) (125)

wherep =1,2,...,.

5.511. Complex poles and resonant states The resonant states of the problem
obey the Schrodinger equation given by Eq. (5) with boundary conditions
given by Egs. (6 and 7). They read

N, sin(x,r), r<a
u,(r) = (126)
A, e, r>a.

From the continuity of the above solutions and the discontinuity of its deriva-
tives with respect to r (due to the §-function interaction) at the boundary
value r = g, it follows that the «,’s satisfy the equation
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F(k,) = [2ix, + A(e*** —1)] = 0. (127)

For A > 1 one may write the approximate analytical solutions to Eq. (127)
as [25]

an”_”(1 1)—1'1(”—”)2. (128)

a _A_a a \Aa

Using the above expression for «, as the initial value in the Newton—-Raphson
iteration procedure [64], i.e.,

n

kIt =« —F (k) /F (]), (129)

where F = [dF /dk]i-.,, yields k, with the desired degree of approximation.
The normalization coefficient of resonant states may be evaluated by
substitution of Eq. (126), for r < g, into Eq. (27), to obtain the analytical

expression
21 ks

Similarly, using Egs. (126, 130, and 125) into Eq. (106) allows to write the
expansion coefficient C, as the expression

C = |: Al ]1/2 |:2pn sin («k,a) (— 1)"] ' (131)

—2i 242 _ 19242
Al + e 2ikne Kra® — p*m

For a given finite value of the intensity A and the radius a of the §-potential
one may then evaluate the set of complex poles {«,} and the expansion

coefficients {C,} (note that in this case C, = C,), which are the required
input to calculate the different quantities of interest for the time evolution of
decay.

It is worth noticing that as the intensity of the potential 1 — oo, the com-
plex poles «, = «, — if, tend to the real infinite box eigenvalues nm/a, and
similarly, the resonant eigenfunctions u,(r) tend to the infinite box model
eigenfunctions ¢,(r) = +/2/asin (nxr/a). Similarly, the complex poles k_, =
—k; go into the real eigenvalues —nm/a and the functions u_,(r) = u(r) into
the real functions ¢_,(r) = —¢,(r) = —+/2/asin (nzr/a). This leads to a basis
of states ¢,(r) and ¢_,(r) that seems larger than the usual basis involving only
the states ¢,(r). However, the closure relationship given by Eq. (41) goes, in
the above limit of an infinite value of A, into the usual closure relationship
obeyed by the infinite box states, namely, Y '~ ¢,(")¢.(r') = 8(r — 1) with
(r,7) < a. The above provides an interesting example of the relationship
between exactly solvable open and closed systems.
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5.5.1.2. Expansions in terms of continuum wave functions As is well known, the
time evolution of the decaying wave solution given by Eq. (47) may also be
calculated by expanding the retarded Green function in terms of the com-
plete set of continuum wave functions of the problem, the so-called physical
wave solutions ¥ *(k, r) to obtain

W(r,t) = / ) Clkyyr (k, r)e ™ dk, (132)
where
Clk) = /ﬂ W*(r,0)y* (r, k) dr, (133)
and
> [ sintkn)/i(k), r<a
Wk, 1) = \/i { (134)
T G2)[e —swer], r=za

where the S-matrix S(k) = J_(k)/],(k), with J_(k) = J%(k), the Jost functions
[41]. For the §-potential model |, (k) is given by

Jo(k) =1+ %sin (ka)e™. (135)

Notice, by extending the above expression to complex values of k that the
poles of S(k) and hence the zeros of ], (k) correspond exactly to the solutions
given by Eq. (127). One may evaluate analytically Eq. (133) using Egs. (125)
and (134).

5.51.3. Results The parameters of the §-potential in the calculations are 1 = 6
and a = 1 and the initial state W(r,0) corresponds to the lowest infinite box
state, namely, p = 1.

Figure 7.8 shows a plot of the natural logarithm of |W(r, t)|* as a function
of time using, respectively, the resonant expansion given by Eq. (121) (solid
line) and the numerical integration of Eq. (132) (dashed line), for v/a = 1.
Notice that both calculations are indistinguishable from each other. The
figure also shows the 1/ long-time asymptotic contribution using Eq. (122)
(dotted line). It is worth mentioning that the time evolution of the system is
dominated by the exponential decay law. Closer inspection shows that the
decay rate is that of the first resonance state, the reason being that there
is a large overlap between the corresponding resonant state u;(r) and the
initial state, i.e., Re C; &~ 1 [85]. The long-time nonexponential contribution
is very small and one observes a transient behavior in the transition from
exponential to the postexponential inverse power law behavior.
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Figure 7.8 Plot of Ln |\W(r, t)|* as a function of time for the 5-potential with parameters

A = 6and r/a = 1. The resonant expansion (solid line) and numerical integration calculations
(dashed line) are indistinguishable. It is also shown the 1/t long-time asymptotic contribution
(dotted line). See text.
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Figure 7.9 Plot of Ln|¥(r, t)|* as a function of time for the §-potential with parameters
A = 6and r/a = 50. The resonant expansion (solid line) and numerical integration (dashed
line) calculations are indistinguishable. It is also shown the 1/t asymptotic long-time
contribution (dotted line). See text.

Figure 7.9 shows also a plot of the natural logarithm of |W(r, t)|* as a func-
tion of time using, respectively, the resonant expansion given by Eq. (121)
(solid line) and the numerical integration of Eq. (132) (dashed line), for
r/a = 50. The figure also shows the 1/# long-time asymptotic contribution
using Eq. (122) (dotted line). It is worth noticing that both calculations are
indistinguishable from each other. One may identify the oscillating struc-
tures to the left of the main peak as contributions from higher energy
resonant states, which, however, possess very small strength C,, where we
recall Eq. (110). The striking feature of this figures is, however, that there
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seems to be a dependence of the decaying behavior with distance. This is
related to the small value of the intensity of the §-potential which implies
large decay widths.

5.6. Double-barrier resonant system

As another example, we consider a double-barrier resonant tunneling sys-
tem in 1D. These artificial quantum systems, formed of semiconductor
materials, have been fabricated and studied since the 1970s of last cen-
tury [61]. Sakaki and co-workers verified experimentally that electrons
in sufficiently thin symmetric double-barrier resonant structures exhibit
exponential decay [88]. Recent work has examined the conditions for full
nonexponential decay in double-barrier resonant systems [56]. Here we
want to exemplify the time evolution of the probability density in these
systems along the external region using the resonant expansion given by
Eq. (121) [89].

We consider a double-barrier resonant system formed by two barriers of
equal height U, and width b situated at each side of a well of width w with
typical parameters of semiconductor GaAlAs — GaAs — GaAlAs structures
[61]: Uy = 0.23eV and b = w = 5nm. Hence, the length of the system is
L = 15nm. Also, the effective mass of the electron is m = 0.067m,, with
m, the electron mass. The above parameters determine the set of poles {k,}
and resonant functions {u,} which are required to evaluate in 1D the decay-
ing solution given by Eq. (121) . These parameters may be obtained by
techniques similar to those discussed for the §-potential, as discussed, for
example, in appendix B of Ref. [60]. The parameters of the lowest resonance
level of the system are & = 0.080054eV and I'; = 0.001028 eV. The lifetime
of the system v = //I'; is T = 0.64 ps. The initial state is chosen as the lowest
energy infinite box state occupying at t = 0 the well of the double-barrier
system. The overlap coefficient between the initial state and the lowest reso-
nant state u; gives, using Eq. (106), C; = 0.877. Since the initial state is real,
clél = Cf = 0.769, that implies in view of Eq. (110) that most of the strength
of the initial state is taken by u;.

Figure 7.10 exhibits a plot of |W(x,f)|* as a function of time in units of the
lifetime © (solid line) for the double-barrier resonant system at a fixed dis-
tance x = 10°L. Here the exponential decaying regime lasts for a period
of many lifetimes. One observes also, before the onset of the exponentially
decaying regime, the contribution that arises from higher energy resonant
states and then, at long times, the transition to the nonexponential behavior.
By the sake of comparison the + contribution is also plotted (dotted line).

Figure 7.11 provides a plot of |W(x,t)> as a function of the distance
in units of the length L at a fixed time ¢ = 107, for the double-barrier
resonant system described above (solid line). Notice that the probabil-
ity density exhibits a propagating wavefront. For comparison, Figure 7.11
shows also the solution for the probability density using the Gamow’s
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Figure 710 Plot of Ln |W(x,t)|” as a function of time in units of the lifetime t = 0.64 ps
(solid line) at a fixed distance x = 10°L, for the double-barrier resonant system with
parameters as discussed in the text. Also shown is the 1/t* asymptotic long-time contribution
(dashed line). See text.
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Figure 711 Plot of Ln |\W(x,t)|? as a function of the distance in units of the potential radius
x/L (solid line) for the double-barrier resonant potential with the same parameters as in the
previous figure, at time t = 107. Also shown is the purely growing exponential Gamow’s
solution (dashed line). See text.

solution W(x,)gamow = exp [iki(x — L)]exp [—i (hk?t/2m)], which increases
exponentially with distance producing an “exponential catastrophe.” It is
worth emphasizing that the exact decaying solution in terms of resonant
states given by Eq. (121) yields a propagating wavefront. There is no
exponential catastrophe.

5.7. Survival probability

The survival amplitude yields the probability amplitude that at time ¢ a
particle remains in its initial state. The survival amplitude is defined as
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L
AH) = / W (6,00 W (x 1) d, (136)
0

and the survival probability by
S(t) = |AH). (137)

It follows from the results presented in the Section 5.2 that the survival
amplitude may be expanded in terms of resonant states as

A(t) = i CTIC_:"M(OIKH/ t)/ (138)

where C, and C, are given, respectively, by Egs. (106 and 109). At long times
one may write the survival amplitude, using Eq. (115) into Eq. (136), as

= ~ i = Cnén Cnén ’ 1
A<t>%2cncneI*k%“”—bz[ K3 ‘( G )L—+ (139)

n=1 n=1 n

In general, at asymptotically long times, the behavior of the survival ampli-
tude may depend on many resonance terms. However, in view of Eq. (110),
it may happen that a single coefficient dominates over the others, i.e.,
C,C, ~ 1, which means that the overlap of the initial state with that that
resonant state is large. In that case it is justified to make use of a single res-
onant term for the long-time behavior. This has been a usual assumption in
the literature [78, 90-93].

Another quantity of interest for the time evolution of decay is the
nonescape probability, defined as,

P(t) = /O i W (x,£) % d. (140)

Some years ago there was a controversy regarding the long-time behavior of
P(t). In Ref. [84] it was argued that it should go as t~'. However, some authors
questioned that result and there was finally agreement in that it goes as ¢~
as recap in Ref. [85].

An interesting application of the formalism of resonant states is in the
description of decay in multibarrier resonant tunneling systems [57, 58].
The main result in Ref. [57] is the modification in multibarrier systems of the
exponential decay law into a nonexponential oscillating behavior due to the
contribution of decaying Rabi oscillations. The decaying Rabi oscillations
arise from the exponential-exponential interference of closely lying reso-
nances in multibarrier systems. We stress that this contribution differs from
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the nonexponential behavior of the survival probability at very short times,
which depends on the very high components of the energy spectra of the sys-
tem. From our analysis we may conclude that decaying Rabi oscillations are a
distinctive feature of decay in multibarrier systems. We have also shown that
by varying appropriately the distinct parameters of the multibarrier system
one may design systems with specific values for the Rabi frequency and/or
the exponential-nonexponential transition. The main expression to describe
the above behavior is [58]

M M
St = |GG e ™ +2 5" Dl T cos (Qunt + Er),  (141)

n=1 m>n,n

where D,,, = Dyl exp (i&yn), 1Dyl = |CiConCouCol, Epm corresponds to the
phase difference between that of C,Cy and C,C,, Qun = (€ — E,)/h is the
Rabi frequency and T, = (T, + I,))/2.

Figure 7.12 shows a plot of the behavior of the survival probability for
a quadruple characterized by parameters typical of semiconductor het-
erostructures [61]: barrier heights V, = 200 meV, barrier widths, by = 4.0 nm,
well widths, w, = 5.0nm. The effective mass is m* = 0.067 m,, with m,
the electron mass. Here the first triplet of complex poles {«,} and resonant
states {u,(x)} of the problem suffice to describe the behavior of the survival
probability, namely Eq. (141) with M = 3. The initial state ¥(x,0) is taken
by simplicity as a square infinite box state. One sees clearly the oscillating
nonexponential behavior of the survival probability in this system.

0.0 o0

-3.0 A

Ln [S(1)]

—6.0

_9-0 T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

t(ps)

Figure 7.12  Plot of the survival probability 5(t) as a function of time for the quadruple
tunneling barrier system discussed in the text that exhibits decaying nonexponential Rabi
oscillations. The inset shows S(t) in a wider time interval that includes the
exponential-postexponential transition at long times.
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Figure 713  Plot of Breathing mode of the probability density |¥(x,t)|?, along the internal
region of the quadruple barrier system when the initial state is placed on the central well.
One sees that the internal dynamics consists of a quasi-periodical processes involving spatial
oscillations leading to the reconstruction of the initial state. At each oscillation there is a
leakage through the ends of the open system.

As discussed in Ref. [58], the resonant states u,(x) play a crucial role to
understand the dynamical behavior along the internal region, especially
their mutual interference, which elucidates the underlying mechanism of the
observed oscillations of the spatial and time-dependent probability density
|W(x,t)[?, plotted in Figure 7.13.

We end this presentation by pointing out that regarding experiment it is
necessary to extend to multibarrier systems the techniques used to verify the
exponential decay law in double-barrier resonant structures [94]. However,
it might be that to test the oscillatory decaying behavior discussed here may
require of a new type of experimental setup. Regarding the dynamics of the
probability density along the internal region of the multibarrier structure,
an interesting possibility is to create the initial wavepacket by an ultrafast
laser source and make use of specific spectroscopies to observe the oscillatory
motion of the wavepacket [95].

Our results are of a general validity in quantum mechanics and hence one
may consider other artificial multibarrier structures as, for example, ultra-
cold atomic gases in optical lattices [86] and in optical tests of quantum
mechanics [96].

6. CONCLUSIONS

We have shown that demanding purely outgoing boundary conditions on
the solutions to the Schrodinger equation for an arbitrary potential of finite
range, i.e. V(r) = 0, r > a defines the resonant states of the system and leads
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to complex energy eigenvalues. The residues at the complex poles of the out-
going Green'’s function to the problem provide a normalization condition for
resonant states that involves an integral term along the internal region of
the system plus a surface term at r = a. The formalism of resonant states
provides a unified description for tunneling in the energy domain, and also
in time domain in connection with tunneling transients [48], and the time
evolution of decay.

The purely outgoing boundary conditions considered above define a
class of open quantum systems. The coupling with the exterior is achieved
through the boundary conditions. The time evolution of decay constitutes a
sort of dissipative process where matter goes out of the system by tunneling.
Notice, however, that the equation of continuity is fulfilled, i.e., see Eq. (20).
It might be interesting to place the formalism presented here in the general
context of dissipative systems [97, 98].

The relationship of the Rigged-Hilbert space formulation of quantum
mechanics with the formalism of resonant states discussed here requires to
be clarified. For example, it is not clear that the complex poles «_, seated on
the third quadrant of the complex k plane and their corresponding resonant
states u_, play a role in that formalism for times ¢ > 0. As we have shown,
these poles are essential to obtain the long time 1/t behavior of decay. In fact
the time evolution of decay in terms of the resonant state formalism coin-
cides exactly with the numerical solution to the time-dependent Schrédinger
equation of the problem. At a more fundamental level, the above issue is
related to the understanding of irreversibility at the quantum level, where
the formation and decay of transient states play a fundamental role [93, 99].
Further work is required on this issue.

I have restricted the discussion to the simple problem of a single par-
ticle interacting with a potential of finite range. Although the formalism
remains valid for a more general class of potentials and may be general-
ized to deal with effects concerning incoherent processes [35, 37], our main
purpose here has been to show that the non-Hermitian formalism of reso-
nant states provides an exact analytical description of tunneling and decay
processes in quantum mechanics which is in fact indistinguishable form
numerical calculations using continumm wave functions.
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APPENDICES

A. DETERMINATION OF THE RESIDUE AT A POLE
OF THE OUTGOING GREEN’S FUNCTION

We present here the determination of the residue of the outgoing Green’s
function of the problem at a complex pole on the complex k plane for a
spherical symmetric potential of finite range in the case of zero angular
momentum or equivalently a finite range potential in the half-line. The
resulting expression for the residue differs slightly from that obtained on
the energy plane derived in Ref. [17].

The outgoing Green’s function associated to the Hamiltonian given by
(5) satisfies the equation

;—:ZG+(1', k) + [I2 = V(] G (r,7;k) = (%) 3(r—7), (A1)

with the boundary conditions at » = 0 and r = a given, respectively, by
G (0rk)=0 (A2)
and

0
|:8—rG+(r, r’;k):| = ikG*(a,r';k). (A.3)
Near a complex pole «, one then may in general write

G+(;,/ r//_k) ~ /;(n(r/ r )

+ x(r,7;k) (A4)

n

where p,(r,7';k) is the residue at the complex pole «, and x(r,7';k) is a regu-
lar function. Substitution of Eq. (A.4) into Eq. (A.1) leads after some simple
algebra to the result

3% x (r,7;k)
or?

1 32p,(r, 7
£ )+
or?

[ = V()] pulr, r’)} + { +[R -V x(r, r’;k)}

_ <2_m> S(r—r) = (A.5)
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Addition and subtraction of k2p,(r,1')/(k — k,) to the previous equation and
taking the limit k — «, leads to the expressions

Fpulrr) 8(; 0, [k = V()] pu(r,¥) =0 (A-6)
and

O x (r,75k,)
or?

2m

+ [Ks - V(T’)] x (7, 75K,) + 26, 0,(r, 7)) = < =

) S(r—171). (A7)
Now, substitution of Eq. (A.4) into the boundary conditions given by
(A.2) and (A.3) adding and subtracting ik, 0,(r, ')/ (k—k,) and taking the limit
k — «,, yields

0,(0,/)=0 (A.8)
X(Olr/;Kl/l) == 0 (A9)
and also
[%pn(r/ T/)j| = iKnpn(a/r/) (AlO)
a . .
[5)( (r, r’;/cn)i| =ik, x(a,7 k) + ip,(a,r). (A.11)

One sees that Eq. (A.6) for p,(r, ') and its boundary conditions, given by
(A.8) and (A.10), are identical with Eq. (5) for u,(r) and its corresponding
boundary conditions, Egs. (6) and (8). Consequently p,(r, ) is proportional
to u,(r), namely,
ou(r, 1) = Uy (r)P(r). (A.12)

An explicit expression for P(r') may be obtained as follows. Multiply Eq. (5)
by x(r,7';k,) and Eq. (A.7) by u,(r), subtract one from the other and integrate
from v = 0 to ¥ = a. The result may be written, using Eq. (A.12), as

0 , ,ood ‘

un(”)_X(V/T}Kn) - X(r/r;Kli)_un(r) +
or dr 0

/Oa w2 (r)P(r)dr = (2—?) /Oa 1, (r)8(r — dr. (A.13)

It then follows, using Egs. (6), (8), (A.9), (A.11), and (A.12) that

N (2m Un (1)
Pir)y = < n? ) 26, { [y u2(rdr + iu2(a) /2« }

(A.14)
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Substitution of Eq. (A.14) into Eq. (A.12) yields

N_ (2m U (1)1t (1)
pulr,T) = ( B ) 2, {2 (rdr + iu2(a)/2x,) (A-15)

which leads to Eq. (26) with the normalization condition given by Eq. (27),
i.e., the expression within the brackets in the denominator to Eq. (A.15) equal
to unity.

In the complex energy plane, the residue at a proper resonant pole, i.e.
&, > T, reads [17]

1, (P (1)
[ u2(r)dr + iu2(a)/2«, )}

pulr, 1) = { (A.16)

which, of course, yields the same normalization condition that in the k plane.

B. ASYMPTOTIC PROPERTIES OF THE MOSHINSKY FUNCTION

The Moshinsky function is defined as [49]

i oo eikze—iﬁkzt/Zm 1 . N 5
M(y,) = M(z,q,t) = o / Wkdk = Ee(’"’z Phermerfe(y,),  (B.1)

where the argument y,, is

, m \1/2 hq
_ L—im/4
Yp=¢ (_2ht) [z - —t} . (B.2)

In the above expressions g stands for k, «,, or k_, = —k’ and z stands for r
or X.

In this appendix we shall be interested in evaluating the limits of M(y,) as
t - 0and ast — oo.

The properties of the Moshinsky function may be obtained from the prop-
erties of the function exp (y2) erfc(y,). It turns out that this last product
corresponds to the Faddeyeva function w(v) = exp (—v?)erfc(—iv) as defined
by Abramowitz and Stegun [51] and Faddeyeva and Terentev [50]. Hence
making v = iy one may write the Moshinsky function as
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1 .
M(y,) = ~e" " u(iy,). (B.3)

The above expression may be adequate for calculations since very efficient
methods to evaluate numerically the function w are available [100].

For small values of the argument y, it is convenient to consider the series
expansion [50, 51]

1
zmz /ZM zmz /ZM
M(y,) = 5" w(iy,) = Z 7 /2 + 5 (B4)
Hence for |y,| « 1

1. 1
M(y”) ~ Eezmzz/th [1 _ 5751/2% + .. :| . (B5)

For very large values of the argument y,, provided it obeys —m/2 <
argy, < m/2, one may write the series expansion

1 1

iy, g T (B0

w(iy,) ~

and therefore using Eq. (B.3) one may write M(y,) as

1.5 1 1
~ _elmz /2ht _ L.
M(y,) ~ Se [—nl Ay ay T ] : (B.7)

When the argument y, lies within the limits n/2 < argy, < 3m/2 one may
use the symmetry relation

w(iy,) = 2% — w( — iy,), (B.8)

to write the asymptotic expansion
Wliy,) ~ 26 + —m = s (B9)
and consequently, using Eq. (B.3) one may write M(y,) as

1 > 2 1 1
~ _imz"/2ht Vi ...
M(y,) ~ e |:2e Ty, 2y } : (B.10)
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Abstract Rapid advances in quantum technology have made possible the control of

quantum states of elementary material quantum systems, such as atoms or
molecules, and of the electromagnetic radiation field resulting from sponta-
neous photon emission of their unstable excited states to such a level of
precision that subtle quantum electrodynamical phenomena have become
observable experimentally. Recent developments in the area of quantum infor-
mation processing demonstrate that characteristic quantum electrodynamical
effects can even be exploited for practical purposes provided the relevant
electromagnetic field modes are controlled by appropriate cavities. A cen-
tral problem in this context is the realization of an ideal transfer of quantum
information between a state of a material quantum system and a quantum
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state of the electromagnetic radiation field which contains a small number or
even a single photon only. Despite much recent work in cavity quantum elec-
trodynamics, which has explored this problem successfully in cases in which
the number of accessible electromagnetic field modes is strongly restricted
by a cavity, currently still much less is known about ideal quantum state
transfer between matter and few-photon quantum states of the electromag-
netic field in the extreme opposite case of free space. In this contribution
we review recent work which explores characteristic quantum electrodynam-
ical phenomena governing the interaction of a material quantum system with
the electromagnetic field in extreme many-mode cases which are close to
cavity-free situations. For this purpose the simplest possible quantum elec-
trodynamical situation, namely the interaction of a single material two-level
system with the wave packet of a single optical photon, is investigated in free
space and in situations in which a large cavity modifies the mode structure
of the electromagnetic field modes. It is demonstrated that perfect excita-
tion of an atom by a properly shaped single-photon wave packet is possible
even in free space. In particular, it is demonstrated that perfect excitation of
an atom can be achieved by a single optical photon which is prepared initially
in an appropriate superposition of plane-wave modes, provided this photon is
focused subsequently onto the absorbing atom by a parabolic cavity.

1. INTRODUCTION

Excited bound states of atoms are one of the simplest examples of unsta-
ble quantum states which decay radiatively into the continuum of possible
one-photon states of the electromagnetic field in free space. The search for
a satisfactory theoretical explanation of the line frequencies and intensities
of photon emission spectra at the beginning of the last century eventually
culminated in Heisenberg’s “magical paper” from July 1925 [1, 2] and in the
development of modern quantum mechanics [3-6]. Although basic aspects
of this spontaneous decay process have already been described theoreti-
cally in an adequate way in the early days of modern quantum mechanics
[7, 8], interestingly, some of its time-dependent dynamical aspects are still of
topical current interest.

To a large part the current interest in this elementary photon emission
process is due to recent advances in quantum technology. They have enabled
one to prepare quantum states of matter and of the electromagnetic field to
such a high level of precision that not only subtle quantum electrodynami-
cal phenomena can be tested experimentally but that these phenomena can
also be exploited practically for purposes of quantum information processing
[9]. On the one hand it is possible to engineer quantum states of individual
atoms or even of multiparticle systems with the help of sophisticated parti-
cle traps. In this context electromagnetic fields play a predominant role for
achieving the required trapping and they also allow to control the material
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quantum states involved with an unprecedented level of accuracy [10, 11].
On the other hand it is also possible to engineer quantum states of the elec-
tromagnetic field. Not only classical electromagnetic fields with large photon
numbers can be generated by sophisticated pulse shaping techniques [12]
but also particular few-photon quantum states of the electromagnetic field
can be prepared in a controlled way [13]. Numerous current developments
in the area of quantum electrodynamics, for example, have emanated from
an early insight of E.A. Purcell [14] that a modified density of field modes
of the electromagnetic field influences spontaneous decay rates. This stimu-
lated numerous experiments demonstrating the suppression of spontaneous
decay in cavities [15, 16]. More recently it has even been demonstrated that
extreme selection of electromagnetic field modes by cavities in combina-
tion with trapping of single atoms enables one to control the interaction
between single atoms and the electromagnetic field [13]. Thus, it is possible
to prepare single-photon single-mode quantum states of the electromag-
netic field [17], for example, or to excite a single atom by a single-photon
quantum state perfectly with the help of vacuum Rabi oscillations [18].
Despite these significant advances of quantum electrodynamics similar effi-
cient techniques for preparing many-mode few-photon quantum states of
the electromagnetic field or for controlling the resulting atom—field dynam-
ics are significantly less well developed. Advances in this direction would
be particularly interesting for purposes of quantum information process-
ing. They would significantly enhance the flexibility of exchanging quantum
information between the electromagnetic field, which is particularly useful
for the transport of quantum information, and matter, which is well suited
for the storage of quantum information.

In this contribution we investigate quantum electrodynamical many-mode
aspects by exploring the simplest possible situation in this context, namely
the interaction of a single atom, modeled by a simple two-level system,
with many-mode one-photon quantum states of the electromagnetic field
[19]. In particular, we concentrate on the question of how the engineer-
ing of electromagnetic field modes influences the atom—field interaction. An
interesting problem in this context is the engineering of ideal one-photon
multimode quantum states which may excite a single atom perfectly [20]. For
purposes of quantum information processing such one-photon multimode
states are particularly well suited for transmitting quantum information and
for storing it in a material memory again.

This chapter is organized as follows: In Section 2 characteristic aspects
of two extreme cases of the interaction of a simple two-state quantum
system with the radiation field are discussed, namely the single-mode
Jaynes-Cummings-Paul model [21, 22] and spontaneous photon emission
in free space [7, 8]. In Section 3 we explore dynamical modifications origi-
nating from modifications of the electromagnetic field modes involved. For
this purpose the interaction of a single photon with a two-level system in
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a closed spherical cavity of arbitrary size [23] and in a half-open parabolic
cavity [24, 25] is explored.

2. QUANTUM ELECTRODYNAMICS OF A MATERIAL TWO-LEVEL
SYSTEM—BASIC ASPECTS

In this section basic results concerning the interaction of matter with the
quantized radiation field are discussed. For this purpose an elementary
two-level model of matter is considered which involves two nondegenerate
relevant energy eigenstates coupled almost resonantly to the electromagnetic
field. Characteristic quantum electrodynamical properties of this model sys-
tem are particularly apparent in cases in which the quantum states of the
electromagnetic field contain only a small number of photons. The resulting
dynamics depends significantly on whether only one mode of the radiation
field or an infinite number of them participate in the interaction.

2. The Jaynes—Cummings—Paul model

One of the simplest models which describes characteristic quantum features
of the almost resonant interaction of matter with the radiation field is the
Jaynes-Cummings-Paul model [21, 22]. In this model a material two-level
system interacts with a single mode of the radiation field. In the Schrodinger
picture its dynamics is described by the Hamiltonian

ﬁ=%@@+&MM+MWMWWM@+@W@M. 1)

The energies of the material two-level system are denoted by E; and E. > E,
and 4 (a') is the destruction (creation) operator of the almost resonantly
coupled electromagnetic field mode of frequency w, ie., E. — E, & hw.
The coupling constant g characterizes the strength of the interaction of the
material two-level system with the single mode of the radiation field. In the
dipole approximation, for example, which applies in typical quantum opti-
cal situations and in which it is assumed that the wavelength of the almost
resonantly coupled electromagnetic field mode is significantly larger than
the extension of the material charge distribution of the two-level system, this
coupling constant is given by

~

ngi = —(eldlg) - E. (x). 2)

Thereby, d is the material dipole operator. The positive frequency component
of the electric field operator is denoted by

E®=ME;®& 3)
2¢p
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and it has to fulfill the transversality condition V - E.(x) = 0. (¢ is the per-
mittivity of the vacuum.) The normalized mode function u(x) is a solution of
the Helmholtz equation

(V4 o*/*)u(x) =0 (4)

and fulfills the boundary conditions of the mode-selecting cavity involved.
It is normalized according to the relation [.; d*x |u(x)|> = 1. The position of
the center of mass of the material charge distribution is denoted by x,.

Within this model the dynamics of the almost resonantly coupled matter—
field system can be described in a straightforward way by expanding the
quantum state [¢), at time t in the basis of energy eigenstates of the
uncoupled quantum system, i.e.,

Y= Y {ae (e ET ) @ [n) + ag , (HeTE TN g) @ [n)). (5)
n=0

The time-dependent Schrodinger equation ihd|y),/dt = H [¥); yields the
system of pairs of coupled equations

fe,n(t) = —igV/n + 1e™ay .1 (1),
(g ui1(t) = —ig*Vn + 1e *a, ,(t) (for n > —1), (6)

with A = (E. — hw — E;)/h denoting the detuning from resonance.
If initially, at t = O, the two-level system is prepared in its excited state |e),
ie. a,,(0) = 0forn > 0, Egs. (6) yield the solution

Q,t iN (St .
ae,n(t) = ae,,(0) (COS( 5 ) — Zgz_nsm (7)) it

2ig VQ” +1 sin (%) oiAI2.

n

ag,n+1(t) = _ae,n(o) (7)

The time evolution of the probability amplitudes 4., ,(t) and a, ,(t) exhibits
a characteristic periodic energy transfer between the two-level system and
the electromagnetic field mode which is characterized by the n-photon Rabi
frequency Q, = /A2 +4[g]*(n + 1). As the period of this energy exchange
depends on the photon number the resulting time evolution exhibits inter-
esting collapse and revival phenomena.

Let us consider a special case in more detail in which initially the two-level
system is excited and the single-mode radiation field is in a coherent state |«)
withd|a) = aje) and o € C [18]. The resulting time evolution of the inversion
of the two-level system is given by
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w(t) =Y {1ae. ()1 — ag (O} =Y 1a.,,(0)?

n=0 n=0

A 41ePn+1
(Q_ﬁ + % Ccos (Q,J)) p
(8)

with 4, ,(0) = exp( — |«|*/2)a"/ Vn!. In Figure (8.1) the time evolution of this
inversion is depicted for resonant coupling, i.e, A = 0, and various val-
ues of the mean photon number < n >= (ald'ala) = |«|* of a coherent
state |). It is apparent that the initially prepared inversion collapses after
a characteristic collapse time of the order of T. = 2mr/|g|. Furthermore, at
multiples of times of the order of T, = 27+/< n > +1/|g| the probability
amplitudes interfere constructively again thus causing revivals of the initial
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w (t)
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gt
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Figure 8.1 Time dependence of the inversion w(t) of Eq. (8) of the two-level system
describing its excitation by a coherent single-mode state |a): < n >= 0.5 (upper curve),
< n >= 25 (lower curve).
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excitation [26, 27]. Finally, it should also be mentioned that according
to Eq. (8) the appearance of collapse and revival phenomena does not
necessarily require an initially prepared pure quantum state of the electro-
magnetic field.

If one considers the extreme case that the two-level system is excited ini-
tially but the electromagnetic field is in its ground (vacuum) state one obtains
the result

w) = o + B cos ) ©

for the inversion of the two-level system. In this case the inversion oscillates
periodically between its extreme values and these oscillations are governed
by the vacuum Rabi frequency 2, = 2|g|. In particular, this result demon-
strates that in the case of the coupling of a two-level system to a single
mode of the radiation field the decay of the excited state of the two-level
system is not described by an exponential decay law but exhibits a periodic
energy exchange which reflects the periodic exchange of a photon between
the two-level system and the radiation field.

2.2. Spontaneous emission of a photon in free space

If a material two-level system interacts with the quantized radiation field
in free space its dynamics differs significantly from the single-mode case
described previously. In order to exemplify these significant differences let
us assume that initially the two-level system is prepared in its excited state
le) and that the electromagnetic field is in its ground (vacuum) state |0). In the
absence of any mode-selecting cavity all modes of the electromagnetic radia-
tion field couple to this initially excited two-level system. In the Schrodinger
picture the field operators of the electric and magnetic field strengths are
given by [28]

E(x) = Z {iwe (), — uy (03]} = E,.(x) + E_(x), (10)

B(x) = Z/ (V/\uk, (i + (V Aug,) (0af ) = B.(x) + B_(x),

with their corresponding “positive-” and “negative-frequency” parts E, (x)
and E,(x) (]§+(x) and ]AS,(x)). If we consider an electromagnetic field in a cubic
quantization volume of length L and volume V = L* and impose periodic
boundary conditions a complete set of orthonormal mode functions can be
chosen in the form
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uyi(X) = e[(k)%, =12, (11)

with the wave vectors k = 2zn/L (n € Z*) and with the corresponding real-
valued unit-polarization vectors e;(k) (e;(k) - ex(k) = 0, e; (k) A ex(k) = k/|k])
fulfilling the transversality condition e;(k) -k = 0 for i = 1,2. Within a pertur-
bative treatment of the spontaneous photon emission process according to
Fermi’s golden rule the resulting decay of the two-level system is governed
by the rate [28]

2 s [l , w3, |(eldlg)?
=D 7 leldig) - [ 5= ui(0)? 8(Ey + hoog — E) = — 5=,

(12)

with the transition frequency w., = (E. — E;)/I/. Within the framework of
the dipole approximation x, denotes the position of the center of mass of the
two-level system. It is apparent from Eq. (12) that the spontaneous decay
rate depends on the number of field modes per unit energy which cou-
ple resonantly, i.e., with w, = (E. — E;)/h, to the spontaneously decaying
two-level system. Thus, altering the mode structure of these relevant field
modes by a cavity, for example, modifies the spontaneous decay rate. This
effect was confirmed in experiments with Rydberg atoms of sodium [29]
excited in a niobium superconducting cavity. Rydberg atoms are especially
suitable for the experimental verification of modifications of spontaneous
decay rates since they possess large dipole matrix elements on microwave
transitions. Therefore, the spontaneous emission rate for the atomic transi-
tion 235—22P was investigated which was in resonance with the niobium
superconducting cavity at 340 GHz. Thus, the free-space value of ' = 150s™!
could be increased to a value of 'y = 8- 10*s7.

A nonperturbative treatment of the exponential decay of an excited two-
level system has already been given by Weisskopf and Wigner [7, 8] in their
seminal work. If the initially prepared quantum state of the matter—field
system is of the form |e) ® |0) the time evolution of the resulting quantum
state can be decomposed according to

W)=Y aga(Ble 50 @) @ a) | 0) + ac(t)e ™ e) @ 10).  (13)

k, i

The resulting dynamics is described by the time-dependent Schrédinger
equation with Hamiltonian
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H = EgIg)(g] + Ecle) (el + Y hondy, i

kel, i
— le)(gl (eldg) - E, (x0) — Ig) (el (eldlg)* - E_(xo) (14)

in the dipole- and rotating wave approximation [28]. The rotating wave
approximation takes into account the interaction of the two-level system
with the almost resonant field modes (k € I) within a frequency interval
of width w, > Aw > T centered around the transition frequency w,, in a
nonperturbative way. The influence of all other (nonresonant) field modes
can be taken into account perturbatively. In particular, in second-order per-
turbation theory these nonresonant modes give rise to a Lamb shift [30, 31].
It should be mentioned that, contrary to the almost resonant modes, for a
consistent treatment of this energy shift the coupling of the nonresonant
modes of the radiation field to the two-level atom cannot be treated in the
dipole approximation because also high-frequency field modes have to be
taken into account. Furthermore, mass renormalization has to be included.
This way a well-defined and finite expression for the Lamb shift can even be
obtained within a nonrelativistic quantum electrodynamical description [31].

The time-dependent Schrodinger equation is equivalent to the differential
equations

i) = eldlg

hw,
Z - Uy, i (xo)agk,(t)el(Ee’ngﬁwkﬂ/h,
kel, i

élgki(t) _ (6|(§i|g> /Z_‘:k * (XO){II (t)e i(Ee—Eg—hay)t/h (15)
0

for the probability amplitudes which yield the integro-differential equation

. P (eldlg) - e (x) / - :
ae(t) = — E dt’ a (t')eFe~Fe= o t=1)/R 16
(1) Z 2e, |t a(t) (16)
for the probability amplitude a.(t) of observing the two-level system in its
excited state |e) at time ¢t > 0. In the continuum limit of a large quantization
volume V the summation over the modes of the electromagnetic field can be
approximated by

> — Z oy / &Pk = Z dwp(w), (17)

kel,i wel

with p(w) = 47 Vw?/(87°c*) enumerating the number of field modes per fre-
quency and per polarization. As long as the spontaneous decay rate I' of
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Eqg. (12) is much smaller than the resonance frequency ., and the frequency

range over which the integrand of Eq. (16) varies significantly, the “pole
approximation” [7, 8, 32] may by applied so that Eq. (16) reduces to

() = — f L Ta.()s(t — t') = —gae(t). (18)

Within this approximation the initially excited two-level atom decays expo-
nentially with rate (12) so that for t > 0 the quantum state is given by

hoy e~ (Eg+howt/n _ pilEe=inl/Dt/h
- d | 2 ‘10
=2 (CDteldig)” w60, 5 E.—E, — hoy — itz il ®18)

kel, i

o BT/ 6y & 0). (19)

Thus, at the end of the spontaneous decay process the two-level system
approaches a separable pure quantum state with the two-level system in
its lower energy eigenstate |¢). In this quantum state the mean electric and
magnetic field strengths vanish so that the (normally ordered) energy den-
sity of the electromagnetic field provides a local measure for the statistical
uncertainty of these electromagnetic field strengths.

According to Eq. (19) after the completion of the photon emission process
both the two-level system and the electromagnetic field are in pure states.
In view of this asymptotic separation it is of interest to ask whether a one-
photon state of the electromagnetic field exists which is capable of exciting
a material system, such as an atom, perfectly in free space from an ini-
tially prepared ground state |g) to an excited state |e) by photon absorption.
Within our quantum electrodynamical model this question can be answered
in the affirmative in a straightforward way. For this purpose one has to solve
Egs. (15) subject to the final state condition that at a particular time, say t = 0,
the two-level system is in its excited state and the radiation field in its vac-
uum state. It is straightforward to show that for ¢ < 0 this advanced solution
of Egs. (15) is given by the quantum state

hwk e*i(Eg#»hwk)f/fL _ e*i(EeJrile"/Z)f/h
— d N
=2 (CDeldig)” w6 W 2e, E.—E, — hox + ihT)2 A0 @ 12)

kel, i

o {EHRT2/M 6y & 0). (20)

Indeed, for t — —oo this quantum state is separable. It describes the two-
level system initially prepared in state |g) with the radiation field prepared
in the particular pure one-photon state which finally excites the two-level
system to its excited state |e) perfectly by absorption of a single photon.
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For times t > 0 the continuation of this time evolution is described by the
quantum state of Eq. (19).

3. QUANTUM ELECTRODYNAMICS WITH CONTROLLED MODE
SELECTION

In this section characteristic quantum phenomena originating from the
exchange of energy between a two-level system and a single-photon radi-
ation field inside a cavity are discussed. First, we consider a possibly large
but closed spherical cavity which may contain many almost resonant field
modes coupling to a material two-level system positioned in the center of
the cavity. By varying the size of this cavity it is possible to describe in a uni-
form way the transition between the extreme cases of coupling to a single
mode of the radiation field and of the free-space limit [23, 33]. Second, we
discuss the dynamics of spontaneous photon emission by a two-level system
in a half-open parabolic cavity.

3. Photon exchange in a closed spherical cavity

The dynamics of a material two-level system positioned at the center x,
of a spherical cavity, which supports almost resonant field modes, can be
described within the theoretical framework discussed in Section 2.2. In
the dipole- and rotating wave approximation again the dynamics of this
quantum system can be described by the Hamiltonian of Eq. (14) in the
Schrodinger picture. However, now the electric field operator of Eq. (10) has
to be constructed with the help of mode functions u,(x) which are appropriate
for a spherical cavity. For this purpose we solve the Helmholtz equation (4)
with the boundary condition of an ideal metallic spherical cavity. Thus, the
tangential component of u,(x) and the normal component of (V A u;)(x)
have to vanish at the boundary of the spherical cavity. The corresponding
solutions of the Helmholtz equation determine the relevant set of possible
discrete eigenfrequencies w, inside this cavity. For a spherical cavity of radius
R the possible mode functions are of the form [33]

Um(X) = Nopjr(@ur/0)Xem((X — X0)/1X — Xol),

ic

Vium(X) = Ny (V A j)(@ur/)Xem((x — Xo) /1x — Xol), (21)

Wy,

with the mode index I = (nLM), the vector spherical harmonics [34]

Xom(y/lyl) = — yA (VYY) (y/lyD), (22)

1
VLI +1)



468 M. Stobirska et al.

and with the spherical harmonics YM(y/|y|]) (L € No, =L < M € Z < L)
[35]. The dependence of these mode functions on the radial coordinate r =
|x — Xo| is determined by the regular spherical Bessel functions [35] whose
asymptotic behavior is given by

Xt sin (x — Lw/2)

QL = W (23)

X

with 2L+ 1)!!' = 2L+ 1)L —1)(2L —3) - - - 3- 1. The normalization constants
N, are given by

R o2 w2
N, = ( / drrzji(wnLr/c)> === (24)
0 c R

The eigenvalues w,; of the electromagnetic field modes are determined by
the metallic boundary conditions, i.e.,

d(xj.(x))
de |x:w,,LR/c: 0. (25)

ji(wuR/c) =0,

Thus, highly excited field modes with w,; R/c > 1 are characterized by the
eigenvalues

CL)HLR/C anR/—c>>i n -+ (L + 1)]‘[/2 (26)

Note that the energy density of highly excited field modes is given by
dn/d(hw,.) = R/(whc) and is thus frequency independent. It should also be
mentioned that at the center of the spherical cavity, i.e., at xy, only the mode
functions V,;_1p—0(x) are nonvanishing. Therefore, in the dipole approxima-
tion the two-level system positioned at the center of the spherical cavity can
only couple to these field modes.

Inserting the relevant mode functions into the electric field operator of
Eq. (10) and solving the time-dependent Schrodinger equation with Hamil-
tonian (14) yields the time evolution of the quantum state |vy); [23]. As a
result, under the condition [¥),.y = |e) ® |0) in the limit of an infinitely
large cavity again the results of Eqs. (19 and 20) are obtained. In partic-
ular, with the help of the relevant mode functions V,;_;y—(x) the energy
distribution of the resulting one-photon state can be determined in a straight-
forward way. In the radiation zone of the two-level system, i.e., at distances
[Xx — Xo| = 7 > c/we,, One can use the asymptotic form of the relevant spher-
ical Bessel functions. Thus, for the quantum state of Egs. (19 and 20) in this
region of space the energy density of the radiation field is well approxi-
mated by
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3l hawe, sinf
—e

ot e et — rfe). (27)
T

(w123 (B0 + B : ) =

Thereby, :: denotes the normal ordering [28] of the field operators, 6 is the
angle between the dipole moment (e|&| g) and the direction of observation
(x — xp), and ©(x) denotes the Heaviside unit-step function with ®(x) = 1 for
x > 0 and zero elsewhere. The electromagnetic energy density of Eq. (27)
is a local measure for the uncertainties of the electric and magnetic field
strengths. It is apparent that this energy density has an exponential shape
with a spatial extension of the order of ¢/I' and with a sudden decrease at
distance |[x — xo| = r = c|t| from the two-level system. Due to energy conser-
vation the total field energy contained in this one-photon wave packet equals
fiweg(1 — e7"). The mean field energy density can also be decomposed into
its electric and magnetic contributions (which are equal) and into its various
polarization components. Thus, along direction e the polarization compo-
nent of the mean electric energy density, for example, can be represented in
the form

(WS (e BRI = le - EXDP, (28)

with the complex-valued electric one-photon energy-density amplitude

3T hw. . in 6
EOf) = —i /T‘“g@(m B e P (T R AN )
T C r

and with sgn(t) denoting the sign of t. Equation (29) is valid in the radi-
ation zone, ie. for we,r/c > 1, as long as w., > I'/2 (compare with
Eq. (18) and the validity of the pole approximation). It demonstrates that
in the radiation zone the electromagnetic field energy is concentrated com-
pletely in the polarization direction e,. Integrating Eq. (28) over all space
(thereby neglecting contributions outside the radiation zone) the electric field
energy at time t is given by

h
/ Px |Ex P = “LB (1 ¢TI, (30)
R3 2

The analogous expression for the magnetic one-photon energy-density
amplitude can be obtained from Eq. (29) by the replacement e, — e,. Thus,
the magnetic energy density is concentrated completely in the direction e,
and its integrated field energy contribution is also given by Eq. (30).

For finite values of the radius of the spherical cavity R the dynamics of
the photon exchange with the two-level system changes significantly. In the
extreme limit of a small cavity in which only one cavity mode is in resonance
with the spontaneously decaying two-level system the dynamics reduces to
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the results of the Jaynes—Cummings—Paul model discussed previously. In
cases in which this resonant field mode is highly excited this single-mode
limit is realized if I'dn/d(w,;—1) = TR/(7wc) < 1 so that the cavity is small in
comparison with the extension of a one-photon wave packet which is gen-
erated by spontaneous emission in free space and whose spatial extension
would be of the order of ¢/I". For larger values of the cavity radius R the
two-level system starts to couple to more and more field modes almost res-
onantly so that eventually in the infinite cavity limit the free-field dynamics
is approached. It can be shown that for almost resonant coupling of the two-
level system to highly excited modes of the spherical cavity, i.e., w,,R/c > 1,
for t > 0 the time evolution of the excited-state probability amplitude for an
initially excited two-level system is given by

(e ® (OW)t — o i(Ee=inl/2)t/h + Z @(t _ ZMR/C)E—i(Ee—th/Z)(t—ZMR/c)/h

M=1

(M —1\[ =TIt —2MR/c)]'+
X{Z( y ) 1+7) } 1)

r=0

In Figure 8.2 this time evolution is depicted for various sizes of the spherical
cavity. For small cavities the characteristic almost periodic energy exchange
between the two-level system and the radiation field is apparent. For larger
cavity sizes this dynamics is modified. For large cavities with I'dn/d(w,.—1) =
I'R/(wc) > 1 the initially excited two-level system decays approximately
exponentially with rate I' and is excited again at later times by the sponta-
neously generated one-photon wave packet whenever it returns again to the
center of the cavity where the two-level system is located.

3.2. Spontaneous photon emission in a half-open parabolic cavity

Efficient atom-light interaction in free space [20, 36-38] may provide us with
less technologically demanding solutions for quantum communication over
large distances than typical cavity quantum electrodynamical solutions [13].
Thus, it has gained a lot of interest recently. An intermediate case between
the small-cavity limit and the free-space limit can be realized by a large
closed cavity [23] in which an atom couples to a large number of modes
and which has been discussed in the previous section. A half-cavity, i.e.,
a cavity with one mirror, constitutes another example of such a case. The
structure of standing light waves in front of a mirror was already analyzed
in the pioneering work of K. Drexhage [39]. Later on, it has been verified
experimentally that under such circumstances one can witness a change of
the density of states of the electromagnetic field modes near the atom by
measuring its spontaneous emission rate [40]. A simplified one-dimensional
scalar model of a laser-driven atom in a half-cavity has been discussed in
Ref. [41], for example.
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Figure 8.2 Time dependence of the probability P.(t) of observing the spontaneously
decaying two-level system in its excited state at the center of a closed spherical cavity: The
number of resonantly interacting field modes is of the order of 'R/ ¢ and depends on the
size of the cavity R. For 'R/c = 10 (upper figure) a spatially localized photon wave packet is
generated by spontaneous emission and can be reabsorbed again by the two-level system
at the center of the cavity at later times. For 'R/c = 1(lower figure) only a small number
of cavity modes interact resonantly and the two-level system performs approximate Rabi
oscillations governed by the vacuum Rabi frequency.

As a second example for modifications of the quantum electrodynamical
interaction between matter and the radiation field originating from con-
trolled mode engineering in the following we discuss the spontaneous decay
of a two-level system, such as an ion [24], in a half-open cavity with a
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Figure 8.3 Spontaneous photon emission in a parabolic cavity: The two-level system is
positioned in the focus F of a metallic parabola with focal length f. All light rays emanating
from F which are reflected at the parabolic boundary leave the cavity by propagating parallel
to the symmetry axis. They all accumulate the same phase (eikonal) of magnitude we,(z + f)/c
which is the same as if these light rays had started in phase from the plane z = —f. There are
always two possible trajectories to any point x inside the cavity. In the semiclassical limit, i.e.,
f > c/weg, these two classes of trajectories give rise to the spherical-wave and the
plane-wave contributions to the complex-valued energy-density amplitude of Eq. (32).

parabolic shape. The two-level system is assumed to be positioned in the
focus F of an axially symmetric parabola whose boundary is formed by an
ideal metal and is described by the equation z = p?/(4f) (compare with
Figure 8.3). The coordinate z measures distances from point P along the
symmetry axis and p denotes distances perpendicular to the symmetry axis.
The focal point F of the parabola has coordinates (z = f,p = 0) with f > 0
denoting the focal length. A defining property of any parabola is the fact that
the distance between any point on its surface and the focal point F equals the
distance to the plane perpendicular to the symmetry axis located at z = —f.
We are particularly interested in possible changes of the spontaneous pho-
ton emission process of a two-level system resulting from the presence of the
parabolic boundary conditions. The parabolic shape of the mirror ensures
that, if a light beam is sent parallel to the symmetry axis of the parabola
toward the two-level system, this two-level system interacts with the light
coming from the whole 47 solid angle. Similarly, the whole light resulting
from spontaneous decay of the two-level system is redirected into a beam
propagating parallel to the symmetry axis. Thinking in terms of a semiclas-
sical ray picture only light rays which are emitted from the two-level system
along the (negative part of the) symmetry axis return again to the two-level
system. Contrary to the closed spherical cavity discussed in the previous



Quantum Electrodynamics of One-Photon Wave Packets 473

section all other emitted light rays leave the cavity without any reexcitation
of the two-level system. Thus, if the dipole moment of the two-level system
is oriented along the symmetry axis photon emission along the symmetry
axis is suppressed and we do not expect any significant modification of the
spontaneous decay process of the two-level system due to the presence of
the cavity in cases in which the focal length f is large in comparison with
the wavelength of a spontaneously emitted photon [42]. Nevertheless, in
analogy to a small cavity or to spontaneous emission in front of a planar
mirror [43] significant changes of the spontaneous decay rate are expected
if f becomes comparable to the wavelength of a spontaneously emitted
photon.

3.21. Time evolution of a photon wave packet

First of all, let us consider the dynamics of an almost resonant photon
and its resonant energy exchange with a two-level system positioned in
the focal point F in the semiclassical limit in which the focal length of
the parabola is large in comparison with the photon’s wavelength, i.e.,
f > c/we,. Furthermore let us concentrate on cases in which the two-level

system’s dipole moment (e|&|g) is oriented parallel to the symmetry axis
of the parabola. In particular, we want to investigate solutions of the time-
dependent Schrodinger equation |y); for which at a certain instant of time,
say t = 0, the two-level system is excited and the electromagnetic radiation
field is in its vacuum state, i.e., [¥),—g = le) ® |0). Thus, this case describes
spontaneous emission of a photon for ¢+ > 0 and perfect excitation of the
two-level system by a one-photon field for t < 0. As f > c/w,,, in the radi-
ation zone, i.e., for we|x — x¢|/c > 1, the distribution of the energy density
of the electromagnetic field can be determined with the help of semiclas-
sical methods. This is due to the fact that the one-photon energy-density
amplitudes of the electric and magnetic field energies (compare with Eq. (29))
are rapidly oscillating functions of the radial variable r = |x — xo| with a
slowly varying envelope which decays on the length scale c/T". Stated dif-
ferently, the condition w., > I'/2 implies that the phase (eikonal) of these
amplitudes exhibits many oscillations within the region of support of these
amplitudes.

In the radiation zone the one-photon energy-density amplitudes are solu-
tions of the wave equation whose semiclassical solutions [44] can be con-
structed with the help of the classical light rays inside the parabolic cavity.
Thus, the general form of the energy-density amplitudes of the electric and
magnetic field can be constructed semiclassically in two steps. First, one
determines their form inside a sphere of radius R, around the focal point
F = x, so that the condition c/w,, <« Ry « f is fulfilled. For the electric
field this amplitude is given by Eq. (29) and for the magnetic field it can
be obtained from Eq. (29) by the replacement e, — e,. Semiclassically,
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with this form of these amplitudes one can associate a Lagrangian mani-
fold [44, 45] of radially outgoing straight-line trajectories which start at the
position of the two-level system F and which propagate with the speed of
light. The relevant polarization direction remains constant during transport
along these radial trajectories. In a second step one determines the most gen-
eral semiclassical solution of the wave equation within the parabolic cavity
but outside this sphere of radius R,. For this purpose one has to construct
the light rays outside this sphere thereby taking into account that they are
reflected at the boundary of the cavity according to the classical reflection
law (equal incoming and outgoing angles). Apart from the reflection process
where one has to take into account the boundary conditions of an ideal metal
the polarization directions remain constant during the propagation along
any of these classical trajectories. The geometry of the parabola implies that
after reflection at the metallic boundary the classical trajectories propagate
parallel to the symmetry axis. Matching the solutions inside the sphere of
radius R and outside the sphere in a smooth way one obtains the one-photon
energy-density amplitude of the electric field at any point x = (z,p) inside the
parabolic cavity. Whereas for times |f| < f/c this energy-density amplitude
is given by Eq. (29), for times t > f/c it is modified due to reflections of light
rays at the boundary of the parabolic cavity and assumes the form

E(xt) =

3Fhweg sin (61(z,p))

Ot — 7 o)eissnDweg(H=r1Gp)/€) p=L (1t =r1(p)/e)/2 222 V)

Tome Ut = nlzp)/c) neze
_ 3Fhweg It — Z"‘f isEn(Doeg (1t~ H)/0) =T (It ~(+)/0)/2 sin (62(p )_)

167c n(e) "

(32)
with

sin (64(z, p)) = ﬁﬂ’l(z, p) = \/m

sin () = 2, (o) =1 (1+ %)

Therefore, at a fixed time f the contribution at position x = (z,p) results from
the interference of contributions originating from radially propagating direct
light rays (first term on the r.h.s. of Eq. (32)) with the contributions from
light rays reflected at the boundary of the cavity (second term on the r.h.s. of
Eq. (32)). Whereas the first type of contributions gives rise to a slowly mod-
ulated spherical wave front emanating from the position of the two-level
system at F = x,, the reflected trajectories give rise to a (rapidly varying)
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plane wave propagating in the z-direction with a slowly varying amplitude.
This plane wave is a consequence of the parabolic geometry of the cavity
and the fact that for any point on the boundary of the cavity its distances
from the focal point F and from the plane z = —f are equal. Therefore,
all light rays emitted at any angle #, at F and reflected at the boundary
of the parabolic cavity accumulate the same phase (eikonal). This phase is
the same as the one originating from a fictitious set of trajectories starting
from the plane z = —f and propagating along the z-axis with the speed of
light. For large focal lengths in the sense that 2f > ¢/T the two contribu-
tions to the energy-density amplitude are well separated in space apart from
small regions around the boundary of the parabolic cavity. As a consequence
interferences between contributions of these two different types of classical
trajectories disappear. Furthermore, for a fixed value of p the spherical-wave
contribution to Eq. (32) becomes vanishingly small in comparison with the
plane-wave contribution in the limit of large values of z. It is apparent from
Eq. (32) that the polarization properties of the spherical-wave contribution
are not changed by the cavity and are the same as in free space. However,
the polarization features of the plane-wave contribution are significantly dif-
ferent. At any point x its polarization is directed in the e, direction so that
the vector field £(x,t) represents a vortex field with respect to its polariza-
tion properties. The singularity at the symmetry axis is suppressed by the
fact that there is no coupling between the radiation field and the two-level
system along this axis because the dipole moment of the two-level system
is oriented in this direction. Finally, it should be mentioned that the (primi-
tive) semiclassical expression of Eq. (32) breaks down at points close to the
boundary of the parabolic cavity where transitional or uniform semiclassical
approximations [44, 46] have to be employed.

3.2.2. Modifications of the spontaneous decay rate

In this section it will be demonstrated that depending on the charac-
teristic parameters, namely the focal length f, the resonant wavelength
A = (27)c/wegy, and the orientation of the two-level system’s dipole moment

d = (e|d| g), the spontaneous decay rate of the two-level system may differ
significantly from its free-space value as given by Eq. (12).

Since the two-level system is located in a half-open space we start by
expanding the electric field operator (10) in mode functions suitable for the
parabolic symmetry of the problem. Following the results of Ref. [47] we use
mode functions of the form

k .
E}, ()= oy /5 i dne*™h, ,(n)e’ (n). (33)

Thereby, k = kn denotes the wavevector, 0 = 1,2 enumerates the polar-
ization states, and parameters £ = 0, +1,£2, ... and u € (— 0o, + 0)
are additional mode indices. The unit vector n and the polarization vectors
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e'(n), ’(n) constitute the orthonormal basis which ensures the transversality
condition V - E = 0. In particular, we choose these directions in the following
form:

n = (sin# cos ¢, sin @ sin ¢, cos 6), (34)
e'(n) = (sing, — cos ¢, 0), (35)
e’(n) = (cos 6 cos ¢, cos b sin ¢, — sin 6). (36)

The functions h,, (n) are explicitly given by [47]

il
hm(ezﬁl)) = Xu(e) «/Z’ (37)
with
exp (—ipIn[tan6/2])
0) = . 38
One can easily check the orthogonality and completeness conditions:
2r ke
[ o [[a0sing 1,0, 00h0,0,6) = 801~ ), (39)
0 0
+oo +00 5(0 _ 9/)
S [ w000 =800 - )20, (40)

{=—0od —

Combining Eq. (33) with Eq. (39) one obtains the orthogonality of the mode
functions, i.e.,

f drEy, (0 -E), (0 = 8(k = K)3(1 — )88, (41)

If a two-level atom is positioned at x in free space with the transition dipole
parallel to the z-axis, in the dipole approximation the resulting spontaneous
decay rate is given by

1 &

') = Gy 2hey

Z/ oQal,u /dn/dnﬁ(n, r)ff (0, r) - e (n)ed (n) I, (n, hy,, (0, k),

(42)
with k = w,/c. Furthermore, we defined fi(n, r) = exp(ikn-r), ¢/ (n) = e’(n)-e,
and used the fact that the summation over ¢ produces §(¢ — ¢’) (see Eq. (40)).
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Therefore, the relevant directions n, n’ and the z-axis belong to the same
plane which leads to the relation

Z ¢’ (n)e? (n') = e(n)e’(n’) = sinf sin 6. (43)

o

Taking into account that the integration over u yields another Dirac delta
distribution §(6 — 0’) we finally obtain

g

I'(x,y,2)= 1 &k /27271 do sin’ 0|f(x,y,z; ¢,0) (44)
,y, = (27[)2 2h60 ; ] ; k /y/ ;P 7

with x = (x,y,2) and fi(n, r) = fi(x, v,z ¢,0). The relation |fi(x,y,z; ¢,0)] =1
implies that we recover again the free-space result of Eq. (12).

In the presence of a conducting parabolic mirror the mode functions of
Eq. (33) should fulfill the appropriate boundary conditions of an ideal metal.
However, it is very challenging to solve the Helmholtz equation under
these boundary conditions and the transversality condition simultaneously.
Contrary to Ref. [48], a simplified approximation may be obtained by keep-
ing the transversality condition but relaxing the precise conditions on the
mode functions on the surface of the parabolic mirror. The transversality
condition relates the electric field to the geometry of the system and therefore
contributes to some geometrical factor present in the decay rate formula. The
boundary condition ensures a possible discreteness of the normal modes.
As our physical system is large it is expected that slightly changing the
boundary conditions of the parabolic cavity will not influence the decay rate
significantly.

We start our approximate treatment by introducing parabolic coordinates
(¢,1, ¢) which are related to Cartesian coordinates by

X = 2\/577 cos ¢, (45)
y= 2\/577 sin ¢, (46)
z=£&—n. (47)

The boundary of the parabolic mirror is described by the equation n = f. It
can be shown [47] that the important n-dependent part of the mode functions
possesses the following asymptotic behavior:

cos {uIn2kn +kn — .}
ﬁ 7

with a phase «,,, whose explicit form is not important for our subsequent
discussion. Imposing the parabolic boundary condition on Eq. (48) at the

Fy . (k; ) ~ (48)
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value n = f results in a discrete set of values for u,,. A simple choice for these
discrete values is

K — oy, =0,y In2kf = mm ,m=1,2,3,... (49)

This particular choice is consistent with the replacement of the continuous
set of modes of Eq. (38) by the discrete set

sin (mrr h1[tan9/2]>
2 for 6 € [6o,7 — 6] (50)

~Wl 9 =
Xn(©) /27 In2kf sin 6

= 0 otherwise

such that
0 1 1 A
MY T TS D
The limitation on the angle 6 results from the quantization condition (49)
and from the fact that at the boundary the normal modes have to vanish, i.e,,
%m(@0) = 0. This ansatz modifies the formula for the decay rate because the

completeness condition is changed according to

50 —0)

52
sinf ’ (52)

D Fn(O)Fn(O') = Tigy x-e1(0)

with I, denoting the indicator function of the set A. Therefore, the integration
over the angle 6 involved in Eq. (42) should be performed over the interval
[60, 7 — 6]. This leads to a correction of the order of (kf)~* which, however, is
not relevant for present-day experiments. In currently planned experiments
[24] typical focal lengths and wavelengths are of the order of f = 2mm and
A = 250nm which amounts to a value of kf >~ 10* [20] so that 6, is small.
Therefore, we can replace sin 6 by 6. It is rather obvious that the same is true
for any reasonable choice of the boundary conditions because the smallness
of this correction is entirely due to the large value of kf.

Hence the only relevant modification of the spontaneous emission rate
due to the presence of the parabolic mirror is the replacement of the plane
traveling waves fi(n, r) = ¢ by the standing waves

fe(n,r) = V/2sin (kn - (r — £)), (53)

where the factor +/2 ensures the completeness condition. Equation (53)
implies that the electric field for any mode of the form of Eq. (33) vanishes at
the point P of the parabola. It leads to the following approximate expression
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for the spontaneous emission rate in the presence of a conducting parabolic
mirror:

. 2
P&y2) =5 s ohe

27 ks
/ do / de sin’ 6 sin”{k[(x cos ¢ + y sin ¢) sin 6
0 0

+ (z+f)cos0]}. (54)

If the two-level system is placed at a distance from the point P which is much
larger than A = (27)c/w.,, the interference factor sin’(...) is averaged to 1/2
and the standard free-space result of Eq. (12) is recovered.

If the two-level system is located at the symmetry axis of the parabola, i.e.,
x =y = 0, the integral in Eq. (54) simplifies to

['(z) =T, (55)

with the correction 7 to the free-space decay rate I" being given by

B cos (2k(z + f)) sin (2k(z + f))
= (1 e Ty R VT o ) 36)

For a focal length f = 2 mm this correction factor 7 is depicted in Figure 8.4.
Its value at the focal point F becomes significant for small values of the wave
vector k = wg/c. This corresponds to cases in which the two-level system is
close to the mirror surface, i.e., |z + f| < 1. However, for larger values of k
the variations of 5 are shifted toward the mirror surface. Far away from the
mirror 1 tends to unity so that the decay rate reduces to its free-space value.
According to these results modifications of the spontaneous decay rate could
be observable on a scale of 100 nm but only within a distance of the order of
the wavelength from the mirror surface.

n n
12 12 -
-
i 1.0
0.8
0.6
04f
0.2t
z[mm] z[mm]
4 6 8 10 —2.0000 -1.9998 -1.9996 -1.9994 -1.9992 -1.9990

Figure 8.4 Modifications of the spontaneous decay rate according to Egs. (55 and 56): small
values of k = w.,/c (left figure): k = 0.250 mm™ — solid line, k = 0.5 mm™' — dashed line,
k = 7 mm™ - dotted line; large value of k = 10* mm™' (right figure).
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4. CONCLUSIONS AND OUTLOOK

Despite significant recent advances in the area of cavity quantum electrody-
namics concerning the control of photonic quantum states and their interac-
tion with matter in cavities, the interaction of few-photon multimode quan-
tum states with matter in free space is still largely unexplored. A detailed
understanding of this interaction and the resulting exchange of quantum
information between radiation field and matter is not only of general phys-
ical interest but also necessary for promising future quantum technological
applications, such as the realization of quantum repeaters.

Here, we have discussed the simplest problem in this respect, namely the
free-space interaction of a single-photon quantum state with an individual
two-level matter system which can be realized by a trapped atom or ion. In
this elementary example it can be demonstrated explicitly that the process
of spontaneous emission of a photon is perfectly reversible provided that
one is able to control the modes and quantum states of the radiation field
in free space. For this purpose the dynamics resulting from the mode struc-
ture of a parabolic mirror has been discussed. It has been shown that using
parabola it is possible to perfectly convert the excitation of an appropriately
prepared asymptotically incoming plane-wave one-photon quantum state
to an atom positioned in the focus of the parabola. The resulting dynamics
depends strongly on the magnitudes of the dominantly excited wavelengths
of the one-photon state. If these wavelengths are short in comparison with
the focal length of the parabola the propagation of the one-photon state can
be described by semiclassical methods and is dominated by the light rays of
the photon inside the parabola. In the opposite limit of long wavelengths
diffraction effects become important and semiclassical treatments become
inappropriate.

Further experimental testing of the discussed theoretical results is
planned. In our future experiment [24, 25] we will use a 7*Yb*" ion as a
two-level system with 'S, and *P electronic levels as the ground and the
excited states, respectively, and no hyperfine structure. The atomic transition
frequency of 251.8 nm is in the ultraviolet regime. The ion will be trapped at
the focus of a metallic parabolic mirror with focal length f = 2.1 mm which
forms one electrode of a Paul trap. The rf needle-shaped electrode will come
from the back of the mirror through a small hole. This trap design will ensure
almost full 4r-angle ion-light interaction in the strong focusing regime.
The aberration corrections will be done using a diffractive element located
in front of the mirror. The ion has only one decay channel and its dipole
moment will be parallel to the mirror axis. There are several methods which
allow for single-photon pulse generation with the desired spatiotemporal
shape and spectral distribution. The first relies on electrooptic modulation of
a single-photon wave packet [49]. Another experimentally more accessible
method applies a strongly attenuated laser pulse containing 7«1 photons
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on average. This technique is widely used in quantum key distribution [50].
We can shape the pulsed temporal mode structure electronically with mod-
ulators starting from a continuous-wave laser. Next we will turn it into a
radially polarized spatial doughnut mode. After reflection from the mirror
surface its polarization at the focal point will only contribute to polarization
parallel to the symmetry axis of the mirror and therefore will excite a lin-
ear dipole oscillating parallel to this axis. Using this simpler method perfect
coupling is achieved if the probability of excitation matches the probability
of finding a single photon in the pulse. In addition, as a third option one can
generate the properly shaped single-photon Fock state wave function condi-
tionally using photon pairs from parametric downconversion. This method
is similar to ghost imaging in the time domain.

Of course, none of these methods will produce an infinitely extended
pulse. This is not an obstacle for our experiment however, because one can
truncate somewhat the exponential tail of the one-photon wave packet. For
example, truncating the pulse to a duration of five lifetimes the excitation
probability can be as high as 0.99. For quantum storage applications it is
straightforward to expand this scheme to a lambda transition between two
long-lived states [51]. Furthermore, efficient coupling in free space opens the
possibility for nonlinear optics at the single-photon level.

The investigations discussed here present first steps toward the future goal
of obtaining a detailed understanding of the interaction of individual pho-
tons with individual atoms in free space. For future applications in quantum
information technology the exploration of the limits of perfect exchange of
quantum information between the radiation field and these material systems
is of particular interest.
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Abstract We review the post-exponential decay regime in quantum mechanics, with

special attention to potential scattering. The mathematical and physical rea-
sons for this regime are discussed using several techniques. In particular, the
possible effects of measurement or interaction with the environment are ana-
lyzed. Both general and particular results are provided, along with a history of
the attempts to observe post-exponential decay. The chapter ends with an
outlook for future research.

1. INTRODUCTION

Exponential decay is ubiquitous in the natural sciences. It occurs when a
quantity N decreases with time at a rate proportional to its value,

dN 1
“~=_N, N=Nge". 1
dt T 7 0€ ( )

In the quantum world, however, the exponential law is not an obvious con-
sequence of the Schrodinger equation, and its derivation from first principles
has been the subject of much scrutiny and debate.

In nuclear physics the decay of natural radioactive nuclei has been studied
for more than a century [1]. Gamow [2] developed the first quantal theory
for alpha-decay. He explained semi-quantitatively the vast range of alpha-
decay lifetimes as a tunneling phenomenon, by imposing “outgoing-wave
boundary conditions” on the wave function at the outer edge of the confin-
ing barrier. Such an outgoing condition can be satisfied, in general, only for a
discrete set of complex energies. The corresponding “Gamow” or “resonant
states” are associated with “resonances,” a concept that almost always arises
in discussions of exponential decay. Gamow states decay exponentially in
time and are not square integrable, because the wave function grows expo-
nentially outside the interaction region in coordinate space, but can be used
successfully for performing “resonant state” or “pole” expansions of the
physical wave function [3, 4].

Weisskopf and Wigner, in another influential paper [5], worked out a more
elaborate theory for spontaneous emission from an excited atom interacting
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with a quantized radiation field, as introduced by Dirac [6]. This approxi-
mate theory also predicts exponential decay and sets a standard paradigm
for treating general decay problems in which an initial discrete bound state
(or more generally a set of them) is coupled to (“embedded into”) a per-
turbing continuum of states that destabilize the discrete state, making it a
decaying resonance.

Exponential decay is a standard topic in quantum mechanics textbooks
where it is derived in first-order time-dependent perturbation theory using
Fermi’s golden rule. What is less well known, at least at textbook level, is
that at both short and long times, quantum mechanics predicts deviations
from the exponential law. The quantum Zeno effect [7] is associated with
the short-time deviation, while deviations at long times are less often dis-
cussed. They constitute the central topic of this chapter. This is an interesting
regime, where the classical prediction of Eq. (1) differs from the quantal pre-
diction. On the experimental side, access to the post-exponential regime has
proven to be difficult. There have been many attempts to provide convincing
experimental evidence of post-exponential decay, with scant success [8-12].
Consequently, various ideas have been put forth to explain the lack of suc-
cess. It has been argued that repetitive measurements on the same system,
and the ensuing repeated reduction of the wave packet, or simply the inter-
action with the environment, would lead to persistence of the exponential
regime to times well beyond those expected in an isolated system [13-15].
A recent measurement of post-exponential decay in organic molecules in
solution [16] has thus come as a surprise, triggering renewed interest in the
subject.

Aside from the challenge of explaining and extending these experimental
results, the motives for studying post-exponential decay are manifold.
Winter, for example, argued that hidden-variable theories could produce
observable effects in samples that have decayed for many lifetimes [17]. More
recently Krauss and Dent have suggested important cosmological implica-
tions of late-time behavior [18]. At a fundamental level, the detailed form of
long-time deviations may help to distinguish between standard, Hermitian
quantum mechanics, and non-Hermitian modifications proposed to incor-
porate a microscopic arrow of time [19-23]. (Details on this later approach
may be found in another chapter of the present volume.) Norman pointed
out that post-exponential decay could set a limit to the validity of radioac-
tive dating schemes [11]. We have also argued that the deviation could be
a diagnostic tool for characteristics of certain cold atom traps [24]. Indeed,
due to technological advances in lasers, semiconductors, nanoscience, and
cold atoms, microscopic interactions are now relatively easy to manipulate,
making decay controllable, and post-exponential decay more accessible to
experimental scrutiny and/or applications [25]. For example, under appro-
priate conditions it could become the dominant regime and be used to
implement an Anti-Zeno effect, speeding up decay [26].
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Finally, let us also mention that recent experiments on propagation of
electric fields in periodic waveguide arrays provide a classical analog of a
simple quantum system showing exponential decay [27, 28]. These experi-
ments may allow one to reach the post-exponential regime in a particularly
direct way, as we will discuss later.

This review will focus on systems whose decay is exponential over several
lifetimes, i.e., systems where an isolated resonance is dominant, or whose
decay is characteristic of a post-exponential regime, as for resonances very
close to threshold [29, 30]. There are many phenomena where decay is not
at all exponential: a trivial example is the survival probability of a freely
moving quantum particle represented, say, by a Gaussian wave function.
For other examples see Refs. [31-44]. Interesting as they are, these cases and
systems are beyond the scope of this review.

There are a number of monographs and review articles on the decay pro-
cess in quantum mechanics, including post-exponential decay. Among the
textbooks, Sakurai [45] summarizes the basic theory. The review of Fonda
et al. [13] includes a section on the interpretation of repetitive experimen-
tal measurements. The monograph of Goldberger and Watson [46] uses the
resolvent method to relate the asymptotic decay law to the threshold behav-
ior of the energy density. Cohen-Tannoudji et al. [47] considered decay in
the context of an initial discrete state coupled to a continuum of final states.
In the same context Nakazato et al. [48] and Facchi et al. [49, 50] include a
discussion of Laplace transforms to extract asymptotic contributions to the
survival probability. See also Longhi [51] for a recent extension to the more
complex problem of coupling to a cavity with intrinsic gains and losses.

We shall avoid unnecessary repetition of thoroughly reviewed material,
although some well-known topics will be briefly outlined for completeness.
We shall rather concentrate on some recent results and potential scattering.
Decay of a single particle from a trap will be the main physical system
discussed in Sections 2, devoted to simple models, and 3, on decay laws
depending on the long-range potential tail. Section 4 reviews different phys-
ical interpretations given to post-exponential phenomena, Section 5 the diffi-
cult route toward experimental observation, and Section 6 a way to enhance
post-exponential decay. In the remainder of this section we introduce the
seminal work of Khalfin, with a brief account of what preceded it.

11. Early results

Two decades after the exponential decay theories of Gamow, and Weisskopf
and Wigner, Hellund [52] showed that decay could not be exactly exponen-
tial and that it should be slower at long times. Later on, Hohler, going beyond
the simplifications of the Weisskopf-Wigner model, obtained a power law for
long times [53]; see also Ref. [54].
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Khalfin discovered a very general result [55]: that the long-time decay for
Hamiltonians with spectra bounded from below is slower than exponential.
The argument is this: consider a system described by a time-independent
Hamiltonian, H, initially in a normalized nonstationary state |¥,). The sur-
vival amplitude of that state is defined as the overlap of the initial state with
the state at time ¢,

A(t) = (Yol exp (— iHt/h)|Wy). )

The corresponding survival probability, sometimes called the “nondecay
probability” [13], is!

P() = |A(DI". ®)

The stationary states, H|®r ;) = E|®r ;) (A includes any other quantum num-
bers comprising a complete set of commuting observables), determine a
basis. We assume that the Hamiltonian has a continuous spectrum only, or at
least that the discrete states of H are orthogonal to W,. Moreover, we assume
that the spectrum is bounded from below: E,, < E < oco. The completeness
relation

| dE @) (P =1 4)

A Em

then gives

Alt) = foc dE &(E) e /", where @(E) = Z [(Pr,[Wo) > (5)
E A

m

is called the “energy density” of the quasi-stationary state. It is then natural
to define

_| &E), E=E,
“’(E)—{o, E<E, ©)

and express the survival amplitude as the Fourier transform of the energy
density [56],

A(t) = /_ " dE w(E) e @)

! Since the survival probability may be difficult to measure, some decay analyses discuss other
quantities, such as the nonescape probability from a region of space [57, 58], the probability
density at chosen points of space [25, 59, 60], the flux [61-63], and the arrival time [64]. For
initially localized wave packets, there is no major discrepancy between survival probability and
the nonescape probability [3, 57, 59, 65-67]. Examination of densities, fluxes, or arrival time
distributions may be interesting since a new variable is introduced (we shall see later some
applications), but at the price of losing the simplicity and directness of the survival probability.
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Khalfin showed that when w(E) is so bounded from below, the Paley—Wiener
theorem [68] requires that

In[A®)] _
/ di= < oo, 8)

Since the numerator must grow no faster than o = with @ > 1 for this
integral to converge as t — 0o, exponential decay is ruled out at sufficiently
long times. Assuming that it is bound,

P(t) > Ae 1, )

with A >0, >0, and q < 1. An alternative proof, avoiding the Paley-Wiener
theorem, has been given by Nicolaides and Beck [20, 69].

111. Long-time decay through energy integrals

If the energy density is known, analytic approximations to the post-
exponential contribution to P(t) may be found by replacing the integration
path in Eq. (5) by a contour integral in the complex plane [13, 20, 70, 71]. We
set the origin of energy at threshold, E,, = 0, and choose a closed contour
consisting of the positive real energy axis, a quarter circle of infinite radius
running clockwise from the positive real axis to the negative imaginary axis,
and continuing to the origin. Under very general conditions, integration
along the circular arc gives a vanishing contribution. Then,

Alt) = /O " dE w(E) e "
= 5£ dE w(E) e ™" + / - dE w(E) e ™" = A, (t) + A(H),  (10)

where we have analytically continued w(E) into the lower half of the complex
plane. Depending on the analytic structure of w(E), this may or may not be
a simple task. The contour integral A,(t) is 27i times the sum of residues of
poles in the fourth quadrant, they are exponentially decaying terms.

The integral along the imaginary axis, A,(f), gives the dominant contribu-
tion to the decay at long times. We write the variable of integration as E = iE
to obtain

A =i f " dE w( — iE). (11)

After many lifetimes, say when t 3> v = h/T", with I' the width of the lowest
lying resonance in w(E), A,(t) becomes negligible. At such times ¢, the expo-
nential factor in Eq. (11) restricts the range of significant contributions to the
integral to energies close to threshold, E « T.
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A simple example showing this is a pure Lorentzian energy density,

r/(2m)

B

(12)

In Section 2.2 we show how this appears approximately for a discrete state
coupled to a continuum. (See also Ref. [13] for a similar but more elabo-
rate model.) This energy density has a pole at E = E; — i['/2, giving the
exponential decay contribution

Ap(t) — e—iERt/h e—I‘t/Zﬁ. (13)

Moreover, when t — oo,

T [~ .~  exp(—Et/h) T h 1 1
At =i— E—— ~ i - =), (14
0 lZn/o ¢ (—iE— Ex)? +T?/4 Z271151%+1“2/4t+0 g) 1

where we have set E = 0 in the denominator to evaluate the integral. The
asymptotic prediction of this model, when the exponential term in Eq. (13)
becomes negligible, is P(t) >~ |A,(t)|* o« t72.

Due to the phase —Et/h in A,(t), in the range of times where the two
contributions are of similar magnitude, interference oscillations may occur.
For a complete analysis of the decay for a more realistic truncated Lorentzian,
including an exact expression for A(t) and additional terms in the expansion
of A,(t), see, e.g., Ref. [72].

When Ey decreases toward threshold, at E,, = 0, the pole moves towards
the negative imaginary axis and the value of A,(t) increases, eventually mak-
ing it comparable to A,(t). In the limit Ex = 0 the above decomposition is
invalid, implying that the decay ceases to be exponential. This is known
as small Q-value decay. For a theoretical analysis of this case and some
examples, see Refs. [29, 30]. Small Q-value decay becomes noticeable when
Q=Ex—E, <T/2

The above model has become popular in discussions of exponential decay
[73], but Eq. (12) is far from being realistic for the energy density, in particular
for the asymptotic law, since the Lorentzian form is generally not valid near
threshold.

2. EXAMPLES AND SIMPLE MODELS

Before launching into a discussion of post-exponential decay;, it is useful to
understand why exponential decay should be the norm in a quantum sys-
tem, even though sometimes it holds over a limited time interval, or only
approximately. The Gamow and Weisskopf-Wigner theories provide a clue,
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but a fresh look at the survival amplitude, Eq. (2), could raise doubts about
the robustness of exponential decay, since a suitably chosen initial state ¥ (0)
and energy density can produce virtually any decay law [74]. This puzzle is
perhaps easier to understand in discrete—continuum decay models [75] (see
below), and it has also been discussed in the context of scattering processes,
e.g., in Refs. [13, 46]. If the initial preparation localizes the wave, it will
overlap prominently with scattering wave functions in certain regions of the
energy spectrum close to resonant poles, since they are more localized in
the interaction region than are ordinary, nonresonant waves. Contributions
from broad resonances will decay faster, whereas for a narrow resonance the
analytical structure of the pole dominates the behavior, rather than the com-
plete state amplitude, leading in practice to an “effective” Lorentzian energy
density and to exponential decay.

2. Discrete state embedded in a continuum

As a first example we consider a nondegenerate single-channel system with
a simplified Hamiltonian in which continuum-—continuum interactions have
been neglected:

H = Ey|¢) (] ~|—/dE E|E)(E| + {/dE W(E) |¢)(E| +h.c.}. (15)

Other variants are due to Fano [76], Anderson [77], Lee [78], and Friedrichs
[79] and have been successfully applied to study, for example, autoioniza-
tion, photon emission, or cavities coupled to waveguides. The dynamics can
be solved in several ways, using coupled differential equations for the time-
dependent amplitudes and Laplace transforms or finding the eigenstates
with Feshbach’s (P,Q) projector formalism [80], which allows separation
of the inner (discrete) and outer (continuum) spaces and provides explicit
expressions ready for exact calculation or phenomenological approaches. For
modern treatments with emphasis on decay, see Refs. [31, 81]. Writing the
eigenvector as [31, 76]

1Ps) = [6) (Bl Pr) + / dE'|E)(E'|®y) (16)

and using Laplace transform techniques or the projector P,Q formalism, the
coefficients for the discrete state are given by

IW(E)I?

q)E 2 — 7
[{@|PE)| [E—E, — E(E)P + 72|W(E)*

(17)
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where F(E) is the principal value integral

IWE)
E—E

’

F(E) =P / dE’ . (18)

The essence of the Weisskopf-Wigner approximation is to suppose that
W(E) — W is energy independent. Then, if the range of integration is
extended from —oo to oo, F(E) — 0 and [{¢|®¢)|*> becomes a Lorentzian,

I'/2x

[{p|Pp)|” = (E—BO—Z‘FW/‘}’

(19)

with I' = 27 |W/%. If the initial state is ¢, the energy density is a Lorentzian
(Breit-Wigner form) and, as shown in Section 1, its survival probability takes
the exponential form:

P(t) = e /", (20)

If the coupling of bound state to continuum is weak, the resonance is long-
lived and its width small, so that the constant-W approximation is a good
one. However the energy threshold limits its validity. If the resonance energy
is close to threshold, this effect will be more noticeable, or even dominant, so
that the decay may become totally nonexponential [29, 30].

2.2. Models expressed in the momentum representation

In potential scattering models the basic “mathematical” reason for expo-
nential decay is a complex pole in the fourth quadrant of the momentum
complex plane (second Riemann sheet of the energy plane), which, through
its exponentially decaying residue, dominates the dynamics for some time.
A simple analytical example of the deviation from exponentiality follows
from the integral expression for the survival amplitude,

A() = (Wole ™M) = —— / dge"1(g), (1)
27 Je
where
q 1
I(g) = = (W Y 22
=2 (w| =] w). )

z = ¢*/2m, and C runs from —oo to oo, above all singularities in the lower
half complex momentum (g) plane. One-dimensional (1D) motion of a par-
ticle of mass m is assumed. Consider now a pole expansion of the form
I(q) = >_ax/(g — qx) [3, 82]. Each term can be analyzed separately and later
combined linearly, so we concentrate on a single pole, I(q) = a./(q9 — g.), with
g, assumed to lie above the diagonal of the fourth quadrant and below the
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real axis. The integral is evaluated by deforming the contour to run diag-
onally across the second and fourth quadrants and picking up a “keyhole"
contribution from an infinitesimal circle surrounding the pole. This gives

At) = %arw( —u,) =a, {exp (—u?) — %sgn[tx(u,)]w[sgn[‘:s(u,)]u,]} , (23)

where

u=q./f, f=@Q-=i)(mh/t)", (24)

and w(z) = exp ( — z°) erfc( — iz).> We have used the relation
w(—z) = 207 — w(z). (25)

Equation (23) separates exponential decay, explicitly given by the pole, and
its deviation, given by the line integral along the diagonal, evaluated as a
w-function. This function has an asymptotic expansion [83, 84]

[ 1
w(z)~ﬁ<l+z—zz+~-~), (26)

which, for long times, leads to a 1/t'/* behavior. However, an I(g) with a sin-
gle pole is incompatible with time-reversal symmetry, A(t) = A(—t)*, so the
minimal model compatible with time reversal must include, in addition to
the resonance at g,, the antiresonance pole at —g7,

o il 27)

I(q) = + ,
Poi=e Targ

with g, = 1 +i34,/% g, [85] (for an application see e.g. Ref. [58]). The con-
tour integral along the diagonal of the complex plane does not enclose this
antiresonance pole, so it provides not an exponentially decaying term, but
an additional contribution (the w(u,) function) that is significant only at short
and long times [85]. In particular, it exactly cancels the asymptotic t /2 decay
from the resonance pole. However, the second terms in Eq. (26) do not cancel,
resulting in a leading /> behavior for A(t).

This model so far is not Hamiltonian, but Hamiltonian realizations are pos-
sible. The separable potential considered in Refs. [59, 60, 82] leads to three
core (state-independent) poles, two of them forming a resonance/antireso-
nance pair. Even closer to the minimal decay model is the delta-shell poten-
tial discussed in the next section, when only the lowest resonance is excited

2 1% <2 du = i sgnld(2)] wizsgnlS@)])
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and higher resonances can be neglected. Then it is exactly described by
Eq. (27).

Independent of the assumed pole expansion, a general and useful result
follows from noting that if the resolvent matrix element in Eq. (21) admits
a series expansion, ¢y + 14 + ¢,4° + - - -, the leading term in the asymptotic
formula, obtained by term-by-term integration, is

3/2
Al ~ — ('”h> . (28)

m~/2mi t

¢y does not contribute by symmetry. For explicit examples see Ref. [59] and
for further details Section 4.2.

2.3. Exponential decay as a boundary condition

A minimal, solvable 1D “source” model has been proposed recently by
Torrontegui et al. [25]. It consists of imposing an exponentially decaying
amplitude for all times at one point in space, x = 0. This provides an eco-
nomical approach which mimics analytically the wave function due to an
exponentially decaying system with a long-lived resonance, while avoiding
a detailed description of the interaction region where the decaying system is
prepared. Deviations from exponential decay are observed in the probabil-
ity density at x > 0. See Section 6.1 for further details; the connection with
Winter’s model, see Section 3.1, is given in Section 6.3.

2.4. 1D well-barrier model of confining potential

A simple 1D Hamiltonian model of a decaying particle, including a full
description of the dynamics from the preparation region, consists of a
flat well surrounded by equal square barriers: in units h=2m=1, we
write V(x)=—), when —a<x<a; V(x)=V, when a<|x|<d and V(x)=0
when |x| > d. The initial state is chosen symmetric: Wy(x)=1/a
cos (rx/2a) ©(a — |x|) and, for k> = E the asymptotic behavior, when E — 0,
is easily found to be w(E) o k™'. Applying Eq. (11) one finds

A,(t) ot P(t) oc t73, (29)

3. THREE-DIMENSIONAL MODELS OF A PARTICLE ESCAPING
FROM A TRAP

31. Winter’s model

It is possible to obtain the energy densities and asymptotic decay profiles for
specific potential forms in three dimensions.
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The first explicit example of the validity of Khalfin’s prediction was given
by Winter [63]. He studied the motion on the half-line x > 0, with a delta bar-
rier at x = 2 and zero potential elsewhere. He took the initial wave function to
be the ground state of an infinite well, Wy(x, t = 0) = /2/asin (7wx/a) O(a —x),
and showed, by making a few analytical approximations, that the mean
momentum and the current at long times deviated from those of pure
exponential decay.

Recently the same problem has been reanalyzed by Dicus et al. [86], and
indeed they confirmed that the survival probability deviates from exponen-
tial at long times. This model and its variants have been applied to study
the effect of a distant detector (by adding an absorptive potential) [87],
anomalous decay from a flat initial state [44], resonant state expansions [3],
initial state reconstruction (ISR) [58], or the relevance of the non-Hermitian
Hamiltonian concept (associated with a projector formalism for internal
and external regions of space) in potential scattering [88]. In Ref. [88] the
model was extended to a chain of delta functions to study overlapping
resonances.

Del Campo et al. [89] have also generalized the model for a Tonks—
Girardeau gas of N bosons with strongly repulsive contact interactions as
well as spinless fermions with strongly attractive contact interactions and
studied the long-time asymptotics and some new effects in the decay of these
systems.

3.2. Short-range potentials

In three dimensions, spherically symmetric potentials V(r) conserve angular
momentum. The wave function can be separated into partial waves or chan-
nels of given angular momentum £. The radial Schrédinger equation for each
partial wave is

dsz K(ﬁ + 1)

T~ o+ (B = Vo =0, (30)

where V(r) = 2m/W*)V(r), k* = 2m/h*)E, and w,(k,r)/r is the radial wave
function in channel £. One can extract the threshold behavior of the energy
density w(E) from the low-energy behavior of w, and, from there, the time
dependence of the post-exponential survival probability. For well-behaved
potentials this is a standard exercise in potential scattering theory [90]. These
potentials decrease as 1/r° or faster when r — oo and are less singular
than 1/r** when r — 0+. We will now summarize the derivation given in
Ref. [24]. We work with solutions normalized as

/oo drw, (K, r)w,(k,r) = §(k' — k), (31)
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obeying the boundary condition w,(k, 0) = 0. At large distances they take the
form

lim w,(k,r) = 2/7)"sin (kr — w€/2 + §,), (32)

where §, is the phase shift for partial wave £. It is also useful to introduce
solutions normalized to energy,

wy(E, 1) = /%{ w, (k, 7). (33)

These are related to the regular solutions ¢, (defined by their behavior as
Riccati-Bessel functions j,, bu(r) ~ je(kr) when r — 0) by

2 4
wy(k, ) = \/; Kk (34)

where f, (k) is the Jost function defined as in [90]. From the definition, Eq. (5),
and particularizing to a single partial wave ¢,

IAN2
{1 ¢e)| (35)

o e 20 1
wy(E) = [{u;|w,(E))|> = 2k f(k))R

where 1;(r) is the radial wave function of the initial state, normalized to unity,
and it is assumed that u;(r) = 0 beyond some fixed distance r = r,. Aside
from the exceptional case where there is a bound state at zero energy, the
Jost function, f,(k), tends to a nonvanishing constant f,(0) as k — 0, and the
threshold dependence of the energy density follows from that of ¢,(k, 7). It
can be shown that [90]

|kr|
1+ |kr|

£+1
|@mm§n( ) e ag k= 0, (36)

where y, is some constant. This guarantees the desired analytic properties
and allows the use of Eq. (10). Since the limiting behavior at small k is that of
the Ricatti-Bessel functions, it is clear that when k — 0

(il pe) |* oc K2 = w(E) = ¢ K27, (37)

where ¢ is a constant.
To evaluate A,(t), we continue this function to small energy on the negative

imaginary axis, w(—iE) ~ ¢(—i)*"*E*1/2, Inserting this into Eq. (11) one finds

Ay(t) = —(= )2 L (I +3/2) 172, (38)
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which is the well-known result that in a well-behaved potential, and in a
channel with angular momentum ¢, decay follows a power law, P(f) o 1/£2+3,
with integer exponent.

3.3. Long-range potentials

We are now going to discuss how the decay law is modified when the outer
tail of the potential decreases more slowly than 1/r* and find cases where
the decay is no longer a power law. For simplicity we will consider only
s-waves, £ = 0.

3.31. Inverse square potentials

The potentials with nonsingular inner part, and decreasing as 1/r* when
r — 0o, are interesting for their simplicity and for the range of behav-
iors exhibited [24]. Physically, attractive inverse square potentials occur as
effective radial potentials between a charged wire and a polarizable neutral
atom [91], the strength factor being proportional to the square of the linear
charge density of the wire and thus controllable [91-93]. If combined with a
repulsive centrifugal term, an arbitrary «/r* potential can be implemented.
It is also possible to modify the inner region and implement a potential
minimum by a time-varying sinusoidal voltage in the high-frequency limit
[93] or by replacing the wire by a charged optical fiber with blue detuned
light propagating along the fiber with the cladding removed [92]. Decay
experiments with cold atoms, showing exponential laws, have been per-
formed [91], and the ability to modify the potential parameters makes the
observation and study of the long-time power law in these systems a realistic
prospect.’

For s-waves, when E — 0,

2mk 1
w(E, 1) >,/ 2 FR] bo(1), (39)

where we have omitted the subindex £ = 0. We denote by ¢y(r) the zero
energy solution of the Schrodinger equation that satisfies the boundary
conditions ¢(r = 0) = 0, (d¢(r)/dr),—o = 1. It follows that, near threshold,

Vk ko
GK

In subsections 3.2 and 3.3 we used the property that for short-range poten-
tials f(0) # 0, giving w(E) o k when ¢ = 0. For a potential which behaves as

(w(E)|u;) o (40)

% Dipole (r~2) potentials occur also as the effective interaction between an electron and an excited
hydrogen atom [94] or a polar molecule [95, 96], but control of the interactions is reduced in this
case.
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1/r* as r — oo, this is no longer true, and several cases must be considered.
We write the asymptotic (r — oo) form of the potential as

V(r) ~ :‘—2 1)

Implying nothing about the inner part and referring only to the tail, we will
call potentials with @ > 0 (resp. « < 0) repulsive (attractive). We shall also
distinguish between weakly attractive, —1/4 < o < 0, and strongly attractive
potentials, « < —1/4.

Let us now introduce $ via (B + 1) = «. Weakly attractive potentials
correspond to —1/2 < B < 0 and repulsive potentials to 8 > 0. In both cases,
the solution of the Schrédinger equation at large r can be written as a linear
combination of the Ricatti-Bessel functions }ﬂ (kr) and 714(kr), and the order of
the corresponding cylinder functions v = $ + 1/2 remains positive. Using
analytic properties of the Bessel functions as kr — 0, to lowest order in k,

f()] ~Dk*; o(E) ~ ¢ K1, (42)

where ¢ and D are constants. This is formally similar to Eq. (37) and corre-
sponds to the analogy between the form of V(r) in Eq. (41) written in terms
of B, V(r) = B(B + 1)/1*, and the centrifugal term in Eq. (30). We thus find
that

A(t) = —(= )PP L T(B +3/2) 707, (43)

where g may take any real value greater than —1/2. The well-behaved poten-
tials considered before always lead to power laws with integer exponents
2¢ 4 3 for the asymptotic survival probability whereas, for repulsive or
weakly attractive inverse square tail potentials, the asymptotic decay law
is still a power law but with an exponent that can be adjusted by varying the
strength .

In the above discussion we have assumed that there was no intermediate
range of times for which the decay was not exponential or mixed, and yet
was not fully asymptotic. For attractive potentials this range exists and can
be misleading: explicit calculations show a deviation from the exponential
decay law that can be well fitted over a sizeable range of times with a power
law, but neither the exponent nor the absolute value is well predicted by the
above asymptotic expressions. Further details may be found in Ref. [24].

When o < 1/4, then v, the order of the cylinder functions, becomes imag-
inary, v — ' = i/0.25 — @, and the asymptotic form of the Jost function
behaves very differently [24, 94, 95]:

)2
k

~ N [sinh? (v'7/2) + cos® (' Ink + ¥)] . (44)
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The expression for v is given in Ref. [24]. Obviously, from this expression one
cannot derive any simple form of power-law decay for the asymptotic sur-
vival probability. Still, using the method of steepest descents, one can write
an approximate form for A,(t) and argue that the decay must be close to 1/t,
as found in explicit numerical calculations.

3.4. Potentials with «/r” asymptotic decrease, 2 <p <3

The threshold dependence of the energy density for these potentials is still
given by Eq. (40), so that the small k behavior is again determined by that of
the Jost function. Klaus [97] has given the required expressions for the Jost
function. He wrote the potential at large r — oo as V(r) =~ g,/r**, so his g,
is our «, and 2 + € is our p. He discussed the case 0 < ¢ < 1 and considered
two options: (i) f(0) # 0 and (ii) f(0) = 0. The second case is exceptional so
we shall only discuss case (i),

o 2°
e(e+1)

F) =FO0) (1 +aye ™ k) +OK);  ag=— I(l—¢). (45)

We have, inserting this into Eq. (40) and keeping only terms up to order k°,

w(E) ~ 7 (S)|2(1 — 3k ; A =2a, cos(we/2), (46)

where A is a constant. Now we can determine A,(t):

A(t) = f dE w(E)e /"

—171/4
— l/ dx efxt 1/2 (1 _ Ae*ine/élxe/Z)

U((O)I2
Y S
0
iAe™m/4 —32 —ine/4 —3/2—¢/2
_ W(F(?,/Z)t — e TAT((B A+ €)/2)t ). (47)

We have written E = —ix and therefore k = e~ /x. |f(0)| plays the role of
a normalization factor, so that if we are primarily interested in the “slope”
of the post-exponential decay, it is the values of € and g, that influence the
slope. When t is very large, the second term in Eq. (47) is negligible, and
the decay again follows a simple power law with P(t) oc 1/#. In contrast, at
intermediate times the second term is sizeable and, depending on the value
of ¢, the effective power law will deviate significantly from inverse cubic.
When € — 0, the truncated expansion in Eq. (46) is no longer adequate.
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4. PHYSICAL INTERPRETATIONS OF LONG-TIME DECAY

The Paley-Wiener theorem is rigorous and beyond argument, but perhaps
not very illuminating from a physical perspective. We have also seen that
post-exponential decay can be attributed to the fact that the pole contri-
bution is eventually comparable to or smaller than a line integral, whose
value arises predominantly from a saddle point at threshold, associated with
slow particles. This is surely more intuitive, yet not fully satisfying for those
seeking a more pictorial, rather than a complex-plane, understanding of the
phenomenon, e.g., aided by some analogy. In this vein, Hellund proposed
an electrostatic analog [52] which relates quantum emission of radiation to
the damped oscillation of a charge described in purely classical (stochastic)
terms. He interpreted the deviation from exponential decay as a “straggling
phenomenon” characteristic of a diffusion process. Since quantum dynam-
ics cannot be generally reduced to a classical diffusion process it would be
interesting to explore the general applicability of this concept in other decay
models. Other interpretational efforts are reviewed next.

41. Initial State Reconstruction: ISR

The so-called ISR [98, 99] provides a powerful, general argument to explain
nonexponential decay for the survival probability (although not necessarily
for other quantities, see Section 4.3). Let us define, following Feshbach [80],
projection operators P = |¥) (Y| and Q =1 — P. Then

At) = (Wole™ P + Q)e™ 1 Wy)
= A(t = D)A(E) + (Wole ™ QeI W) (48)

for any intermediate time #. When the second term can be neglected,
A(t) = A(t — t)A(t'), whose solution A,(t) = exp( — yt) is the exponential
decay law. The neglected term corresponds physically to “ISR”: at interme-
diate times, #, the system is in states orthogonal to |¥,) (in the subspace Q)
but at time f it is found again in the “reconstructed” initial state. Since A,
decreases exponentially, we expect that at long enough times, the second
term in Eq. (48) cannot in general be neglected, and the exponential regime
ceases to be valid. The second term in Eq. (48) is sometimes called the “mem-
ory” term, as it implies that quantum mechanics allows one to determine
the absolute age of the decaying system [10]. We introduce the following
notation:

Ap(t) = At — )A() , Ao(t) = A(t) — Ap(h). (49)
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These amplitudes depend on ¢ and also on #, but we have not written this sec-
ond dependence explicitly. The survival probability can be decomposed as

P(t) = |Ap(B)]* + |Ag(t)I* + 2Re [Af(HA(1)], (50)

where again each term depends on t'. The third contribution is an interfer-
ence term. Muga et al. [58] investigated the relative importance of the three
terms. If interference is negligible, the reconstruction process is similar to a
consistent “classical” history in which we can assign probabilities to alter-
native paths, and reconstructed states can indeed be located elsewhere at
an intermediate time. In simple terms, when the histories are consistent we
may say that events have happened in one or the other order with certain
probabilities, without the need to invoke virtual paths and complex ampli-
tudes. On the contrary, if interference matters, the reconstruction is not a con-
sistent history [100]. There remains an arbitrariness in the definition of “neg-
ligible,” since the interference term is often small compared to the others, but
rarely zero. In other words, the “consistency” or “classicality” of the histo-
ries is not absolute and sharply defined, but a quality that may, nonetheless,
be precisely quantified. Calculations done for Winter’s model and for the 2-
pole model of Section 2 have shown a significant difference between short-
and long-time deviations from exponential decay as far as the role of state
reconstruction is concerned. It becomes a consistent history for long times
but not for short times. Reconstruction, and long-time decay, was hindered
by placing an absorber outside the interaction region; more on this later.

4.2. Free motion and post-exponential decay

In a field-theoretical analysis of a scalar particle coupled to two pions, Jacob
and Sach [101] found nonexponential terms decaying like t~*2. Their expla-
nation was geometrical: If a particle is produced at point x having velocity
between v and v + dv, it will appear after a time ¢ within a spherical shell of
radius vt centered on x, and the thickness of the shell will be tdv. The proba-
bility that it will be found within a small element of volume within the shell
is inversely proportional to the volume 47 *v*dv of the shell. Hence the prob-
ability amplitude is proportional to t~*/2. This simple picture, unfortunately,
cannot be a universal explanation: for example, the decay amplitude in 1D
scattering is generically t73/%, see for instance Section 2.4, Eq. (29), whereas the
above argument translated to one dimension would give only +~'/%. The post-
exponential power-law behavior is sometimes interpreted as expressing the
dominance of free motion [7, 102], but explicit calculations of the long-time
propagator for specific potential scattering models in one dimension show
that this is not the case in general. Muga et al. [59] expressed the propagator
as an integral in the momentum g-plane,
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<x|€7th/h|x/> — é /qu I(q) exp (—iZt/ﬁ), (51)
I VI
I(Q)— m<X|Z—H|x>, (52)

where z = ¢*/2m, and the contour C runs from —oco to co passing above the
singularities of the resolvent. As in Section 2.2, C is then deformed to pass
along the diagonal of the second and fourth quadrants so that the long-time
dependence is explicitly extracted from the behavior of I(g) at the origin. By
decomposing the resolvent according to

1 1 1 1
= + 1%
z—H z—-Hy, z—H, z—H

(53)

(with H, the kinetic energy) I(7) separates into “free” and “scattered”
parts, I=I; + I,, which can be calculated for specific models. For 1D
motion on the full line, the free motion part gives I; = —i/h, which implies
(x|e~Hol/hx'y ~ 712 at long times, differing from the generic behavior of
the propagator (except for the exceptional case of a zero energy pole of the
resolvent matrix element). Indeed, one obtains (x|e="*/"|x') ~t=*? when the
interaction is taken into account. This comes about because of a cancella-
tion between free-motion and scattered contributions, i.e., I;(0) = —I;(0) # 0,
which can be checked in specific potentials. For motion restricted to the
half-line (or three-dimensional (3D) partial waves) both terms vanish,
1,(0)=1;(0) =0, so both free and scattering components provide generically
terms of the same order, %2, to the propagator. Exceptions due to zero
energy resonances or specially chosen initial states have been considered by
Miyamoto [103-105].

43. A classical picture of post-exponential decay

Torrontegui et al. have recently resurrected [106] a frequently overlooked
observation by R.G. Newton making use of classical mechanics [61, 62]. New-
ton noted that if a point source emits classical particles with an exponential
decay law and with a suitable velocity distribution, the current density away
from the source will eventually depend on time according to an inverse
power law. Indeed, we have shown that by adjusting the parameters accord-
ing to the quantum system, the classical model accurately reproduces the
onset, power law, and intensity of post-exponential decay of the quantum
probability density of a particle escaping from a trap. For simplicity we
assume that the particle is restricted to the half-line, r > 0, as in quan-
tum s-wave scattering. We shall also assume that the initial quantum state
is orthogonal to any bound states (or that there are no bound states), so that
it must eventually decay (escape) fully from the trap.
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4.3]. Classical and quantum sources and decay
Consider first a source at r = 0 which emits classical particles with velocity v
from t, = 0, so that the fraction of particles emitted between t, and ¢, + dt, is

dt
P(to)dty = —e ™", (54)
T
where 7 is the emission lifetime. The spatial probability density observed at
point r, at time ¢, is

1 r
Pc,v(r/ t) = Ee—u—r/v)/rg (t - 5) ’ (55)

where 6 is the step function. For the more general case in which the emitted
particles have a velocity distribution p(v),

*° 1
P(r,t)= [ dv p(v)ae’(""/ o, (56)

r/t

or, using r = (t — t,)v,

! 1 T ,
= —to/T
P.(r,1) /Odto T—t)r p(t — to) e T, (57)

The behavior for t >>> 7 can be expressed as an asymptotic series,

P(r,t) ~ Y 7"[§"(0) — g (B)e "], (58)
n=0
where
1 T
ty) = —— , 59
st = i—o(7) (59)
and g™ is its nth derivative with respect to t,. The leading term is
P, ~ 50 = (%) (60)
c\"s g - tp t 7

which is equivalent to Newton’s result [61, 62] (we use the probability density
rather than the current density). To advance from here, consider the decay
from a quantum trap of a system prepared in a normalized nonstationary
state |¥,). The wave function of this state at a point r and time #‘is

\I](T, t) = <r|e_th/h|\Il0)/ (61)
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with corresponding probability density P,(r,t) = |¥(r,t)|*. Using stationary
states normalized in energy u;(r) (such that (1, |ug) = §(E—E')), and inserting
the completeness relation,

Wir b = f " dE (rlu) (ug] W) (62)
0

The u; are solutions of the s-wave, radial Schrodinger equation,

[;22 —o(r) + kz] ug(r) =0, (63)

where o(r) = (2m/h*)V(r) and k* = (2m/h*)E. As in Ref. [24] or Section 3.2,
it is convenient to define new solutions wy(r) = h\/gug(r) normalized as

(wy lwy) = 8(k — k'), which obey the boundary condition

2
lim wy(r) = \/j sin [kr + 8(k)], (64)
r—00 s

8(k) being the phase shift of the s-partial wave. These solutions are related
to the regular solutions &(r) (which behave like the Riccati-Bessel function
}O(kr) asr — 0),

2 (1)
m [f(1
where f(k) = |f(k)| exp ( — i8) is the Jost function. The partial-wave S-matrix
element is S(k) = f(—k)/f (k). Zeroes of f (k) in the upper half complex momen-
tum plane correspond to bound states, while those in the lower half plane are
associated with scattering resonances.

For an initially localized nonstationary state

wi(r) =

(65)

(rl¥) =0 for r>r, (66)

the wave function can be written as

vty = 20 f dE - ¢k() ;k('k‘;(; e iEn, (67)

which has a form similar to the survival amplitude obtained in Section 3.2
[24]. They have generically the same asymptotic behavior at long times,
which corresponds to an energy distribution p(E) = |(ug|¥,)|* ~ E'?, as
E — 0. This long-time asymptotic behavior is governed by the properties
when k — 0 of the integrand of Eq. (67). For “well-behaved” potentials, the
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£ = 0 Jost function tends to a constant when k — 0. (In the exceptional case
that a zero energy resonance occurs f(k = 0) = 0.) The ¢ behave near the
origin as Ricatti-Bessel functions, }O(kr), and are therefore linear in k. The
behavior of the integrand near threshold is thus ~ E'2, and the position
probability density behaves like P,(r,f) ~ t~* at long times.

The energy distribution corresponds asymptotically to a velocity distri-
bution since all particles are eventually released. The two distributions are
related by

o(E)dE = p(v)dv. (68)

Setting E = jmv?, m being the mass of the emitted particles, makes o(E) ~
E'? = p(v) ~ v*. Going back to Eq. (60) and considering the long-time
regime t >>> 7, the classical particle velocity can be approximated by
v = r/t, so p(r/t) = p(v), which implies, as expected, that at large ¢ the main
contribution to the position probability density is from slow particles. If we
consider the same dependence as in the quantum case, p(v) ~ v*, Eq. (60)
implies an asymptotic behavior P,(r,t) ~ t7*, i.e., the classical model leads to
the same power-law dependence as the quantum one. Moreover, in the fol-
lowing we shall see that it can be adjusted to provide the correct amplitude
factor as well.
Let us return to Eq. (67) and write the bra-ket factor as

(el W) = \/g I ()| (| ). (69)

Using Eq. (65) and the asymptotic behavior given by Eq. (64), the wave
function for r — co may be written as

W(r, t) ~ \/g% / dE% (wi|Wy) sin [kr + 8(k)]e /", (70)
0

At low energy, the phase shift §(k) is well described by the effective range
expansion

kCOtS(k)Z—al“r‘%rokz-’-"', (71)
0

where 4, is the scattering length, and 7, is called the effective range of the
potential function. The asymptotic form of the resulting integral can be
obtained from the Riemann-Lebesgue lemma [107]. Only the main term
which depends on the k — 0 behavior of the integrand is kept. This gives
a probability density of the form

1 72)

P(r,t) ~ Br — a]’ 5
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where B is now the strength factor for the asymptotic dependence of the
velocity distribution, p(v) ~ Bv?, which will depend on the particular state
and potential. It has units of [8] ~ v7°. In the approximation v = r/t we can
write

2

plo) ~ . 73)

Introducing this into Eq. (60) we obtain for the classical probability density
at long times

2

P.(r, t) ~ ,3:—3. (74)

We now compare Eqs. (72 and 74) and to avoid confusion, rewrite r — r, for
the quantum case and r — r. for the classical one. We see that if the classical
coordinate is shifted by a,, . = ry — ay, the classical model will reproduce the
quantum probability density. Equivalently, P.(r) = Py(r) at long times if the
classical source is not at the origin but displaced by the scattering length a,.

In the exceptional case of a potential with a zero energy resonance a, — oo,
and therefore the first term on the rh.s. of Eq. (71) is absent. This causes
the Jost function to have a simple zero at k = 0, see Ref. [90], and therefore
[{wi=o| Wy)|* is nonvanishing. We then find, instead of Eq. (72), that

Py(r,t) ~ [{wieo| Wo) Pm/(Rit), (75)

which is again in agreement with the classical expression (60) taking
p(v = 0) = [{wizo|Wo) m /.

4.3.2. Model calculation

Now we check the above general results with Winter’s delta-barrier model
[63], see Figure 9.1. The initial state is an eigenstate of the infinite square well
potential,

<r|wo>={ \/%Sig(% = 76)

and the k-normalized basis functions are

_ oty |2 ] sin(kr)/f(K) r<L
(rlwy) =e ()\/; { (i/z)[e—ikr _ S(k)eikr] r>L "7 (77)

where S(k) = f(k)*/f(k), and the Jost function for this model is

o

fl) =14 (@ = 1), (78)
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a) A b)

V(r)=V, 8(r-L)

Figure 91 Sketch of the Winter model. (a) The initial state is the ground state of an infinite
square well. (b) One of the walls is replaced by a delta barrier V = V,8(r — L).

with & = 2mV,/h*. p(v) = |(wi|W,)|*m/h can be calculated exactly and takes
the form

mL K2 2n7 sin (kL) T 79)

v) = —
PO = ki T aksin (kL) + o sir? (kD) [kZL2 ey

From here the exact classical probability density is calculated numerically
using Eq. (57), whereas the quantum density is given by the square mod-
ulus of Eq. (62). In the large-t region the probability density has analytical
expressions in both quantum and classical cases given by Eqgs. (72 and 74),
respectively. The coefficient g is easy to find from Eq. (79) in the limitv — 0,

4m3L?

P = Txalpmrn (80)

Also, Eq. (77) and S(k) = ¢**® give for the Winter model the explicit source
shift

B al?

T 14al’
which, for « > 0, lies between O (for L — 0, no barrier) and L (for large oL,
strong confinement).

Finally, the quantum and classical probability densities both take (shifting
the classical point source by a,) the post-exponential form

o (81)

4 Lm\’ ol \* 1
P~ — == - -y 82
acr ) n*(1 4 aL)? <nh) (r 1+ozL> 3 ®2)
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In P(r,t)

Figure 9.2 The exact probability density obtained numerically versus t: quantum result
(solid line); classical solution including the source shift, Eq. (81) (squares); classical solution
without applying the source shift (circles). Parameter values: h =1, m =1/2,L =1, =4,
n=1,r=2t=04.

The agreement is illustrated in Figure 9.2, where the exact decay curves
(numerically integrated) are plotted. The classical density (squares) indeed
reproduces the quantum behavior (solid line) if the source shift is taken
into account. For comparison we also show a curve in which the shift is not
applied, so that the classical source remains at r = 0 (circles). Taking the same
value for 7, we see that the classical model also agrees with the quantum
one in the pre-exponential and exponential zones (0 < f <5 in the drawing).
The classical model differs only in the absence of oscillations which occur
at the onset of post-exponential behavior, due to quantum interference. The
asymptotic behavior is indistinguishable on the scale of the figure from the
analytical expression Eq. (82).

The exceptional case of a zero energy resonance corresponds to an attrac-
tive delta with « = —1/L. In this case from Egs. (60 and 75) we get

4L m

P D™ ot

(83)
for both the classical and quantum cases: see Figure 9.3. If « is close to the
critical value, say « = —1/L + ¢, the decay follows a t' decay law for
some substantial period of time until the t decay eventually dominates,
see Figure 9.4. The smaller is ¢, the longer does the ' behavior persist.

The above results, developing the classical model suggested by New-
ton so as to achieve an accurate match between classical and quantum
decays, provide an intuitive physical picture and quantitative description
of post-exponential decay of the probability density at points distant from
the source. Note that quantum mechanics is required to provide the emis-
sion characteristics, but ISR plays no role in the classical, purely outgo-
ing dynamics. We have checked with the methodology of [58] that ISR
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Figure 9.3 Logarithm of the probability density versus t for an attractive delta potential
having a zero energy resonance: exact quantum numerical solution (solid line); classical
model solution (squares). The long-time behavior is indistinguishable from Eq. (83).

a = —1, T = 0.2, and other parameters as in Figure 9.2.

Int

Figure 9.4 Logarithm of the probability density versus t for a delta potential slightly less
attractive than required to produce a zero energy resonance: exact quantum numerical
solution (solid line) and approximate power-law decays proportional to t™' (Eq. (83), dashed
line) and t* (Eq. (82), circles). « = —0.98,r = 9, T = 0.2, and other parameters as in Figure 9.2.

terms are negligible in the post-exponential range of times, in the quantum
calculation of Figure 9.2. This contrasts with their relevance to the survival
probability [58] and indicates different mechanisms for the transition to
post-exponential decay inside and outside the source. Indeed, the survival
probability [(W(0)|W(t))|* (as well as |(r|W(t))|* with r < L) is still in its expo-
nential regime when the transition shown in Figure 9.2 (at r = 2) takes place,
i.e., the purely exponential decay hypothesis (54) for the classical source is
justified, and the onset of the post-exponential regime of survival within the
trap cannot causally affect the transition observed in the density outside the
source.
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5. THE PROBLEMATIC EXPERIMENTAL OBSERVATION

As early as 1911, Rutherford looked for experimental deviations from the
exponential law in the alpha-decay of *?Ra, but found no deviations up to 27
half-lives. Similar searches have been made over the years, in experiments
on the decay of radioactive nuclei and unstable particles, never finding any
clear evidence. The experiment of Norman et al. [8] in 1988 is particularly
interesting for its accuracy. They observed the decay of a sample of *Mn,
with a half-life of 2.5h, for a total of 45 half-lives. That corresponds to a
reduction of the initial activity by a factor of ~ 3 x 10", but no signifi-
cant deviation from the exponential law was found. (This paper includes
a list of prior measurements and their corresponding number of half-lives.)
Avignone [108] pointed out, however, that an estimate by Winter implies
that deviations from the exponential law would be expected to occur only
at times of the order of 200 lifetimes in that experiment, clearly well beyond
feasibility. Reference [85] provides simple expressions to estimate the num-
ber of lifetimes required for the onset of the nonexponential behavior that
are applied to systems discussed by Norman et al. [8].

Other possible reasons for the persistence of exponential decay were sum-
marized by Greenland [10]. As explained earlier, any process suppressing
ISR will extend exponential decay to longer times than in an isolated system.
In the case of radioactive decay, any fragments leaving the nucleus might
interact with the surrounding electrons or with other atoms, suppressing
irreversibly the reconstruction of the undecayed state. For the *Mn experi-
ment it means that the decaying nucleus must not interact with its surround-
ings for the duration of the experiment.

Long-time deviations from exponential decay have also been sought in
particle physics. For a review of experiments up to 1968, see Nikolaev [9].
More recent attempts have similarly failed to detect any deviation. Tomono
et al. [109] made precise measurements of the muon lifetime. Their experi-
ment stopped at 17 us, around 8 muon lifetimes, whereas theoretical models
predict deviations to occur only at times beyond 200 us. Novkovic et al. [110]
have measured the decay of ' Au up to 25 lifetimes, also finding no evidence
for nonexponential decay.

In the field of atomic physics, Robiscoe [111] calculated the long-time
correction for the 2P — 1S transition in a nonrelativistic two-level hydro-
genic atom, finding that it would dominate over the exponential term only
after 125 lifetimes (Z = 1). His calculated modifications to the Lorentzian
line shape were also tiny. Assuming a small I'/Ey ratio, and an atom-field
coupling linear in energy (which holds generally for all spontaneous elec-
tric dipole processes), he concluded that the deviations are undetectably
small for all of the most prominent spontaneous atomic transitions. A more
optimistic conclusion was reached by Nicolaides and Mercouris [112] in
their study of the decay of an autoionizing state close to threshold, the
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He 1s2p? *P core-excited shape resonance, with time-dependent methods.
The post-exponential decay occurs in that case after 12 lifetimes.

5.1. Measurement and/or environment effects

511. Collapse models

Random collapsing interactions have been used to model the effect of the
environment (understood in a broad sense that could include the measure-
ment apparatus) on the decaying particle [13, 113]. For example, it is argued
that as an unstable elementary particle decays in a bubble chamber, each
bubble is a measurement indicating that the particle has not yet decayed (has
survived), so that a reduction takes place, resetting the system into the initial
undecayed state. The decay law that should be observed in experiment will
be therefore an environment-affected F(t) rather than P(t). The probability
that the system is not subjected to any measurement in a time interval §t
is taken to be exp (—Aét). The survival probability F(f) resulting from these
measurements satisfies [13]

E(t) = e MP(t) + A f tdt’ e M P(H)F(t —t), (84)

where P(t) is the survival probability without measurements. The integral
is a convolution, and using Laplace transforms one easily finds that f(s) =
L[F(t)] is given by

_ ps+A)
fs) = m/

where p(s) = L[P(t)]. For the particularly simple case P(t) = exp(—yt),
F(t) = P(t). In general a zero of the denominator of Eq. (85) on the nega-
tive real axis gives a contribution to F(f) of exponential form. This term will
dominate if the parameter A is sufficiently large and the corrections to the
original lifetime are small. Moreover, the post-exponential regime will be
suppressed.

A similar conclusion was reached by Benatti and Floreani [114] with a
density operator model for elementary particle decays, taking into account
incoherent interactions with the environment.

(85)

51.2. Unitary model for system—environment coupling

Lawrence [14, 15] studied the effect of interactions with the environment,
using a unitary 3D ¢ = 0 model of a particle confined by a delta-shell poten-
tial at r = a. Once outside the barrier, the particle interacts with N continuous
spins. The interaction Hamiltonian is H = n®(r — a) Zf\il S,;, where the S;
are operators that correspond to projections on a chosen axis of the ith spin
and have a continuous spectrum, S;|u;) = wilw;), with u; € [—1,1]. This
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leads to very simple expressions for the resulting energy density and ana-
lytic results for the asymptotic survival probability. Whereas in the absence
of environmental coupling the latter shows a t* dependence, the coupling
to N spins leads to P(t) ~ t2¥73, and the exponential regime is extended by
a time that increases faster than linearly with N. Although the model is very
simple, it provides a convincing demonstration of the relevance of the envi-
ronment effects and the substantial modifications to the survival probability
they entail. It is interesting also that for weak coupling, the dramatic effect
at late times is accompanied by a negligible effect at early and intermediate
times.

51.3. Effects of adiabatic switching and of fluctuations of the interaction
Using the model of Eq. (15) for photoionization, Greenland and Lane [115]
studied the effect of laser fluctuations (i.e., fluctuations in discrete to
continuum matrix elements). They obtained for the decay rate the usual
result, 27 W?, averaged over the bandwidth and also argued, based on argu-
ments similar to those in Ref. [13], that laser fluctuations eliminate the
post-exponential region unless the transition is fast on the timescale of the
fluctuations.

The effect of an adiabatic switching-on of the discrete—continuum coupling
was examined by Mittelman and Tip [116] and Robinson [117]. The treat-
ment of Robinson is more general and shows, in agreement with Mittelman
and Tip, that adiabatic switching can attenuate the correction to exponential
decay at long times. However, it differs from Ref. [116] in that the reduction
depends on the rise time of the coupling potential instead of the observa-
tion time. It thus leaves open the possibility of observing post-exponential
decay, in particular for photoionization near threshold. Martorell et al. [118]
have recently revisited memory effects due to finite-time switching condi-
tions for the release of the initial state with the analytically solvable model of
Section 5.3.

514. Complex potentials as detector models
The detector model proposed in Refs. [58, 87] is formally Winter’s model
complemented by an imaginary absorbing potential,

2

ad
H= e +né(x —1)—iV.O(x - X,), x>0, (86)

and the initial state is as usual the ground state of an infinite well between
0 and 1. This is an “optical model" where the absorbing potential represents
the effect of detection of the escaping atom by laser excitation and photon
emission in the outer region [119].

This Hamiltonian may hold N, discrete, localized eigenstates of complex
energy with purely exponential decay. The detector is placed at the barrier
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edge at X, = 1, or further out. The survival amplitude may be written in
terms of eigenstates forming a biorthogonal basis [120],

Nioc

A(t) = ZC@ e Bt ¢ / f(q) i =ivelt dg, (87)
=1 0

where C; = (Yoluy), éz = (ﬁ1|1/f0>/f(q) = <%|¢q)(<13q|1ﬁ0>, and |u;) and |il;) are,
respectively, right and left localized eigenstates. The continuum eigenstates

appearing above, |¢,) and |(/3q), satisfy

H|¢q> = Eq|¢q> = (172 - ch)|¢u]>r (88)
(| H = E,(y| = (* — iV)(B,1, (89)
(bylb) = 8(q — 7). (90)

|¢,) and its corresponding biorthogonal partner are not the usual scattering
states, because the exterior region is not free from interaction (V(x) # 0 when
x — 00), but the potential is constant there so we can write the solution in
the external region in terms of an S-matrix:

C, sin kx, 0<x<1

1 . .
P = Gy ] AT B TsxsXo, (91)

e~ — S(g)e', x> X,

where k = (g> — iV,)"/* is the wave number inside, g the wave number out-
side, and C;, A,B, and S are obtained from the matching conditions at x = 1
and x = X.. For scattering-like solutions, g is positive. There are two branch
points of k in the complex g-plane; we take the branch cut to connect these
points. Similarly, the root in ¢ = (k* + iV.)"/* is defined with a branch cut
joining the two branch points in the k-plane. In contrast to scattering-like
states of the continuum, localized states are characterized by a complex g
with positive imaginary part.

At weak intensities, the main effect of increasing V. is the progressive sup-
pression of long-time deviations, as illustrated in Figure 9.5. Beyond some
threshold strength, even the exponential decay is affected. A quantitative
approximation to the survival probability helps to understand these effects:
Let g, be the resonance with the longest lifetime and let us assume that it is
narrow and isolated. For weak enough absorption, i.e., Nj,. = 0, if all other
resonances have already decayed, the integral of Eq. (87) can be approxi-
mated, using contour deformation in the complex g-plane, by the residue
corresponding to the first resonance plus a saddle contribution,
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Effect of a complex potential

Figure 9.5 In[P(t)] for different absorptive step potentials, see Eq. (86). V. = 0 (thick solid
line), 0.1 (dashed line), 0.3 (thin solid line), and 0.5 (dots). X, =Tand n =5

e i 1
i/ — 5 £(0)e Vcttsjr (92)

—i&rt

A(t) ~ —2miRes [f(q)] e

e
q=aqr

where &, represents the energy of the decaying particle, I', the corresponding
decaying width, and £(0) = [d*(q) /d4*],0. The second term is responsible
for the deviation from the exponential decay. The novelty with respect to the
nonabsorption case, V. = 0, is that the deviation is not given by a purely
algebraic term: the usual algebraic dependence is multiplied by the expo-
nentially decaying factor exp ( — V.t). By increasing V., the deviation term
decays more and more rapidly until, at threshold, i.e., I', = V*, the deviation
decays faster than the residue term. This threshold value corresponds exactly
to the passage from a resonance to a localized, normalizable state with purely
exponential decay. While for V, < V*, the dominant term at long times is the
saddle contribution (proportional to exp ( — V.t)t *?), in the opposite case,
V. > V™, the decay is purely exponential, and the dominant contribution
comes from the discrete part of the spectrum.

51.5. Effect of a distant detector on the survival probability

How is the decay affected by the distance between detector and system in
indirect measurements? This is still a controversial and rather crucial ques-
tion [121-130]. Home and Whitaker [123], in their conceptual analysis of the
Zeno effect [123] stated that the only real paradox is that the system is pre-
dicted to have its decay affected by a detector at a macroscopic distance.
Indeed, a commonsense expectation is that a greater separation of the detec-
tor from the initial location of the system ought to reduce the perturbing
effects of measurement, but theories confirming this expectation have been
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disputed [121, 122, 127]. The need for more work to arrive at a definite con-
clusion is clear [126]. In Ref. [87], with the Hamiltonian model of Eq. (86),
it was shown that the disturbance of the measurement (represented by a
complex absorbing potential) on the survival amplitude disappears with
increasing distance X, between the initial state and the detector, as well as
by improving its efficiency.

51.6. Experimental observation of power laws in organic molecules,
quantum dots, or nanocrystals

In view of the arguments favoring persistence of exponential decay at long
times, and of perturbing environmental effects on the power-law decay,
it came as a surprise that the experiments of Rothe et al. [16] showed a
clean power-law decrease after the crossover from the exponential regime.
The luminescence decays of several species of dissolved organic molecules
were measured, most with lifetimes of the order of nanoseconds, but some
up to a tenth of a millisecond. Power-law decays with algebraic exponents
between >~ 2 and =~ 4 were deduced. The strategy followed was to look for
resonant decays with large I'" and not too small Ez. As shown in Eq. (14),
larger I' increases the asymptotic component and not too small Ex avoids
small Q nonexponential decay. Having the molecules in solution increases
the widths, and for large molecules, intramolecular structure also favors
increased broadening. In this case, environmental effects increase rather than
decrease the asymptotic terms.

The theoretical description of luminescence decay in such organic
molecules is unfortunately difficult [131-133], and a detailed comparison
with theory is missing. The possibility of other origins for the observed
power-law decrease in fluorescence has been ruled out by Rothe et al. [16].
Still, very recently Sher et al. [134] have also measured power-law decay
in the fluorescence blinking of various semiconductor nanocrystals. They
reproduced those with Monte Carlo simulations on a three-level model.
These authors claim that their approach can be also useful in the analysis
of nonexponential fluorescence decays of molecular systems. In fact col-
loidal semiconductor quantum dots, nanorods, nanowires, and some organic
dyes exhibit power-law distributions of on- and off-times of emission inter-
mittency [135]. They can be explained with models in which an electron
jumps into one of the multiple traps and returns, but not all facets of the
experiment are well understood. In condensed molecular solids composed
of conjugated polymers [37], the power-law luminescence found experi-
mentally is attributed to electron-hole pair recombination and explained
using inhomogeneous, statistical theories. Therefore, the field is still open,
both theoretically and experimentally, and more conclusive work on these
systems would be highly desirable.
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5.2. Indirect measurement

Kelkar et al. [136] proposed to extract the long-time survival probability from
the low-energy ¢ = 0 phase shift of «—« scattering, where it is affected by
a 2% resonant state (virtual formation of ®*Be). By fitting the experimental
phase shift to a parameterized form, they extracted a power-law behavior
1/t%% for P(t). The explanation for this value is murky, since the long-range
part of the a—« potential is dominated by Coulomb repulsion, and the post-
exponential decay law should be modified by that long-range potential tail.
Applying the recipe for well-behaved potential tails with £ = 2, the exponent
would be 7. The result is nevertheless interesting, as it is a different way to
approach the problem, which may have application to other systems. Their
result corresponds to an estimated changeover time of 30 lifetimes, which
makes a direct observation unfeasible.

5.3. Optical analogy of quantum decay

Recently Longhi [27, 137] proposed to use a system of identical parallel
waveguides as an analog of a decaying quantum system. A laser beam
injected in the first guide leaks amplitude to the second as it travels down
the guide. The second guide similarly leaks to the first and third, and so
on. Distance along the guide plays the role of time. Let c,(t) be the ampli-
tude in the guide labeled n at distance t from the point of injection. The
system is equivalent to a particle in a tight-binding model with a discrete
Hamiltonian

Hp=A[[1><2/+2><1]+ ) [n><n+1+n+1><n|] (93)

n=2

in units of g, the coupling parameter between adjacent sites. The site energy
&0 has been set to zero. Site one is special; its coupling parameter is gA, with
0 < A < 1. For example, if the first waveguide is placed farther apart from its
neighbor, then we expect A < 1, and if its profile is different, its site energy
&, could differ from ¢,.

The exact time-dependent solution for site 1 is

o =Y o 2 e, ©4)

t
s=0

which plays the role of the survival amplitude. Here, &> = 1 — A? is the
“decoupling” parameter. If A = 0 (by placing the first guide far from the rest
of the system), a well-known sum rule satisfied by the Bessel functions gives
c1(t) = 1 at all times. At the other extreme, for A ~ 1, small o> makes the
series converge rapidly.
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For sites 1 > 1, the solution is

o) =AY a2 en. (95)

s=0

Because [y(2t) ~ V/N! at small ¢, it is clear that the initial conditions att = 0
have been satisfied.

Longhi showed that there are three distinct regions of t-dependence. At
small ¢, from the properties of ;(2t),

al)~1—£)2. (96)

Next there is an intermediate time region where exponential decay
holds, with

2

exp[ — nt/2], where Yo = A?/a (97)

1+«
() = 5

is the decay constant of the Gamow state. Weak coupling gives very slow
decay, and strong coupling A ~ 1 very rapid decay. At still longer ¢, the
exponential has fallen so far that it is smaller than the asymptotic value of
the sum of Bessel functions. In this limit we use the asymptotic form of each
term and perform the sum to obtain an asymptotic value for c,(t).

Use of the asymptotic approximation

- 4 25)* —1
(\/n_)t [COS@n—%SiHQH];

1\ 7
D, p = 2t — <n+ E) 5 — s (98)

]n+25 (Zt) -

leads, in lowest order, to

" n+(n—2)a? AN
cult) > Am (1 oy ( —(2n+1)Z) ;
1_
() — «/_ (1 o cos (2t — 31 /4). (99)

These expressions are improved by adding the next-to-leading order term
from Eq. (98), but it is already evident that the post-exponential survival
probability is a power law with exponent —3.*

*The long-time regime has been studied also for finite-time switching in Ref. [118] and to
examine its observability as a function of distance in Ref. [25].



Quantum Decay at Long Times 519

It turns out to be an excellent approximation to write c;(f) as the sum of
the exponential term plus the asymptotic approximation, for all but the very
shortest times t. The survival amplitude then becomes

1402
alt) ¥ ———

5
S e 2 (2t - ) (100)

t

for t >> a;, where the amplitude S; and phase 4, are

1—0a? 60 3
_ 1= _ b 3 101
Aty " Utep 16 (10D)

51
The quality of the approximation is illustrated in Figure 9.6 for the case
o® =0.5. In the crossover region the interference oscillations are nicely repro-
duced, showing that their phases are correct. The next-to-leading order
asymptotic correction makes a clear improvement in the description (upper
curves). When o? = 0.1, there is almost no exponential region, while for large
o® = 0.9, the exponential region would extend to t ~ 200 in dimensionless
units.
We have recently investigated initial switching effects in this model. It was
assumed that the coupling between the first and second sites A — A(t)
was ramped up from zero to its final value over a time interval T, rather

log (lc;(d)

a4l AN
S S f\(\
P ______ .
o 5 1:0

~

Figure 9.6 Log modulus of survival amplitude for o> = 0.5 versus t in dimensionless units,
in Longhi’s discrete model. Solid lines: exact analytical solution; dashed line: approximation of
Eq. (100) (upper curve) and Eq. (99) (lower curve, offset by two decades).
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than instantaneously at time zero [118] as usually assumed. The result is
an additional phase shift T added to a; in Eq. (101), and S; is multiplied
by sinT/T. Together these changes alter the interference between expo-
nential and asymptotic decay contributions in a way which ought to be
observable [118].

The group in Milan have carried out two experiments which verify
Longhi’s theory. In the first [28], they arranged A = 1 (¢ = 0), and the
amplitude in guide n followed the expected form of the Bessel function
ci(t) ~ Ja(2t)/t [138]. In the second [139], they verified the optical analog
of the Zeno effect. To do this, the waveguides were broken into longitudinal
segments of length t = L. The beam in guide n = 1 entering a new seg-
ment effectively resets the initial condition (albeit with a reduced amplitude
less than unity). The segment length L was chosen to be short, to corre-
spond to the short-time behavior Eq. (96). What they found was that the
decay of c;(t) in each short segment was reset to the quadratic behavior, so
that it never reached the exponential decay regime. On the contrary, without
segmentation they did see a switch-over to Eq. (97). It will be interesting to
see if their experiment can be taken to longer length scales to demonstrate
the changeover to post-exponential decay described in Eq. (100).

6. ENHANCING POST-EXPONENTIAL DECAY VIA DISTANT
DETECTORS

Most of the proposals to enhance post-exponential decay, making it more
visible by advancing its onset time, are based on the idea of observing
the survival probability for a resonance close to threshold (“small Q-value
decay”) [16, 26, 29, 30, 140, 141] or, more precisely, with energy release
comparable to resonance width. This is a rare configuration in naturally
decaying systems, such as radioactive isotopes [16], or it leads to diffi-
cult measurements [115, 136, 141], and realizing it in artificial structures,
although possible in principle, is still a pending task [29, 30]. The only
realization so far may be the experiment on organic molecules in solution,
mentioned in Ref. [16], but this is a rather complex system and its analysis
from first principles has not yet been done, so the true mechanism behind the
observed data remains to be confirmed, see the discussion in 5.1.6. Another
idea is to use the escape of interacting cold atoms from a trap, in the strongly
interacting Tonks-Girardeau regime, to enhance the signal [89]. Again, the
corresponding experiment has yet to be performed.

In the present section we discuss a quite different strategy with the impor-
tant advantage of simple implementation. We show, using solvable decay
models, that by increasing the distance of the observation point from the
source, the transition from exponential to post-exponential decay occurs
at higher probability densities and thus becomes more easily observable.
Finally, note that when the distance is too large the exponential decay regime



Quantum Decay at Long Times 521

disappears, and with it the transition, so that only nonexponential decay
should be observed [61].

6.1. Exponentially decaying source model

In these “source models,” unlike the usual initial value problem, the wave
function is specified for all times at one point of coordinate space. A simple,
solvable 1D case corresponds to switching-on the source suddenly at T = 0,
with a well-defined “carrier frequency” €, > 0,

W(0,T) = O(T)e 7, (102)

zero external potential, V = 0, and a vanishing wave everywhere (for all X)
before the source is switched on, i.e., for T < 0. Here we work through a
case that was examined recently [106] namely a complex carrier frequency
Qy = Qor + Q0.

We assume a negative imaginary part, Qy < 0, so that the density at the
source point decreases exponentially,

1W(0, TP = e 220, (103)

The real part Qu is chosen to be positive so as to generate outgoing
waves and thus mimic the behavior of resonance decay above threshold,
in the outer region. This provides a simple solvable model for an expo-
nentially decaying system with a long-lived resonance, while avoiding a
detailed description of the interaction region in which the decaying system
is prepared.
The dynamics of a particle in free space, V = 0, is given by the Schrodinger

equation

,h8\IJ n? 9*w

T T Tomaxe
Introducing dimensionless quantities for position, time, and wave function,
in terms of some characteristic length L, the number of variables is reduced,

(104)

x=X/L, (105)
Th
v(x, t) = L2U(X, T). (107)

L may be chosen for convenience and we take it as Ky, where K, =
(2mS/h)'* = Ko + iKy is the dimensioned complex wave number and
Kor its real part. The branch cut is drawn just below the negative real axis
so that for ©; < 0 the imaginary part of K, is negative, K :=Im(K;) < 0.
Defining dimensionless wave number and carrier frequency as ky = K,L and
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wy = Q2mL?/h = K, this election fixes the real part of the dimensionless
wave number to be unity, kjx = 1, and the dimensionless dispersion equation
becomes

wy = kg = (1 + ikor)?, (108)
where ky; is the imaginary part, —1 < ko < 0. In terms of these new variables,
the Schrodinger equation (104) is now

Z,E)w(x, H_ 3yt

= 109
at axz (109)
and the dimensionless continuity equation is
Ipx,t) ol t) _ 0, (110)
ot ox
where
p(x,t) = [Y(x, O, (111)
a t
J(x,t) = 2Im [I/f*(x, t)%] (112)

are the dimensionless probability and current densities. We are interested in
waves that decay exponentially in time so the Schrodinger equation must
satisfy boundary conditions at the origin

1,0(0, t) = e—iwote(t), WoR > 0, wor < 0, (113)

and at infinity, where the wave remains bounded as x — oo, which
guarantees that the wave function does not diverge at x = oo.
To find the solution for x > 0 we make the ansatz

Y(x,t) = / dw A(w) eV et (114)
and determine the function A(w) from the boundary condition (113),
¥(0,1) = e ™'4(t) = / dw A(w)e ™. (115)

Inverting the Fourier transform we obtain

Aw) = i (116)

27 (w — )
The resulting integral for y(x,t) is done most easily in the complex k-plane,

k= o (117)
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Inserting Eq. (117) into Eq. (114), deforming the contour in the complex

k-plane, and using Cauchy’s theorem to evaluate the above integral leads
finally to

V(x, t) = %ei"?‘ [w (—ug”) +w (—ufﬁ)] , (118)

where w(z): = e‘zzerfc(—iz) is the Faddeeva (or w) function [83, 84],

ul” = u(ky) = (1+1) %ko(l —1/t), (119)
ul”) =u(—k) =—(1+1i) éko(l +1/t), (120)

and the modulus of the complex time
T= (121)

generalizes the Biittiker-Landauer traversal time, at least formally, in the
present context [142]. Finally as the parameter k, will be varied, for a fair
comparison of this parameter the number of the emitted particles must be
fixed, so the wave function must be normalized. The normalization constant
is obtained integrating the continuity equation, Eq. (110),

N, (t = 00) = / "dt0,8), (122)

where
NL () = / “dxp(x, ) (123)

is the norm, counting particles emitted to x > 0.
As we assume that one particle is emitted as t — oo, the normalized wave
function, denoted by a tilde, is

U(x, t) = ;w(x, 1. (124)
JydtJ(o,t)

Now to have a more transparent physical interpretation we apply some
approximations to the exact solution Eq. (118) and separate each w-function
into the contribution of the saddle at k = k, = x/(2t) and the one due to the
pole. The dominant contribution of the saddle is obtained from Eq. (114) by
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setting k = k, in A(w) and integrating along the steepest descent path given
by the straight line k; = [kr — x/(21)],

ezkzt 1 1
Vi) = iz <+>+F

|2t el
= - 125
m (i — Dko(f? — 72) (125)
After the steepest descent path crosses the pole k, when Im u” = 0, its

residue v,(x,t) must be added to the saddle wave function,
+2

w_ _ ezkzte—uo — efiwoteikox' (126)

It follows that the total wave function can be approximated by

Y1) = Yl ) + vl 50 [1m ()], (127)

To see the conditions for validity of this expression note that the first and the
exponential terms in the asymptotic series expansion for

1 x3x--x (2m—
>

1) .
(2z2)m } + ©[ — Im(z)]2e™. (128)

w(z) ~ ﬁ [1+

m=1

reproduce Eq. (127). In our case, large z means large u{”. Their moduli can

be written as
t 1 IT|
—t — + —, 129
xIk |\/2|r| ol 2 (129)

which take large values in certain conditions, in particular at times short and
long compared to |7|.

) )
O

6.2. Transition from exponential to post-exponential decay

The criterion which sets the timescale of the transition is that the moduli of
pole and saddle contributions to the total density are equal, or their ratio
R(x, t) is one,

hﬁ |2 ZIm (wot— kox) (130)
trl®

= , 131
IVl 7 ko |2[t* + |T|* — 2t2Re(7?)] (131)

2ol s 72
R(xf) = Vol _ 2J/mlkolP 2 ko \/1+u _ 2Re < ) (132)

2 X
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In addition, the condition Im (ué”) > 0 (the pole has been crossed by the

steepest descent path) must be verified.
Solving R(x, t) = 1 with the assumption t >> |7|, we obtain an expression
for the transition time , for fixed x,

—Im(wgtp —kox)
32 _ xe 4

P Y= — 1
N (133)

First we fix ky and observe the density as a function of ¢ for different x values.
Figure 9.7 shows the density at the transition versus t,. The curve depends
parametrically on x, which increases from the bottom right corner upward.
From this figure we can infer that the probability density at the transition
point increases, as the observation point is moved away from the source,
improving the possibility of observing the transition. A basic reason for this
is the asymptotic growth of || with x?, whereas the pole term is basically
shifted by §x/2kor for a shift 8x in the observation coordinate; in other words,
the exponential behavior is delayed by increasing x.

Note also the behavior of the transition time t, as x increases. Initially ¢,
occurs earlier as x increases, but there is an x value, x = 1/ky|, beyond which
the tendency changes, and t, then increases with x until the transition is no
longer observable.

Another conclusion inferred from Figure 9.7 is that there is a largest value
of x for which the transition may be defined by the R = 1 criterion, such

that Im (ué“) > 0. This maximum x increases with the resonance lifetime

(ko/=—0.3)

Figure 9.7 Probability density versus t,(x) at the transition point for fixed k, = 1— 0.3i. The
drawing covers x running from 0.0001 to 13.



526 E. Torrontegui et al.

95F
75}
55 J

In x
\,

35} e

15} T

0.5t~

Figure 9.8 Largest x value at which an exponential to post-exponential transition is seen,
satisfying the conditions R = 1and Imug“ > 0 versus kg, (normalized waves). The quantities
plotted are defined in Egs. (105-108).

Figure 9.9 Density of normalized waves, at the largest x value where the transition is
defined, as function of k. Circles: density of the approximate solution; solid line: value from
the exact wave function.

79 = 1/|4kyl|, and it is plotted versus |ky| in Figure 9.8. The normalized den-
sity at that critical point is shown in Figure 9.9. There is a maximum of the
transition point density slightly to the right of k; ~ —0.5. This is consistent
with the condition described by Jittoh [29] for purely nonexponential
decay,

/e =1/ [kxwo] = 4lkal = 2, (134)
where T" and € are the (dimensionless) decay rate and real energy of the res-

onance, respectively, and we have used the fact that the real part kjx = 1 in
our units.
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6.3. Connection with Winter’s model

The source model may be related to Winter’s delta model [63] for strong
potentials in the t >> |7| regime. Here we follow Winter’s conventions,

00, X < —aq,
v = { us(x), X=-a. (135)
The ground state of the infinite square well is taken as the initial wave
function,

| @/a)V*sin(rX/a), —a<X<0,
VX0 = { 0, X<-a or 0<X (136)
The following dimensionless variables are introduced:
q = [a(2mE)"*]/h, (137)
to = hT/2ma’, (138)
x, = X/a, (139)
G =2mal/R?, (140)
V(x, ty) = V(X T), (141)
where
K3
E=—2%, (142)
2m

and Kor = 7 /a is the wave number of the particle in the initial state, Eq. (136).
For G >> 1 the total wave function for any T and X outside the barrier can
be split into two terms, one due to the pole contribution and the other due to
the saddle [63]. These are, respectively,

2 .
vy = \/; (%T) et 2w [ cog (nmrx,) + isin (nrx,)] (143)
1+ 1 1 1 2 2 1
Swz( +l)(wa_'_32) _ 31 ( _ﬁ_‘xw(cxw—'_ ))+ ,(144)
2nm G2 /maty 2t, \n?m? 6 3

where the dimensionless energy ¢, and the mean lifetime z,, are
€, = *m*(1 —2/G), (145)

473’ 4
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Now we show that the source model described above can reproduce Winter’s
model, that is, we show that Eqgs. (125 and 126) give the same probabili-
ties as Eqs. (144 and 143). First, from Egs. (105 and 139) and from Egs. (106
and 138) we formulate the connection between the spatial and temporal
coordinates,

X=nx, =m’t,. (147)

Using the dimensioned wave function Wy(X,T) at the pole, we obtain the
links between the remaining variables. For the source model we use the nor-
malized one given by Eq. (124) and the fact that the dimensionless wave
function is connected to the dimensioned one through Eq. (107), where
L™ = Kyg and, for the infinite square well of width a, Kjx = 7 /a. Then the
dimensioned pole wave function can be written as

Wo(X,T) = \/%%(x, t) = Vg (Xw, t), (148)

where the normalization constant N = N, (f = oo) for the source model is
given by Eq. (122). So from Eq. (148) and using Eqs. (126 and 143), we obtain
at first order in G,

2

G T
N, (t = o0) = " ko =

G
Starting from Eq. (125) and using Egs. (147 and 149) we may also check that
the probability obtained from the saddle wave function in the source model
reproduces that of Winter’s model for strong potentials G >> 1in the t >>
|T| regime,

(149)

W,(X, T)]? = %ws(x, O = [, £ (150)

to order t,°.

In conclusion, observing the density of decay products at an optimal dis-
tance from the source significantly improves the observability of the elusive
transition to post-exponential decay. The observability of the transition may
additionally be enhanced by amplifying the signal with a macroscopic Bose—
Einstein condensate wave function. As an example, let us consider an ¥Rb
quasi-1D Bose-Einstein condensate sample of 10° atoms, released to a quasi-
1D waveguide from a controllable trap that will determine the resonance
energy and lifetime [143]. Then a commercial charge-coupled device cam-
era with ~ 3 pm spatial resolution and shot-noise limited detection with
at least ~ 10 atoms/pixel may be used to measure the atomic density
at the waveguide by resonant absorption imaging [144]. According to the
model presented here a sample of 10° atoms with lifetime ~ 400 s and
release velocity ~ 1cm/s would provide 9200 atoms/pixel transition den-
sity at t, ~ 10ms and at a distance of ~ 100 um. These numbers make
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the observation of the transition very plausible. Note that even 10° initial
atoms would be close to the shot-noise observation limit at that space—time
point.

7. FINAL COMMENTS

Post-exponential decay is a subtle phenomenon. Since it involves low ener-
gies, it is easily perturbed and difficult to detect. However, recent progress in
artificial mesoscopic semiconductor structures, or trap design and detection
of ultracold atoms, may offer access to this regime for simple quantum sys-
tems. We have provided an overview of quantum post-exponential decay,
from the early work to the most recent analyses and experiments. Several
simple models have been discussed; they help to understand fundamen-
tal properties of long-time deviation from exponential decay, provide clues
for its control, and suggest new experiments, which is indeed one of major
challenges. Further challenges are to gain a full understanding of post-
exponential decay in complex systems, such as organic molecules in solution,
as well as a more intuitive physical interpretation of the effect at the level of
the survival probability.
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Aberration correction, 480
Above-the-barrier dissociation, 65
Above-threshold
detachment, 368
dissociation (ATD), 53, 78, 99, 343, 368,
384-385
ionization (ATT), 251, 256, 343, 345, 365, 367,
390
Absorbing potential, 345, 513, 517
Absorption spectra, characteristic shapes, 23f
Adjiabatic passage (AP), 107, 109, 131, 135, 149
Adiabatic switching, 418
Alignment/orientation, 53
Alpha
decay, 177, 208, 486, 511
tunelling, 175
Amplification, 92f
Angular wavepackets, 393-395
Anti-zeno effect, 487
Arbitrary joining radius R, 176
Artificial multibarrier, 433, 446
Artificial quantum, 433, 442
Asymptotically scattering, 182
ATD, See Above-threshold, dissociation
(ATD)
ATI, See Above-threshold, ionization (ATI)
Atom-field interaction, 361
Atomic negative ion (ANI), 174, 220
AT splitting, See Autler-Townes (AT) splitting
Attenuation factor, 211-214
Auger channel, 386
Auger effect, 175, 177
Auger state, 217-219, 228-229, 235, 245, 354,
386
Autler-Townes (AT) splitting, 109, 110f
Autocorrelation function, 11, 25f, 270, 307,
311-314
Auto-disintegration of atoms, 177

Autoionization, 166, 167, 218, 234-237,
239-240, 335, 374, 382, 386-387

Autoionizing, 31, 108, 170, 174, 176, 178,
189-190, 193, 196, 203, 205, 216-217,
229-230, 234-236, 245, 248, 251, 254,
334, 338, 363, 370, 511

B

Barium, 370

Barrier suppression, 75, 77-78, 99

Barrier transition, 340

Beating pattern, 82, 84-85

Below threshold multiphoton dissociation,
355

Bessel function, 360, 468, 497, 499, 505,
517-518

Beutler-Fano line, 138

Birkhoff normal form, 273-274, 277, 317

Bixon-Jortner-type continuum, 137

Bloch theorem, 60

B-O approximation, 55, 198, 207, 226, 323,
328, 334, 342

Bohr frequency, 67, 83

Bohr-Sommerfeld quantization, 90

Boltzmann constant, 34, 302

Bond-Hardening process, 65

Born-Oppenheimer approximation, See B-O
approximation

Born series, 27

Bound-bound matrix, 340

Bound-free transitions, 354

Bound-scattering matrix, 340

Bound-scattering mixing, 161

Bound-state-type resonance, 173

Box-normalized function, 354

Bra-ket factor, 506

Branched-chain excitation, 134

537



538 Index

Branching

reactions, 141

mode plot, 430f
Breit-Pauli

operator, 199

relativistic coupling, 340
Breit-Wigner

amplitude, 191

profile, 10, 17, 24

resonance, 175
Brillouin zone, 60-61
Brute-force method, 357, 362
BS mechanism, 54, 75, 80, 86
B-splines, 221, 227, 362
Biittiker—Landauer traversal time,

523

C

Carrier-wave frequency, 76

Cauchy principal, 8, 112

Cauchy’s theorem, 13, 409, 417, 425, 523

CAP method, 195, 208

CCAP, See Coherently controlled adiabatic
passage (CCAP)

CCR method, 184, 213-214, 220, 225, 247, 255

CESE, See Complex eigenvalue Schrédinger
equation (CESE)

Channel coupling, 89

Chirp, 115

Clausius’s formula, 39

Close-coupled equation, 54, 56

Close-coupling, 10, 25, 177, 183, 220

CNF algorithm, 278, 318-319

CNF procedure, 279, 319

CNF theory, 290, 312, 314

Coherent control (CC), 106, 130, 149

Coherent excitation, 257, 382, 385

Coherently controlled adiabatic passage
(CCAP), 106, 142, 143f

Coherent population trapping, 106-107,
135-136, 150

Collinear triatomic reaction, 299

Collision, 23, 26-33, 85, 108, 183, 344, 349,
350-352

electron—-molecule, 91
resonant scattering, 29-33
giant resonance, 31-33
single resonance, 29-31

Complex absorption potential, 194-195

Complex conjugate energy, 197

Complex coordinate rotation (CCR), 184

Complex eigenvalue Schrédinger equation
(CESE), 166, 195, 208-209, 211, 215,
225,240, 246, 257, 341, 351, 372

Complex rotation, 54, 71, 409

Computation, 173

Computational accuracy, 169

Computational algorithms, 410

Computational feasibility, 396

Computational methodology, 168, 171, 334,
343, 390

Computational methods, 167, 169-71, 181,
227,242,256, 334, 343, 363

Conditional probability, 244

Configuration interaction, 184, 187, 251252,
348

Continuity equation, 413, 424, 522-523

Continuous-wave laser, 86, 481

Continuum—continuum interaction, 492

Continuum wave functions, 426

Contour deformation, 417f

Convergence, 98, 226, 395, 430

Corner-cutting, 270, 300, 314

Correlation function, 33-35, 40, 216, 364,
371-372

Coulomb

barrier, 17

forces, 75

function, 373-374

Hamiltonian, 194, 199, 213, 226
interaction, 56, 62, 182, 203, 253, 361
length gauge, 55

operator, 213

potential, 176, 209, 220, 231, 339, 373-378
repulsion, 56, 517

wavefunction, 20

Coupled cluster, 251

Coupling, 6, 20, 23, 31, 39, 57, 64-65, 79, 89,
109, 137f, 138, 172, 198, 204, 214, 218,
227,337, 340, 386, 392-393

diabatic channel, 61
discrete-continuum, 492
field-induced, 246, 384
intramolecular, 41
laser-molecule, 85
matrix, 106, 114, 204, 348, 350-351, 354, 358,
362, 392-393

multichannel, 199
strength of, 11, 79, 303
vector, 21

Covalent-ionic state mixing, 372



Cumulative reaction probability (CRP), 272,
274, 296-305, 308, 313, 315-317, 323,
328-329

general formulation, 296
nitrogen exchange reaction, 299
three DoF reactive system, 303

D
dc-field-induced ionization, 172
DDQ, See Dynamical dissociation quenching
(DDQ)
Decaying, field-induced, 254
Decaying states, theory of, 191, 197
Decay law, 408, 433, 440, 444, 446, 463, 488,
492, 498-499, 501, 503, 509, 512
Decay model, discrete-continuum, 492
Decay probability, 67
Decay rate, 475-479
Decoupling, 186, 277, 337, 517
Degrees of freedom (DoFs), 271
Delta function, 197, 354, 375, 496
Delves mass-scaled coordinate, 300
t-Dependent spectrum, 86
De-phasing and re-phasing, 54, 83f
Detuning, 113, 118, 120-123f, 133, 136, 139,
142
two-photon, 134, 139
Diabatic—adiabatic coincidence, 92
Diabatic crossing, 90-91
Diagonalization, 9, 15, 79, 87f, 166, 181, 214,
216, 225, 242, 255, 348, 353, 369-370
discrete-basis, 180
-on-a-large-basis-set, 348
repeated, 182
Diagonalized matrix, 225
Diatomics, 172, 174, 255, 257, 348-349, 371
Dihydrogen ionization, 67
Dipolar electric, 17
Dipole
approximation, 113, 247, 460, 464-465, 468,
476
excitations-de-excitations, 248
matrix, 115, 118, 132, 351, 364-365, 464
moment, 56-57, 74, 354, 368, 469, 473, 475,
480
resonance, 220, 227, 229, 257
Dirac-Fock calculation, 235-236
Dirac function, 8, 27, 43, 477
Discrete-continuum interaction, 205
Discrete state embedded, 492
Dissipation and oscillations, 14f
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Dissociation probability, 77
time-dependent, 355

Double-barrier resonant, 442443, 446

Doubly excited states (DES), 165, 243245,
369, 382, 390

Doubly excited symmetry basis, 242

Dressing pulse, 135-136

1D well-barrier model, 495

Dykhne-Chaplik complex scaling, 211

Dynamical dissociation quenching (DDQ),
52-53, 68, 78, 80-81, 86

Dynamical equator, 276

Dynamic correlation, 390

Dyson series, 342

E

Eckart barrier, 303-304

Eckart-Morse-Morse system, 274, 303, 304f,
307

Eckart potential, 303-305

ECS technique, 207-208

EDA, See Electric dipole approximation
(EDA)

Effective Hamiltonian, concept of, 3, 29, 33

Effective Liouvillian, 3, 16, 35-37, 39, 42, 45

Eigenchannel, 174, 378, 380-381

Eigenenergies, 13, 55, 132

Eigenfunction, 15, 56, 61, 67, 128, 191, 198,
307, 347-348, 353, 355, 409, 423

Eigenphase shifts, 378, 381

Eigenvalues, 9, 29, 58, 194, 213, 241, 277, 291,
318, 336, 369, 375, 378, 381, 408, 410,
414, 439, 447

EIT, See Electromagnetically induced
transparency (EIT)

Elastic scattering, 70, 408

Electric dipole approximation (EDA),
358-359, 361, 364, 387, 393-398

Electric dipole matrix, 144, 147

Electromagnetically induced transparency
(EIT), 107-110, 112, 120-126, 128, 131,
149

Electromagnetic field (EMF), 335, 343-344

Electromagnetic pulse, 343-349

expanding method of W, 346-349
grid method, 344-346

Electron correlation, 173, 177-178, 182-183,
202-203, 220, 225, 227-229, 234-238,
240-242, 247, 249, 346-347, 370-372,
382-383, 386-387, 390

Electron-correlation calculation, 228

Electronic channel, 57
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Electronic dipole, 62
Electrooptic modulation, 480
Emission pumping, 131
Energy density, 466, 468-469, 473474,
488-493, 496497, 500, 513
Energy-dependent theory, 187, 206
Energy-shift operator, 4
Energy spectrum, 239
Energy surfaces, projection of, 281f, 282f
Entropy, 34, 38, 41
Exceptional point (EP), 52
Excitation, 17, 76, 79, 87-88, 115, 130-131,
133-134, 138, 141, 177, 181-182, 186,
197-198, 202-204, 236-237, 241-242,
255, 258, 342, 346, 351, 356, 362, 379,
382, 385, 390-393, 462, 473, 480481
matrix, 198, 202-203, 396
preparation process, 181
probability, 241, 351, 481
pulse, 198, 356
two-photon, 140
Excited electronic states, 335, 352
Expansion coefficient, 56, 124, 126f, 179, 188,
209, 251, 278, 315-316, 357, 364, 434,
439
Expansion method, 341, 347, 352, 355, 362
Exponential catastrophe, 413, 437, 443
Exponential decay (ED), 188, 495
Exponential-non-exponential transition, 445
Exterior complex scaling, 71, 194-195,
207-208

F

Faddeyeva function, 420, 433, 450

Fano model, 5, 10

Fano profile, 8-9, 12-13, 16-18, 20-21, 24, 31,
135, 189, 205

discrete-resonance, 189

Fano g-parameter, 189

Fano scattering, 209

Fano’s formalism, 190-191, 209

Fano’s standing wave, 209

Fano'’s theory, 192, 209, 255

Fast Fourier Transform algorithm, 54

Fast microscopic variable, 35

FC mapping, 86

Feit-Fleck technique, 73

Femtosecond laser pulse, 81

Fermi-Sea wavefunction, 346

Feshbach-Fano formalism, 204

Feshbach resonance, 53, 65, 86-87, 106, 216,
231

Feshbach’s formalism, 220
Feshbach'’s theory, 176, 191
Fiber, 285
Fidelity testing, 182
Field-dressed curve, 64f
Field-free Hamiltonian, 61, 163, 186-198, 366
complex energy approaches, 190-191
decaying state theory, 191-195
energy distribution, 192
NED, 192
real energy approach, 187-190
resonance-resonance dipole, 188-189
Valence-Rydberg-continuum mixing,
189-190
time asymmetric dynamics, 197
Field-free resonances, 166, 181, 224t, 247
Field-free vibrational states, 85-87, 91, 93, 101
Field-induced quantities, 246254
CESE-SSA, 248-254
AC-field-induced stabilization of
resonances, 253-254
ionization rate on phase difference, 253
polarizabilities and hyperpolarizabilities,
251-253
Field-induced quantities, MEP, 246-248
Field-molecule interaction, 66
Field—molecule synchronization, 78
First-order differential equations, 39
First-order time-dependent perturbation
theory, 175, 487
Floquet ansatz, 62, 66
p-Floquet-block model, 88
Floquet blocks, 67, 69, 78-79, 89
Floquet CCR, 247-248
Floquet dynamics, 66-67, 81, 86
Floquet eigenenergy, 72
Floquet eigenfunctions, 61
Floquet eigenstates, 60, 64
Floquet eigenvalue, 59, 63
Floquet energy spectrum, 60
Floquet formalism, 54, 68—69, 88, 94, 247
Floquet Hamiltonian, 53, 58, 61, 6667
Floquet N-channel closed-coupled equation,
89
Floquet representation, 63, 65-67, 75, 81
Floquet resonance, 66, 69, 86-87, 93
adiabatic vs. non-adiabatic, 85-88
time-independent calculations of, 65-68
Floquet scheme, adiabatic, 61
Floquet theorem, 58, 60
Floquet theory, 58-59, 66, 108
Floquet wavefunction, 59, 70



Floquet wavepacket, 66, 88
Fluctuation
dissipation theorem, 9, 15-16
regression of, 36, 38f
Flux—flux autocorrelation, 273-274, 311-314
classical formulation, 311-313
quantum formulation, 313-314
Formalism, 36, 68, 88, 167-173, 176, 183, 187,
189-190, 196-197, 200-201, 204, 209,
217,220, 227, 236, 246247, 253,
255-256, 274, 309-311, 335-337, 344,
373-374,410, 424, 430, 433, 438, 444,
492, 496
Forward reactive spherical cylinder, 288
Fourier indices, 60, 64
Fourier integral operators, theory of, 310
Fourier-Laplace transform, 2, 19, 35, 42-43, 46
Fourier transform, 73-74, 77, 83f, 124, 192,
293, 339, 368, 489, 522
Fourth order perturbation theory (MP4), 251
Fox-Goodwin-Numerov, 71, 88
Fox-Goodwin propagator, 54
Fragmentation threshold, 176, 239-240,
372-373,397
Franck—Condon wavepacket, 84-85
Free—free coupling matrix, 348
Free—free dipole matrix elements, 364-366
Free—free transitions, 354
Free one-photon, 129f
Frequency-dependent polarizabilities,
251-252, 258
Frequency-independent resistance, 5
Frequency-up conversion, 107
Friedrichs model, 175
Froese-Fischer’s code, 230
Frozen-core approximation, 364
Full-Width at Half Maximum (FWHM), 82,
86, 393-395

G

Gamow-Siegert resonance, 4, 200, 296,
306-308, 318, 329

Gamow function, 201, 208, 250

Gamow orbital, 212, 215, 225

Gamow'’s solution, 443f

Gaussian pulse, 120-121f

Geiger-Nuttal law, 208

G function, 377, 380

Giant resonance, 31-32f

Gram-Schmidt procedure, 8

Index 541

Green’s function, 3,9, 16, 19, 31, 37, 42, 175,
191, 339-340, 375, 409-410, 414, 416,
419-420, 423-427, 440, 448-450

Green’s theorem, 412, 415, 423, 426

Grid method, 208, 340-341, 344-347, 356

H

Half-collision, 70, 85

Hamilton function, 303, 318-323, 325-326

Hamilton operator, 272, 274, 299, 306-307,
314, 318, 322-324, 328

Harmonic oscillator, 225, 296-297, 307

Hartree-Fock (HF) equations, 166

Heaviside function, 43, 272, 298, 313

Heisenberg’s magical paper, 458

Heisenberg’s uncertainty principle, 306

Helium, 135-136f, 176, 188, 386, 390-391

Helmholtz equation, 461, 467, 477

Hermitian formalism, 190, 196, 447

Hermitian spectral resolution, 197

High-harmonic generation (HHG), 81, 343

Hilbert space, 5, 4445, 59, 208, 213, 310, 336,
410

Hilbert-space QM, 190

Hilbert transform, 9, 109

Hole-filling, 188, 229, 235-236

Homological equation, 321

Hydrogen, 20, 194-195, 214, 225-226, 242, 373,
392

Hylleraas-Undheim-MacDonald theorem,
369

Hypergeometric function, 365

Hyperpolarizabilities, 172, 248, 251-252

Hyper-ridge, 240

Hyper-short time-resolved processes, 207

Hyperspherical coordinate, 184, 190, 240, 243,
300

1

Incoherence, 141

Independent electron model (IEM), 238, 345

Indirect measurement, 517-518

Initial state reconstruction (ISR), 498, 501,
509-510

Integrability, 71, 182, 212, 230, 279

Integration technique, 201

Integro-differential equation, 340, 364-365,
465

Intense infrared (IR), 81

Interatomic repulsion, 70

Interchannel coupling, 89, 214-217, 219¢, 220,
372,377,380, 384
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Interelectronic average angle, 239
Interference technique, 131
Inverse Fourier-Laplace transformation, 11,
13,37
Inverse square potentials, 498-500
Tonization, 20, 54, 67, 81, 85, 100, 107-108,
130-131, 135-142, 166, 159, 185,
189-190, 234, 241, 244, 246-249, 251,
335, 337, 340, 343-347, 354, 356, 362,
365, 368, 373, 387, 390-391, 393
channels of, 139
and dichromatic field, 253
suppression, 140
threshold (IT), 199, 234, 373
two-electron, 244¢, 246
IR frequency, 75
IR pulse, 54, 78, 81, 84-85, 87-88
IR regime, 75, 77-78, 80, 99
Irreversible survival probability, 12f
Isolated resonance, 20, 100, 170, 186
Isotope separation scheme, 96-97
Isotopic substitution, 79, 96
ISR, See Initial state reconstruction (ISR)

J
Jaynes-Cummings-Paul model, 460, 470

Jost function, 440, 497, 499-500, 505, 406—407
n-Jump of phase, 175

K

KE operator, 63-64, 67,72, 74

KE spectrum, coarse-grained behavior, 84
Khalfin’s prediction, validity of, 496
Kinetic coupling, 303

Kinetic equation, 33, 39

Kinetics of the reaction, 41f

K-matrix, 166, 168, 255, 375-376, 378
Kronecker symbol, 27, 291, 298

L

Lagrangian manifold, 285-286, 273-294, 295f

Laguerre function, 179

Lamb shift, 465

Landau-Zener approximation, 91

Langevin equation, 46

Langevin’s formalism, 44

Laplace transform, 2-3, 11, 13, 19, 37, 42, 419,
488,492,512

Large-order perturbation theory, 172

Laser-controlled photochemical reaction, 50

Laser excitation, 54, 88, 100, 513

Laser-induced continuum structure (LICS),
105-106, 128, 135-137, 140-141
coherent population trapping, 135-137
EIT and ITS connection, 108-128
interference between resonances,
112-120
multichannel overlapping resonances,
110-112
photo-absorption, 120-123
resonance description, 123-128
EIT phenomenon, 108
historical survey, 107-108
use of, 140-149
Laser-induced molecular dissociation, 99
Laser induced molecular formation (LIMF),
349-352
Laser-induced photodissociation, 91, 99
Laser-induced purification, 97
Laser-induced resonance, 61
Laser intensity, function of, 96f
Laser—molecule interactions theory, 55-68
adiabatic time development, 65-68
Floquet representation, 65-67
non-Floquet representation, 67-68
dressed molecule picture, 561-65
Floquet theory, 58-63
laser-induced resonance, 63—-65
molecular Hamiltonian, 55-58
multichannel model, 56-58
Laser polarization, 53, 63, 69, 84
Laser pulse, 56, 66-67, 69, 781, 101, 112, 129,
131, 135-136, 138, 196, 344-347, 350,
354, 382, 387, 389-391, 480
Laser pulse-induced properties, 347
Laser-spectroscopic measurements, 185
Lasing without inversion, 109
Leaky optical cavities, 409
Least-squares fitting, 251
Level-shift operator, 8-9, 44-45
Levinsons theorem, 376
Li-and Li spectra, 383f
LICS, See Laser-induced continuum structure
(LICS)
Liouville equation, 3, 33, 45
Liouville space, 35-36, 45
Liouville-von Neumann equation, 33
Liouvillian matrix representation, 36f
Lippmann-Schwinger type equation, 376
Lithium, 195, 373, 383, 390
London-Eyring-Polanyi-Sato potential
energy surface, 300
Longhi’s theory, 520



Long-range potential, 498-500
Long-time decay, 501-502, 490-491
classical and quantum source, 504
free motion, 503
initial state reconstruction (ISR), 502-503
post-exponential decay, 503-510
Long-wavelength approximation, 55, 359
Lorentzian distribution, 192-193
Lorentzian energy, 491-492
Lorentzian functions, 119
Lorentzian profile, 30, 189
discrete—discrete, 189
Lowest order perturbation theory, 246, 344
Luminescence decay, 516
Lyapunov exponent, 308
Lyapunov periodic orbit, 283

M
Macroscopic variable, 35
Many-electron, many-photon (MEMP)
theory, 252, 256
Many-electron problem (MEP), 155-158, 163,
169, 176, 213-214, 219, 226-227, 234,
237,246, 256, 335-336, 343-344, 383
time-dependent, 336
Many-electron theory, 182
Many-particle systems, computational
scheme, 176
Markovian approximation, 29, 37
Matter—field interaction, 59-60
Matter-radiation interaction, 113
Maximum entropy criterion, 34
MCHEF equation, 173, 229-230, 233, 235, 239,
255,257, 383
MCHEF method, 173, 171, 213-217, 219-221,
226-227,229, 239, 242,252, 349, 372,
382, 384, 390
MCLR theory, 252
Measurement and/or environment effect,
512-516
adiabatic switching, 513
collapse models, 512
detector models, 514
environment coupling, 514
power laws observation, 517
survival probability, 517
Memory operator, 37, 45
MEP, See Many-electron problem (MEP)
MES, See Multiply excited states (MES)
Microscopic and macroscopic timescales,
46
Microwave, 91, 344, 363, 464
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Mittag-Leffler expansions, 426
Mittag-Leffler theorem, 377
Molecular channel, 69
Molecular cooling, 51-52, 81, 101
Molecular dipole moment, 76
Molecular dissociation, 70, 80, 130, 256
Molecular excitation, 75
Molecular fragmentation, 74-81
ATD dynamics, 78-81
IR regime, 77-78
simple model system, 76-77
Molecular photodissociation, 88-99
coalescence, 91-92
semiclassical theory, 88-90
vibrational purification, 91-97
vibrational transfer, 97-99
ZWRs, 90-52
Molecular physics, 221-226
Molecular vibrational motion, 77
Molecular wavefunction, 56
Molecule-plus-field, 78-79
Molecule-plus laser system, 96
Momentum map, 285
Momentum representation, 493
Monte Carlo simulation, 516
Morse molecule, 348, 357
Morse oscillator, 270, 274, 304f
Morse potential, 303, 348, 364
Moshinsky function, 410, 420, 433434, 436,
450
asymptotic properties, 450451
Moyal bracket, 325-327
Multibarrier system, 430433
Multichannel decay, 257
Multichannel effect, 107, 109
Multichannel potential matrix, 73
Multichannel quantum control (MCQC),
143-144
Multichannel wavefunction, 70-71
Multiconfigurational linear response
(MCLR), 251
Multiconfigurational zero-order
wavefunction, 383
Multicontinuum channel control, 142
Multielectron excitation, 245
Multimanifold intrashell approximation,
397
Multiphoton ATD mechanism, 75
Multiphoton detachment, 349
Multiphoton ionization, 107, 172, 344-345,
349, 368, 384, 390
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Multiply excited states (MES), 178, 237-238,
238, 363-364, 369, 375, 379, 397

Multipolar interaction, 343, 382, 392-393

Multi-state discrete spectrum, 190

N
Nanocrystals, 516
Nanorods, 516
Nanowires, 516
NED, See Non-exponential decay (NED)
N-electron wavefunction, 210, 249, 334, 349,
357, 368-372, 378
Neon, 345
Newton-Raphson iteration procedure, 439
Niobium superconducting cavity, 464
Non-adiabatic
coupling, 54, 59, 62, 78, 350
transition, 80
Nondecay probability, 489
Nonequilibrium thermodynamics, 33, 38
Non-exponential decay (NED), 192, 196-198,
257, 444-445, 493
Nonlinear polarization, 252
Nonorthonormal configuration-interaction
technique, 228
Nonorthonormality (NON), 237-238, 346
Nonzero Fourier component, 60
Normal form algorithm, 287-290
CNEF, 312
ONF, 314-315
Normalization rule, 408, 414
Normalized wave, density of, 526f
Normally hyperbolic invariant manifold
(NHIM), 270, 273, 282-283, 286-287,
289, 317
Nuclear kinetic operator, 64
Nuclear probability distribution, 68f
Nuclear wavepacket motion, 84

(o)

Occupation probability, 357, 394f, 395

One-dimensional tunneling potential model,
175

One-photon absorption, probability of, 115

One-photon transitions, 346, 361-362

On-shell transition matrix, 26

Open-channel-like (OCL), 227-228

Open-(sub)shell polyelectronic theory, 257

Open transmission channels, 299f

Operator-matrix representation, 187

Optimal control (OC), 100, 129

Orbital orthogonalities, 178, 228

Ordinary differential equation (ODE), 124,
365-366
Organic molecules, 487, 516, 520, 529
Orthogonality, orbital constraints, 170
Oscillations, 12, 36, 37, 40, 66, 67,75, 77-78,
91, 386, 433, 444, 446, 459, 463,471, 491,
509
electron correlation, 372
Oscillatory
decaying, 37, 433
integrals, 294
Overlapping, 86-88, 109-110, 116, 130-131,
166, 186, 194, 219-220, 429, 431
resonance, 88, 109-110, 130, 166, 186, 220,
429, 496

P
Padé approximant, 8, 19
Paley-Wiener theorem, 490, 501
Partial widths, 214
Partition function, 34, 272, 302
Partitioning theory, 138
Partition technique, 3, 26, 4446
Liouvillian mechanics, 45
quantum mechanics, 43
Paul trap, 480
Periodic orbit dividing surface (PODS), 257
Periodic table, 235, 349
Periodic waveguide array, 488
Perturbation, 13, 15-16, 26, 35,42, 112, 115,
172,175, 194, 199, 246-248, 341, 356,
374,382,389, 432, 465
Perturbation theory (PT), 13, 15-16, 42, 115,
172, 246, 389, 465
Perturbative calculation, 185
Phase control, 136
Phase shift, 29, 33, 175, 231, 365, 367, 373,
377-378, 381, 497, 505-506, 517, 520
Phase space structure, 274-290
definition and construction of, 280-285
dividing surface, 281-282
energy surface near saddle point,
280-281
NHIM, 282-283
stable and unstable manifolds of NHIM,
283-285
directional flux, 286-287
dynamics, 257-280
Lagrangian submanifolds, 285-286
truncation effect, 287
Phase space surfaces, 288¢
Phenomenology, 167, 188-189, 200, 338, 343



Phonon emission, 130

Photo-absorption, 108, 187-188, 194, 195,
236-238, 246, 372-373, 381

Photodetachment, 185, 256

Photodissociation, 59, 80, 88-89, 99, 107

Photoelectron angular distributions (PAD),
367

Photo-electrons, 106, 138, 142

Photoexcitation, 204, 236

Photofragmentation, 53, 68

Photo-ionization, 135, 140-141, 189, 206,
235-236, 243, 256, 350-351, 367, 379,
382,513

two-channel, 136
Photon-absorption probability, 119
Photon emission, 458-459, 464, 466, 470
spontaneous, 458459, 471f

Photon frequency, 75

Photonic band-gap, 109

Photonic quantum, 480

Photon pulse, 202

Photon wave packet, 473

Physical wave solution, 440

Planar mirror, 473

Planck’s constant, 287, 290, 297, 300-301f,
305, 314-315, 317, 323

Plane wave, 360, 480

Poincaré-Birkhoff theory, 273, 277

Poincaré sections, 309-310

Poisson bracket, 320, 326-327

Polarizabilities, 248, 251-253

Polarization, 19, 53, 63, 84,99, 107, 112, 132,
142, 251-252, 359-360, 368, 464-465,
469, 474-475, 481

Polarization vector, 63, 112, 359, 464, 475

Pole approximation, 460, 464

Polyatomic systems, 74

Polyelectronic atomic physics, 221-226

Polyelectronic atoms, 173, 181, 189, 202, 214,
231, 245, 340, 355

Polyelectronic method, 171-173

Polyelectronic systems, 180, 187, 200, 213, 236,
348

Polyelectronic theory, 170

Polyelectronic wavefunctions, 258, 357

Ponderomotive shift, 384

Population transfer, 54, 81, 108, 129, 131,
134-135, 137-140, 142, 144-145,
147-148, 350, 389

Population trapping, 131, 135-138

Porter-Karplus potential energy, 315

Positron sea, 200
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Post-exponential decay, 487488, 491, 500,
502-503, 509-510, 512-513, 520-529
decaying source model, 521
transition from, 524
Winter’s model, 527-529
Post-exponential regime, characteristic of a,
488
Post-exponential survival probability, 496,
518
Post-exponential transition, 526f
Potential energy surface (PES), 57, 67, 79, 146,
172,234, 338
3-Potential model, 438, 440
Potential scattering model, 493, 502
Potential scattering theory, 496
Power-law decay, 500, 516
Practical computational method, 169-171
Pre-exponential decay, 204
Prediagonalization, 73
Prediagonalized states, 188
Predissociating resonance, 172
Predissociation, 89-91, 106, 166, 174, 177, 218,
234, 351
Probability amplitude, 17, 203, 364, 367, 443,
461-462, 465, 470, 502
Probability flux, 296
Probed resonance, 206
Projected resolvent, 45-46
Projection operators, properties of, 169
Pseudo-autoionization, 107
Pseudo-resonances, 170
Pseudo-triatomic molecule, 146
Pseudo two-electron atom, 182
Pulse shaping technique, 459
Pump-probe scheme, 181, 197, 356
Pump-probe spectroscopy, 67
Pump pulse, 131-132, 137f, 147
Purification, 53, 92, 99-100

Q
QC and LICS, 128-135
adiabatic passage, 131-135
coherent control, 130-131
QNF method, 273, 290, 299, 303, 305
convergence of, 314-317
representation, 290-296
theory, 270, 290, 299, 314, 316-317, 323
Q-reversal effect, 21, 22f
Quadruple barrier, 429, 430f
Quantization, 90, 317, 478
radiation, 459, 463, 478
Quantum and classical probability, 505
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Quantum chemistry, 185, 251, 335, 337, 340,
348, 369-370
Quantum decay, 433, 438, 485, 517
Quantum decay, optical analogy of, 517-520
Quantum defect theory (QDT), 190, 374-375
Quantum dots, 516
Quantum electrodynamics, 457481
controlled mode selection, 467-479
photon exchange, 467
spontaneous photon emission, 470-479
Jaynes—Cummings-Paul model, 460
photon’s spontaneous emission, 463
Quantum engineering, 129
Quantum flux—flux function, 314
Quantum homological equation, 327
Quantum interference, 16, 42, 107-108,
140-141, 367, 509
Quantum mechanical theory, 274
Quantum mechanics (QM), 2, 7, 33-34, 38, 42,
44-45,167, 208, 271, 274, 290, 335, 408,
410, 446, 458, 487-488, 501, 509
applications of, 99
optical tests, 446
Quantum numbers
(ET) scheme, 240-243
(K,T) scheme, 241-243
Quantum phase transition, 91
Quantum probability, 503, 507
Quantum resonances, 3-25
interfering, 20-25
dips and peak, 21-23
g-reversal effect, 21
vibrational resonance, 23-25
lineshapes from Hamiltonians, 8-10
method of moments, 7-8
one isolated resonance, 10-20
Breit-Wigner profile, 10-12
Fano profiles, 16-17
fluctuation—dissipation—oscillations,
12-16
hydrogen atom, 17-20
quasi-continua to continua, 5-7
theory, 3, 33, 41
Quantum scattering, reactive, 300, 302
Quantum technology, advances in, 458
Quantum transient, 433
Quasi-classic theory, 17
Quasi-energy spectrum, 60
Quasi-localized resonant, 432
Quasi-projection operators, 170
Quenching, 53, 99
Q-value decay, 491, 520

R
Rabi frequency, 113, 133-134, 145, 444, 459,
471f
Rabi oscillations, 5, 14, 444445, 445f, 459
R-adiabaticity, 67
Raman process, 131
Raman-type transition, 107, 137f
Random collapsing, 512
Random phase approximation, 238, 346
Rayleigh-Ritz variational calculation, 369
Real-energy method, 218
Reduced resolvent, 44-45
Reflection amplitude, 427
Regularization procedure, 208, 211, 409
Repeated diagonalization technique, 180-181
Resonance (Fano) profile, 206
Resonance
adiabatic transport approximation, 100
coalescence, 89
decay, 20f
eigenfunction, 175, 180, 191, 198-199, 200,
208-209, 212, 215, 248, 255
electronic structures of, 234-245
“hole-filling” correlations, 235-236
multiply excited states, 237240
excitation, 392-393
Feschbach type, 65
field-induced, 54, 167-168, 189, 250, 257
formalism of, 176
formation of, 109
laser-induced, 59, 61, 65, 69, 86, 89, 101
photoionization, 206
quantum numbers, 240-243
regularization of wave function, 211
resonance-resonance dipole transition, 188
scattering theory, 175, 179, 191, 231
spectrum, 219-221
stabilization, 253
states of atoms and molecules, 174
theory of, 34, 176, 200
two-photon, 135, 136f, 137, 138
wavefunction, 98f, 176, 181, 186-187, 194,
207-208, 256
characteristic feature of, 212
Resonant
coupling, 462, 470
expansion, 408409, 417f, 421, 426-427, 430,
440442
formalism, 410, 430
scattering, 29, 31f



Resonant states in 3D, properties of, 411-422
normalization, 414
outgoing green’s function, 414
time-dependent retarded green’s function,
419
Resummation technique, 315
Ricatti-Bessel function, 497, 499, 506
Riemann-Lebesgue lemma, 506
Riemann sheet, 4, 44, 191, 193, 339, 493
Rigged-Hilbert space formulation, 410, 447
Rigid-rotor approximation, 146
R-matrix, 108, 174, 184, 220, 370, 375
Root-identification, 180
Rotating wave approximation, 113, 465, 467
Rydberg atoms of sodium, 464
Rydberg—Rydberg interaction, 393, 396
Rydberg series, 31, 190, 229, 234, 242-243, 339,
365, 373, 375

S
Saddle-center equilibrium point, 315
Saddle-type stability, 273
Sanibel conference, 194
Satellite, 149
Scattering, 3—4, 26-29, 30f, 58, 69-70, 90, 106,
109, 111-112, 115, 130-131, 166168,
170-171, 174-177, 179-180, 182183,
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340, 348-349, 354, 356-358, 363, 365,
367-369, 371-375, 377-379, 382-384,
387-389, 391-393, 396, 408, 410,
426432, 488, 492-493, 496, 502-503,
505-507, 514, 517
component, 166, 168, 198, 202-203, 371, 503
continuum, 180, 183, 198, 237, 356, 363
energy-normalized, 193, 340, 348-349, 348,
367,371,384, 387,391, 397-398, 415,
423
inelastic, 70, 170, 231
matrix, 28, 290, 340, 375
phase-shift, 373
real-energy, 188, 189, 209
resonances, 182, 220, 384, 505
—scattering matrix, 340
theory, 26, 170, 174-175, 177, 200, 208,
231-232, 372,378
wave function, 112, 233, 481
Schrodinger equation, 2, 4, 33, 55-58, 111, 133,
144,166, 173, 188, 191, 208-214, 225,
248, 255, 272,274, 300-301, 303-398,
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410-411, 414, 416, 422, 426, 438, 447,
461, 464465, 468, 473, 486, 496,
498-499, 505, 521-522
SCRAP, See Stark-chirped rapid adiabatic
passage (SCRAP)
Second-order polarization propagator
(SOPPA), 251
Self-orthogonality, 99
Semiclassical theory of predissociation, 89
Semiconductor multibarrier, 433
Semiquantitative phenomenology, 338
Shape resonance, 53, 65, 86-87, 180, 185, 197,
205, 216, 219, 220, 231232, 234-235,
247,512
Short-range potential, 498
Siegert boundary condition, 53, 70
Single active-electron approximation (SAEA),
345
Single-electron excitation, 379
Single or multiphoton ionization, 344
Single-photon
Fock state, 481
pulse generation, 480
quantum, 459, 480
wave packet, 480
Slater
determinants, 360
functions, 221
orbital, 215
Slowly varying continuum approximation
(SVCA), 145, 147
Slow macroscopic variable, 35
S-matrix, 170-171, 175, 179, 191, 196-197,
271-272,274, 297, 308-310, 379,
408-409, 426, 440, 505, 514
Space-time lattice, 356
Spectral autocorrelation function, 124-125f
Spectral cross-correlation function, 127
Spectral theory, 175
Spectroscopy, 2, 8, 10, 16-17, 27, 67, 81, 128,
189, 246, 254, 350, 371, 373, 446
Spectrum decay, 338
Spin-coupling, 243
Spin current, injection of, 130
Spin-offs, 190
Spin—orbit ionization, 141
Spin polarization, 142
Spin-polarized photo-electron, 142
Spin-spin interaction, 205
Split-operator method, 73, 342
Square-integrable function, 5, 180, 186,
194-195, 214, 226, 256
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SSA calculation, 172, 237-238, 252-253
SSEA, See State-specific expansion approach
(SSEA)
Stabilization method, 75, 78, 177, 179-180, 183
Stark CCR, 247
Stark-chirped rapid adiabatic passage
(SCRAP), 135, 139-140
Stark resonance, 106, 213
Stark shifts, 136, 138-140
State-specific approach (SSA), 168, 189, 215,
232,256
State-specific expansion approach (SSEA),
173, 245, 340-341, 343, 347-348,
355-367, 356, 382-397
applications, 382-397
laser pulses, 389
multiphoton electron, 382
Rydberg wavepackets, 382
time-resolved hyperfast process, 382
atom-field interaction operator, 357-362
atom-—field interaction, 357-362
free—free dipole integral, 365
State-specific many-electron method, 181
State-specific theory, 338, 369-371
State-to-state reaction, 274, 309
Stationarity coefficient, 192, 205
Stationary-state formalism, 335-336, 344
Statistical physics, 33—41
chemical kinetics, 39-41
fluctuation regression, 36-39
Stieltjes derivative approximation, 354
Stimulated Raman adiabatic passage
(STIRAP), 107-108, 131, 134-135,
137-139, 150
STIRAP, 137f
Stokes laser, 134
Stokes pulse, 131, 132f, 147
Straggling phenomenon, 501
Superconductors, 91
Superposition wavefunction, 202
Survival amplitude, 11, 443-444, 489,
492-493, 505, 514, 516-517, 519
log modulus, 519
Survival probability, 11, 12f, 17, 19-20, 25f,
94, 95f, 96, 191, 196, 205, 394f, 443446,
488-489, 493, 496, 499-502, 510,
512-515, 517-518, 520, 529
non-exponential decay, 501
S-waves, 498, 503
Symbolism, 190, 209
Symmetric exchange of orbital symmetry
(SEOS), 188

T

Taylor expansion, 287, 320, 325, 351, 360

Taylor-series expansion method (TSEM), 366

TDPT, See Time-dependent perturbation
theory (TDPT)

TDSE, See Time-dependent Schrodinger
equation (TDSE)

TEIL, 241-245

Temporal Fourier transform, 115

Temporal shape, 53, 344, 351, 358-359,
389-390, 393, 395

Testing convergence, 367

Tetrahedron, 239

Thermal rate constant, 302f, 303

Thermodynamics, extended, 35

Third-harmonic generation, 107-108

Thouless criterion, 432

Three-electron systems, 177, 183

Three-photon curve, 78

Threshold proximity, 196

Time-asymmetric dynamics, 197

Time-dependent Hartree-Fock (TDHF),
345-346

Time-dependent laser-induced molecular
formation, 349-352

Time-dependent many-electron problem
(TDMEP), 336

Time-dependent multiphoton, 352-355

Time-dependent operator, 341

Time-dependent perturbation theory (TDPT),
342-343, 346

Time-dependent Schrédinger equation
(TDSE), 33, 55, 58, 66, 72, 76, 100, 112,
124,173, 186, 196-197, 204-208,
211-212, 245, 333-398, 447, 461,
464-465, 468

Time-dependent survival probability, 394f

Time-dependent tunneling, 419

Time-dependent wavepacket propagation, 72,
95f

Time-filtering, 44

Time-independent equation, 59

Time-independent operator, 337

Time-independent Schrodinger equation
(TISE), 208, 335-336, 357, 373

Time-integration technique, 342

Time-ordering operator, 342

Tonks-Girardeau gas model, 496

Transfer matrix, 429—-430

Transient phenomena, 433-438

completeness, 438
decay, 433



exponential catastrophe, 437-438
time-dependent wave function, 433437
Transmission amplitude, 426427
Transmission channels, 298
Transmission coefficient, 297-298, 304,
428-429, 430f
Transparent theory of unstable states, 169-171
Trap design, 480, 529
Trapezoidal laser pulse, 388f
Trapezoidal rule, 365-366
Trapped, 135
Trapping, laser-induced, 100
Tripod scheme, 139f
Truncation, 287, 317
Tunneling, 17, 79, 167, 175, 177, 208, 246-247,
270, 301, 308-309, 335, 340, 353, 408,
410, 426, 428-429, 429, 433, 442, 444,
486
corner-cutting, 301, 308-309
electron, 246, 256
Two-photon process, 131, 141f, 146

U

Ultracold atomic gases, 433
Ultracold system, 129
UV-Vis regime, 75, 78, 80

\'%

Valence-Rydberg, 372

Van der Waals, 24

Vector-coupling coefficient, 229
Vibrational energy, 55, 315
Vibrational frequency, 75

Vibrational purification, 54
Vibrational transfer, 53, 97-99, 101
Vibrational trapping (VT), 52-53, 75, 79-80
Vibrational wavepacket, 54, 82, 85-86
Virial theorem, 173, 228
Visible-Ultra-Violet (Vis-UV), 53
Vleck-type formalism, 310
Volcano-like potential, 353f
Volkov-type solution, 54, 74
Volkov-type wavefunction, 356
V-type systems, 131

w

Wannier geometry, 244

Wannier’s threshold scattering, 240
Wannier two-electron ionization ladder, 241
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Wavefunction
computation, 372
energy-normalized, 364
radial, 497
Wavepacket
calculations, time-dependent, 72, 93
component, 76-77
dynamics simulation, 54
Floquet component, 86
propagation, 72, 74, 76, 82, 84, 338, 356
time-dependent, 72-74
simulations, 54
skirts, 80
synchronization, 85
Weisskopf-Wigner model, 488
Weyl quantization, 270, 274, 291, 322-325,
327-328
Wigner—Brillouin perturbation theory, 230
Wigner map, 323
Wigner—Weisskopf approximation, 109
Winter’s model, 495-496, 502, 507, 513,
527-528
WKRB theory, 375

X
Xenon (Xe), 108, 141, 235, 345
X-ray, 344, 363, 392
XUV+IR dissociative ionization, 82f
XUV+IR pump—probe
experiment, 82
pulse sequence, 88
spectroscopy, 81-88
XUV ionization, 86, 88
XUV-IR delay, 54, 82f-83f, 85f
XUV pulse, 54, 82, 84-87
XUV pump-laser probe, 340

Z
Zel’dovich regularization method, 213, 409
Zeno effect, 487,515, 520
Zero-order
approximation, 226-230, 255
discrete spectrum, 198
function space, 364
orbitals, 227
quantum defect, 373
spectrum, 198
wavefunctions, 228, 345
phenomenon, 92
resonance (ZWR), 53-54, 81, 88, 91-92,
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